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Abstract

In this paper we investigate the limit behavior of the solution to quasi-static Biot’s
equations in thin poroelastic flexural shells as the thickness of the shell tends to zero and
extend the results obtained for the poroelastic plate by Marciniak-Czochra and Mikeli¢
in [16]. We choose Terzaghi’s time corresponding to the shell thickness and obtain the
strong convergence of the three-dimensional solid displacement, fluid pressure and total
poroelastic stress to the solution of the new class of shell equations.

The derived bending equation is coupled with the pressure equation and it contains
the bending moment due to the variation in pore pressure across the shell thickness. The
effective pressure equation is parabolic only in the normal direction. As additional terms
it contains the time derivative of the middle-surface flexural strain.

Derivation of the model presents an extension of the results on the derivation of
classical linear elastic shells by Ciarlet and collaborators to the poroelastic shells case.
The new technical points include determination of the 2 x 2 strain matrix, independent of
the vertical direction, in the limit of the rescaled strains and identification of the pressure
equation. This term is not necessary to be determined in order to derive the classical
flexural shell model.

Keywords: Thin poroelastic shell, Biot’s quasi-static equations, bending-flow
coupling,  higher order degenerate elliptic-parabolic systems,  asymptotic methods.
AMS classcode MSC 35B25, MSC 74F10, MSC 74K25, MSC 74Q15,

MSC 76S.

1 Introduction

A shell is a three dimensional body, defined by its middle surface S and a neighborhood of
a small dimension (the thickness) along the normals to it. The shell is said to be thin when
the thickness is much smaller then the minimum of its two radii of the curvature and of the
characteristic length of the middle surface S.

The basic engineering theory for the bending of thin shells is known as Kirchoff-Love
theory or Love’s first approximation. The equations were derived by the so called ”direct
method” (see [18] and references therein) and not from the three dimensional equations. A
derivation from the three dimensional, at the rigor of the continuum mechanics, is due to
Novozhilov and we refer again to [18] for both linear and nonlinear models.

A different approach to deriving the shell equations is to suppose that the middle surface
S is given as S = X (@), where w C R? be an open bounded and simply connected set with
Lipschitz-continuous boundary dw and X : @ — R? is a smooth injective immersion (that is
X € 2 and 3 x 2 matrix VX is of rank two). The vectors a,(y) = 9,X(y), a = 1,2, are
linearly independent for all y € w and form the covariant basis of the tangent plane to the
2-surface S.

Then the reference configuration of the shell is of the form r(Q°), ¢ > 0, where Qf =
w x (—e/2,¢/2) and

r=r(y,x3) = X(y) + z3a3(y), as(y) = — (y) x az(y)

= Ton(y) < aay)] (1)

The associated equations of linearized three dimensional elasticity are then written in curvi-
linear coordinates with respect to (y1,y2,z3) € Q°. Their solutions represent the covariant
components of the displacement field in the reference configuration r(ﬁg).

Then Ciarlet and collaborators developed the asymptotic analysis approach where the
normal direction variable x3 € (—&/2,¢/2) was scaled by setting y3 = x3/e. This change of
variables transforms the PDE to a singular perturbation problem in curvilinear coordinates
on a fixed cylindrical domain. With such approach Ciarlet and collaborators have established



the norm closeness between the solution of the original three dimensional elasticity equations
and the Kirchhoff-Love two dimensional flexural and membrane shell equations, in the limit
as € — 0. For details, we refer to the articles [9] and [10] and to the books [6] and [7]. For
the complete asymptotic expansion we refer to the review paper [13] by Dauge et al. Further
generalizations to nonlinear shells exist and were obtained using I'— convergence. We limit
our discussion to the linear shells.

In the everyday life we frequently meet shells (and other low dimensional bodies) which are
saturated by a fluid. Many living tissues are fluid-saturated thin bodies like bones, bladders,
arteries and diaphragms and they are interpreted as poroelastic plates or shells. Furthermore,
industrial filters are an example of poroelastic plates and shells.

Our goal is to extend the above mentioned theory to the poroelastic shells. In the case
of the poroelastic plates, derivation of the mathematical model was undertaken in [16]. As
in the case of plates, these are the shells consisting of an elastic skeleton (the solid phase)
and pores saturated by a viscous fluid (the fluid phase). Interaction between the two phases
leads to an overall or effective behavior described by the poroelasticity equations instead of
the Navier elasticity equations, coupled with the mass conservation equation for the pressure
field. The equations form Biot’s poroelasticity PDEs and can be found in [2], [3] and in the
selection of Biot’s publications [23].

The effective linear Biot’s model corresponds to the homogenization of the complicated
pore level fluid-structure interaction problem based on the continuum mechanics first prin-
ciples, i.e. the Navier equations for the solid structure and by the Navier-Stokes equations
for the flow. Small deformations are supposed and the interface between phases is linearized.
The small parameter of the problem is the ratio between characteristic pore size and the
domain size. If, in addition, we consider a periodic porous medium with connected fluid and
solid phases, then the two-scale poroelasticity equations can be obtained using formal two-
scale expansions in the small parameter, applied to the pore level fluid-structure equations.
For details we refer to the book [20], the review [1] and the references therein.

Convergence of the homogenization process for a given frequency was obtained in [19],
using the two-scale convergence technique. Convergence in space and time variables was
proved by Mikeli¢ and collaborators in [11] and [14]. The upscaling result was presented
in detail in [16] and we avoid to repeat it here. We point out that the upscaled model
depends on the particular time scale known as Terzaghi’s time Tr. It is equal to the ratio
between the viscosity times the characteristic length squared and the shear modulus of the
solid structure multiplied by the permeability. If the characteristic time is much longer than
Tr than flow dominates vibrations and the acceleration and memory effects can be neglected.
The model is then the quasi-static Biot model. For its derivation from the first principles
using homogenization techniques see [17].

For the direct continuum mechanics approach to Biot’s equations, we refer to the mono-
graph of Coussy [12]. Using a direct approach, a model for a spherical poroelastic shell is
proposed in [22].

In this paper we follow the approach of Ciarlet, Lods and Miara, as presented in the
textbooks [6] and [7], and rigorously develop equations for a poroelastic flexural shell.

Successful recent approaches to the derivation of linear and nonlinear shell models use
the elastic energy functional. In our situation, presence of the flow makes the problem quasi-
static, that is time-dependent, and non-symmetric. The equations for the effective solid
skeleton displacement contain the pressure gradient and have the structure of a generalized
Stokes system, with the velocity field replaced by displacement. Mass conservation equation
is parabolic in the pressure and contains the time derivative of the volumetric strain.

We recall that the quasi-static Biot system is well-posed only if there is a relationship
between Biot parameters multiplying the pressure gradient in the displacement system and



the time derivative of the divergence of the displacement in the pressure equation. We were
able to obtain in [16] the corresponding energy estimate. Similar estimates, for the equations
in the curvilinear coordinates, will be obtained here.

In addition, there exists a major difference, with respect to the limit of the normalized
e33 term, compared to a classical derivation of the Kirchhoff-Love shell. In our poroelastic
case, the limit also contains the pressure field. Furthermore, the pressure oscillations persist
and we prove the regularity and uniqueness for the limit problem. As in the poroelastic plate
case, it has a richer structure than the classical bending equation. We expect more complex
time behavior in this model.

2 Geometry of Shells and Setting of the Problem

We study the deformation and the flow in a poroelastic shell Q‘L = r(QeL)7 L,¢ > 0, where the
injective mapping r is given by (1.1), for x3 € (—¢/2,¢/2) and (y1,y2) € wr, diam (wy,) = L.
We recall the middle surface S = X(@y,) is the image by a smooth injective immersion X of
an open bounded and simply connected set w;, C R?, with Lipschitz-continuous boundary
Owr,. We use the linearly independent vectors a,(y) = 0, X(y), @ = 1,2, to form a covariant
basis of the tangent plane to the 2-surface S. The contravariant basis of the same plane is
given by the vectors a®(y) defined by a®(y) - ag(y) = 03. We extend these bases to the basis

of the whole space R? by the vector a3 given in (1.1) (a® = a3). Now we collect the local
contravariant and covariant bases into the matrix functions

Q= [ al a’? a’ ], Q'l=|al|. (2.1)
The first fundamental form of the surface S, or the metric tensor, in covariant A, = (aqg) or
contravariant A¢ = (a®?) components are given respectively by

(a3 = Aq - A3, a®=a%-a%, «a,f=12.

Note here that because of continuity of A® and compactness of wy, there are constants
M€ > m* > 0 such that

mx-x < A(y)x - x < Mx - x, x €R3 yewy. (2.2)

These estimates, with different constants, hold for A, as well, as it is the inverse of A¢. The
second fundamental form of the surface S, also known as the curvature tensor, in covariant
B. = (bap) or mixed components B = (b2) are given respectively by

2
bog = al. Opag = —85a3 - agq, b'g = Zaﬂ“bm, a,f=1,2.

k=1

The Christoffel symbols I'* are defined by

Iog=a" 0pag = —0ga" -as, «,B,k=1,2.

«

We will sometime use Fiﬁ for bos. The area element along S is y/ady, where a := det A..
By (2.2) it is uniformly positive, i.e., there is m, > 0 such that

0 <mq <aly), Yy EWL. (2.3)



We also need the covariant derivatives bg\a which are defined by

2
Bl = 0abi + Y _ (T, b5 — T5,05),

o, B,k =1,2. (2.4)

In order to describe our results we also need the following differential operators:

2 2 2 2
Pap(V) = Oapvs — Y Thalevs+ Y b5(0ave — > Thv)+ Y bE(Dsvs — Y Thevy)
k=1 k=1 =1

2 2
nagls = Ognag + D _Thnas+ D _Lgnan,

k=1

2
1
Yas(V) = 5(0avs + 9pva) — D Thgve —bagvs, o, B=12, (2.5)
k=1
2
k=1 T=1
2 2
+> Bilgve — Y bibegvs,  a,B=12, (2.6)
k=1 k=1
a?/B = 1?27
k=1
2
a?/B = 1727

naglap = Oa(nagls) + Y Thxniasls,

k=1

defined for smooth vector fields v and tensor fields n.

The upper face (respectively lower face) of the shell Qf is X4 = r(wy x {x3 = £/2}) =

r(X0) (respectively ;¢ = r(wy x {3

—0/2}) = r(ZZZ). [% is the lateral boundary,

I =r(0wr, x (—£/2,€/2)) = r(I'}). We recall that the small parameter is the ratio between
the shell thickness and the characteristic horizontal length is e = ¢/L < 1.

Table 1: Parameter and unknowns description

SYMBOL QUANTITY

I shear modulus (Lamé’s second parameter)

A Lamé’s first parameter

Ba inverse of Biot’s modulus

@ effective stress coeflicient

k permeability

n viscosity

L and ¢ midsurface length and shell width, respectively
e=/(/L small parameter

T = nlLg/(kp)

characteristic Terzaghi’s time

U

characteristic displacement

P=Up/L

characteristic fluid pressure

u = (u,uz, u3)

solid phase displacement

b

pressure

We note that Biot’s diphasic equations describe behavior of the system at so called Terzaghi’s
time scale T' = nL2/(ku), where L. is the characteristic domain size, 1 is dynamic viscosity,
k is permeability and g is the shear modulus. For the list of all parameters see Table 1.
Similarly as in [16], we chose as the characteristic length L. = ¢, which leads to the
Taber-Terzaghi transversal time T}, = n¢?/(kp). Another possibility was to choose the
longitudinal time scaling with Tjon, = nL?/(ku). It would lead to different scaling in (2.9)



and the dimensionless permeability coefficient in (3.3) would not be €2 but 1. In the context
of thermoelasticity, one has the same equations and Blanchard and Francfort rigorously
derived in [5] the corresponding thermoelastic plate equations. We note that considering the
longitudinal time scale yields the effective model where the pressure (i.e. the temperature in
thermoelasticity) is decoupled from the flexion.

Then the quasi-static Biot equations for the poroelastic body QZL take the following di-
mensional form:

& = 2ue(t) + (A divt — ap)I in QF, (2.7)
—dive=—pAa-AN+p)vdivi+tayp=0 in QF, (2.8)
k ~
;(5Gﬁ+ a div a) — ; Ap=0 in QZL. (2.9)
Note that e(u) = sym s7u and & is the stress tensor. All other quantities are defined in Table
1. _
) ) ~ . . k Op ~
We impose a given contact force 6v = P;~ and a given normal flux T Vi at
noxrs3

x3 = +£/2. At the lateral boundary ¥ we impose a zero displacement and a zero normal
flux. Here v is the outer unit normal at the boundary. At initial time ¢ = 0 we prescribe the
initial pressure ]3% in-

Our goal is to extend the Kirchhoff-Love shell justification by Ciarlet, Lods et al and by
Dauge et al to the poroelastic case.

We announce briefly the differential equations of the flexural poroelastic shell in dimen-
sional form. Note that our mathematical result will be in the variational form and that
differential form is only formal and written for reader’s comfort.

Effective dimensional equations:

The model is given in terms of u®f : w; — R? which is the vector of components of the
displacement of the middle surface of the shell in the contravariant basis and p°ff : QZL =R
which is the pressure in the 3D shell. Let us denote the bending moment (contact couple)
due to the variation in pore pressure across the plate thickness by

€3

m = L oA p(uT)) A 4+ 2HY / Py A (2.10)
T 19 P X+ 2 _6/22/31? Y3As, .

where p(-) is given by (2.6) and C° is the elasticity tensor, usually appearing in the classical
shell theories, given by

C°E =2u tr (E)I+2uE, Ec M3

sym *

A+ 24
Then the model in the differential formulation reads as follows:
2 2 2
(—(nag + ) bmg)ls — bg(mﬁﬁyﬁ)> = (Pia+ (P;Yainwr, a=1,2
B8 k=1 k=1

M I

2
(maﬁ‘aﬂ - Z bgbﬁﬁmaﬁ - ba,@”aﬁ) = (7)2—4)3 + (PZ€)3 in wy,
1

k=1

=

Q,

2

1

5(8aueﬁﬂ + Opully — Zfzﬁuiﬁ — bapui’ =0 in wy, a,f=1,2,
k=1

eff
ous

u$t =0,i=1,2,3, o

=0 on Owrp, for every t € (0,7),
(2.11)



a2 o eff 9 . 8ueff k 62 eff
Ba + D o A (T - o =
A+2u) Ot A+ 2u ot 1 0(y3)
in (0,7) x X (—=£/2,£/2),
kalneﬁ( ) X wp x (—£/2,4/2) (2.12)
Ty oon (0,T) xwy x ({—€/2}U{£/2}),
n Oys

et = pgin given at t = 0.

Here (sz)i 1 = 1,2,3 are components of the contact force 75Lﬂ or at Efﬁ in the covariant
basis, Vi, = Vi, o X, pgin = ﬁ%,in o r. Thus, the poroelastic flexural shell model in the dif-
ferential formulation is given for unknowns {n, m,u®® p°®} and by equations (2.10), (2.11)
and (2.12). The components of n are the contact forces, linked to the constraint (u®®) = 0,
and being the Lagrange multipliers in the problem. The components of m are the contact
couples. The first two equations in (2.11) can be found in the differential equation of the
Koiter shell model (see [7, Theorem 7.1-3]). The third equation is the restriction of approx-
imate inextensibility of the shell. The first equation in (2.12) is the evolution equation for
the effective pressure with associated boundary and initial conditions in the remaining part
of (2.12). Note also that the same model holds for the shell clamped only on the portion of
the boundary, i.e., the boundary condition in the fourth equation in (2.11) holds for a subset
of dwy, with positive measure.

In subsection 3.1 we present the dimensionless form of the problem. In subsection 3.2
we recall existence and uniqueness result of the smooth solution for the starting problem.
Subsection 3.3 is consecrated to the introduction of the problem in curvilinear coordinates
and the rescaled problem, posed on the domain = w x (—1/2,1/2). In subsection 3.4 we
formulate the main convergence results. In Section 4 we study the a priori estimates for the
family of solutions. Then in Section 5 we study convergence of the solutions to the rescaled
problem, as ¢ — 0. In Appendix we give properties of the metric and curvature tensors.

3 Problem setting in curvilinear coordinates and the main
results
3.1 Dimensionless equations

We introduce the dimensionless unknowns and variable by setting

U
B = Baw; P:MT, va*=u; T=-—; A=—;

. ~ U
PFE =5, GL—=vy; @3l =3 tL=r1r; XL=X; il =t &5‘%:&.

After dropping wiggles in the coordinates and in the time, the system (2.7)-(2.9) becomes

—dive* = — AT - AydiviE+ayp® =0 in (0,T) x OF, (3.1)
5° = 2e(@t°) 4+ (A div @ — )T in (0,T) x F, (3.2)
d N

&(ﬁﬁe +adivd®) —e?ApF =0 in (0,T) x QF, (3.3)

where 0° = (uj, 45, u5) denotes the dimensionless displacement field and p° the dimensionless
pressure. We study a shell Q¢ with thickness e = ¢/L and section w = wy,/L. It is described
by

OF = r({(z1, 22, 23) € w x (—£/2,2/2)}) = £ (),



f]i (respectively flf_ ) is the upper face (respectively the lower face) of the shell Qf. T is the
lateral boundary, I'* = dw X (—¢/2,¢/2).

We suppose that a given dimensionless traction force is applied on X5 U ¥° and impose
the shell is clamped on I'*:

v = (2e(&°) — apI + \(div @) )v = 3Py on X5 UXE, (3.4)
=0, on I°
For the pressure p°, at the lateral boundary ¢ we impose zero inflow /outflow flux:
—-vp-v=0. (3.6)
and at ii UXE, we set
— v v==V. (3.7)
Finally, we need an initial condition for p* at ¢t = 0,
(21, 29, 23,0) = € pin(x1,22)  in QF. (3.8)

Let V(Q°) = {v € H'(Q%;R?) : V|pe = 0}. Then the weak formulation corresponding to
(3.1)-(3.8) is given by
Find @° € H1(0,T,V(Q°)), p° € H'(0,T; H'(QF)) such that it holds

/~2e(ﬁ5):e(\7)dx+5\/~ divﬁadivf/d:r—a/~ 7 div v dx
Q Q

g

= / Py - ds +[ SP_-¥ds, forevery ¥ € V(QF) and t € (0,T), (3.9)
e s
B | 0p°q dx+ / adiv G de +¢* | VPE-Vida

QF Q QF

= 62/ Vids—e* | Vids, forevery g H'(SF) and t € (0,7), (3.10)
se i

P l{t=0y = €Pin, in Qe (3.11)

Note that for two 3 x 3 matrices A and B the Frobenius scalar product is denoted by
A:B=tr(ABT).

3.2 Existence and uniqueness for the c-problem

In this subsection we recall the existence and uniqueness of a solution {4°,p°} € H 10, T; V(QF)) x
H(0,T; HY(QF)) of the problem (3.9)-(3.11). We follow [16] and get

Proposition 1. Let us suppose
Pin € H3 (), Py € H*(0,T; L*(w; R?)) and V € H'(0,T; L*(w)), V]y—oy =0.  (3.12)

Then problem (3.9)-(3.11) has a unique solution {G, p°} € H'(0,T; V(QF)))x HY(0, T; H ()).



3.3 Problem in Curvilinear Coordinates and the Scaled Problem

Our goal is to find the limits of the solutions of problem (3.9)—(3.11) when ¢ tends to zero.
It is known from similar considerations made for classical shells that asymptotic behavior
of the longitudinal and transverse displacements of the elastic body is different. The same
effect is expected in the present setting. Therefore we need to consider asymptotic behavior
of the local components of the displacement G°. It can be done in many ways, but in
order to preserve some important properties of bilinear forms, such as positive definiteness
and symmetry, we rewrite the equations in curvilinear coordinates defined by r. Then we
formulate equivalent problems posed on the domain independent of .

The covariant basis of the shell Q¢, which is the three-dimensional manifold parameterized
by r, is defined by
g =0or: 0 -R3 i=1,23.

Vectors {g7, g5, 85} are given by

2,e
)

Vectors {gl’s,g g3’5} satisfying

g g =0;on, ij=123,
=€
where 0;; is the Kronecker symbol, form the contravariant basis on 2 . The contravariant

metric tensor G = (g%F), the covariant metric tensor G5 = (g97;) and the Christoffel

- =€
symbols F;Z of the shell €2 are defined by
g =g gc gy =g g, =g 0gion®, k=123

We set
3

4 . 1 .
T = () jk=1.3 and 3.(v) = (Vv + VvT) = 3 ol (3.13)
=1

Let g° = det GE. Until now we were using the canonical basis {ei, ez, e3}, for R®. Now the
displacement is rewritten in the contravariant basis,

3 3

3
ﬁeor(yla Y2, 133) = Z fo ° r(y17 Y2, $3)e’i = Z uf(ylv Y2, x3)gz,€(y1) Y2, 33‘3), vor = Z Uigl767
=1 =1 =1

while for scalar fields we just change the coordinates
ﬁaor:p87 qVOI‘ZQ7 Vor:v? ﬁinor:pina

on Q°. The contact forces are rewritten in the covariant basis of the shell

3

Pror= Z(Pi)igf on X%.
i=1

New vector functions are defined by

u® =uje;, v=uve;, Pi=(Pi)e;.



Note that uj are not components of the physical displacement. They are just intermediate
functions which will be used to reconstruct t°. The corresponding function space to V()
is the space

V(QF) = {ve H'(Q°)? : v|re =0}
Let Q° = (Vr)~ T and let

CE = \trE)I+2E, forall Ee M3<3 (3.14)

sym *

Then the problem (3.9)—(3.11) can be written by
[ (@5 @)) (@@ Vardy —a [ 5 r(Q.()(Q) ) Vardy

=3 Py - vi/geds + 63/ P_ - vi/geds, v € V(F), ae. t€0,T],
se 5

Ty + [ age(Q. Q) avrdy
+e / Q°Vp® - Q°Vq/gédy = 62/ Vagv/geds — 52/ Vg geds,
Qe e

x5
q € HY(QF), ae. t0,T],

P° = € Pin, for t = 0.

(3.15)
This is the problem in curvilinear coordinates.

Problems for all 4%, p* and u®, p° are posed on eé—dependent domains. In the sequel we
follow the idea from Ciarlet, Destuynder [8] and rewrite (3.15) on the canonical domain
independent of €. As a consequence, the coefficients of the resulting weak formulation will
depend on ¢ explicitly.

Let Q = w x (—1/2,1/2) and let R¢ : Q@ — Q° be defined by

Re(z) = (21, 2%,e2%), 2€Q, €€ (0,5).

By ¥4 = w x {£1/2} we denote the upper and lower face of Q. Let I' = dw x (—1/2,1/2).
To the functions u®, p®, ¢%, g7, g, Q°, ngv i,j,k = 1,2,3 defined on Q° we associate

the functions u(e), p(e), g(¢), gi(e ) gi(e), Q(e), sz(s), i,5,k = 1,2,3 defined on Q by
composition with R®. Let us also define

V() = {v = (v1,v2,v3) € Hl(Q;RB) : vip = 0}.
Then the problem (3.15) can be written as

e /Q ¢ Qe (u()QE)) : (QE (vV)Q(E)T) Vale)dz
_ca /Q p()tr(QUE (v)QE)T) Vo (E)dz
=3 Py -vy/g(e)ds + 53/ P_-vy/g(e)ds, v eV(Q), ae. t €[0,T],
2+
W) o oteraz + < / jtr(cx 1 ()R avg )z (3:16)
+ € / Q(e)Vep( Veqv/g(e)dz

= 62/2 Vavg(e)ds —e / Va\/g(e)ds, q€ HY(Q), ae. te[0,T],

Yt

p(g) = € Pin, for t = 0.

10



Here

1
YV) = (V) + (v Z vl (e (3.17)
0 0 %83'01 o011 %(82?}1 + 811)2) %811)3
v.(v) = 0 0 50302 |, v,(v)=| 5(02v1 + O1v2) Oav2 30203 |,
%831)1 %83’[)2 83’1)3 %81’1)3 %82’[)3 0

1
Vig=-Veq+Vyg, V= [0 0 &a],  Vyg=[0g dq 0]

We assume for simplicity that py, = 0 and proceed with asymptotic analysis. We start
by rescaling the pressure

The equations are now
: [ @ EENQET) : (@Y MIQET) Vil
-2 [ #(©u(QE (v ) Vol

_ 3 Py - v\/g@ds, v eV(Q), ae. t€[0,T],
DIEE

@ [ 6250 /o + ¢ / a1 (Qe (=) Q) a5
+ e /Q )Ver q\/idz—:Fe/ Vagv/g(e)ds,
paES

g€ HY(Q), ae. t €[0,T],
p(e) =0, for t = 0.

(3.18)

Here and in the sequel we use the notation

q:/ Vq\/g(T:)ds:/ Vq\/g(Tv)ds—/ Va/g(e)ds,
Sy il oy
73j['V\/9(;5)d~9:LJ 73+'V\/9(5)al5+/Z P_-viy/g(e)ds.

Remark 2. Existence and uniqueness of a smooth solution to problem (3.18) follows from
Proposition 1 and the smoothness of the curvilinear coordinates transformation.

PIEE

3.4 Convergence results
In the remainder of the paper we make the following assumptions

Assumption 3. For simplicity, we assume that p;, = 0, that V € H*(0,T; L*(w)), V]g=0y =
0 and that P+ € H*(0,T; L*(w; R?)), with P+|_g = 0.

We recall that the differential operators v and p are given by (2.5) and (2.6), respectively.
Let

0
Ve(w) = {v e H'(w) x H'(w) x H(w) : 7(v) = 0, V|9 = 0, 8”31 = 0}. (3.19)
We will suppose the classical hypothesis that leads to the ”flexural shell” models:

Vr(w) # {0} (3.20)

11



Let us formulate the boundary value problem in Q = w x (—1/2,1/2) for the effective dis-
placement and the effective pressure:

Find {u, 7} € C([0,T]; Vr(w) x L%(Q)), 8.,7° € L?((0,T) x ) satisfying the system

1/2
/ / 23m0dz3 A : p(v)vadzidz

1 [ -
/C(Acp(u p(v )Ac\fdzldzg—i—
12 Jo 1/2 (3.21)

A+2
= /(P+ + P_) . vﬁdzldzg, Vv E VF(UJ)

d 2
(64— < )qu\/&dz N (8 )z3qv/adz + on° 0 —/adz
dt A+2 QA+2 ot q 023 Oz (3.22)
=F Vgva dzidzg in D'(0,T), g€ H' (-1/2,1/2; L*(w)),
Yt
=0 at t=0, (3.23)
where «(-) and p(-) are given by (2.5) and (2.6), respectively, and
CE =22 tr (E)I+2E, EecMJ (3.24)
A+2

Proposition 4. Under Assumption 3, problem (3.21)-(3.23) has a unique solution {u, 7%} €
C([0,T); Vr(w) x L*(Q)), 0., € L*((0,T) x Q) Furthermore, &S € L*((0,T) x Q) and
opu € L2(0,T; Vp(w))).

Proof. First we prove that {u, 7%} € C([0,T]; Vr(w) x L?(R2)) and 9.,7° € L2((0,T) x )
imply a higher regularity in time:
Let us take g = 23q(21,22), ¢ € C*°(W) as a test function in (3.22). It yields

o v dzg — % A HY(0,T: L2 3.2
+ = z3m dzz — == ¢:pu) € , T L= (w)). .25
(5 )\+2>/—1/23 oA W E O T, (329

After inserting (3.25) into (3.21), it takes the form

1 5 B

55 [ CAp)  p)Aadad + S [ A% plw)A”: pv)Vadandzg
w w (3.26)

= /(77+ +P_) - viadzidze — cg/ F(t)A°: p(v)vadzidzs, v € Vp(w),

with c,}g = a2/(5\+2)/(ﬁ(5\+2)+a2) and C% = 2a/(B(A+2)+0a?). Taking the time derivative

and using the time regularity of F' and P4, yields dyu € L*(0, T; Vp(w)). For such u classical

regularity theory for the second order linear parabolic equations applied at (3.26) implies
o € L2((0,T) x Q).
u
The existence and the uniqueness are based on the energy estimate. If we choose v = n
as a test function for equation (3.21) and 7" as a test function in (3.22) and sum up the
equations to obtain the equality

1d (1 [ 5 .. . o2 .
sl et paatvadidz + [ (5455 ) @ vads
om0\ 2
—2/(7’+ +73—)-u\/6dz1dz2} +/ <> Vadzdt (3.27)
w 0 823
/ 6t(73+ + 7)7) . uﬁdzleQ F VWO\/;L dzleZ,
w pof

12



Equality (3.27) implies uniqueness of solutions to problem (3.21)—(3.23). Concerning exis-
tence, equality (3.27) allows to obtain the uniform bounds for p(u) in L>(0,T; Vr(w)), for
7% in L>°(0,T; L*(Q)) and for d,,7° in L2(0,T; L?*(€2)). Using [6, Teorem 4.3-4.] and the
classical weak compactness reasoning, we conclude the existence of at least one solution. [

2
Remark 5. Let 5 =3+ S\a 5 Using separation of variables, we obtain the formulas
+

too o Nj t 72(27 — 1)2(t — 7 B
Wo(t,zl,ZQ,Zg):—VZ:;—fZl Z(( 1)])2(/0 exp{— (2‘7 l) (t )}gi'(ﬁv(T,ZbZQ)

B2 & (2j — 1 E
+;\2f2AC  p(u(r, 21, 22))) dr ) sin((2] — 1)mzs), (3.28)
[t s =gy 3 g [ ot L v
;j‘2Ac : p(u(r, 21, 22))) dr. (3.29)

After plugging formula (3.29) into equation (3.21), we observe memory effects in the flexion
equation.

The main result of the paper is the following theorem.

Theorem 6. Let us suppose Assumption 3. Let {u(e),n(e)} € HY(0,T;V(Q))xH(0,T; H(Q2))
be the unique solution of (3.18) and let {u, 7%} be the unique solution for (3.21)-(3.23). Then

we obtain
u(e) > u strongly in C ([0, T]; H' (Q;R?)),

strongly in C([0, T]; L?(Q; R3*3)),
m(e) — m° strongly in C([0,T]; L*(Q)),

- — strongly in L*(0,T; L*(Q)),
where

0
—z3p(u)
ool 0 . (3.30)

= g0 A°: p(u)

= T + 23=
A+2 A+2

As a consequence of the convergence of the term 1~ (u(e)), we obtain the convergence of
the scaled stress tensor.

Corollary 7. For the stress tensor o(c) = C(Q(g)y(u(e))Q(e)T) — ap(e)I one has

éa(s) — 0 =0(Qy°Q") — ar’1 strongly in C ([0, T]; L?(Q; R3*3)). (3.31)

The limit stress in the local contravariant basis Q = (a' a?® a?) is given by

2 2\
T —~7a7TOAC—23 < A
Q' oQ= A+2 A+2

(A€ : p(u) I+ 2Acp(u)> A° 0
0 0

13



4 A priori estimates

Fundamental for a priori estimates for thin shell-like bodies is the following three-dimensional
inequality of Korn’s type for a family of linearly elastic shells.

Theorem 8 ([7, Theorem 5.3-1], [10, Theorem 4.1]). Assume that X € C3(w;R3). Then
there exist constants g > 0,C > 0 such that for all € € (0,e9) one has

C
IVl @ms) < 7 (Vllzz@rsxs), Vv € V(Q).

Remark 9. Only a portion of the boundary with positive surface has to be clamped for the
statement of the theorem to hold.

Now we state the asymptotic properties of the coefficients in the equation (3.18). Direct
calculation shows that there are constants mgy, M, independent of € € (0,¢¢), such that for

all z € Q,
my < V/9(0) < M, (4.1)

The functions g'(¢), g,(€), 9" (¢), g(e), Q(E),F;k(€) are in C(Q) by assumptions. Moreover,
there is a constant C' > 0 such that for all € € (0, &¢),

I9°(6) = all + lgs(6) — @l < C,
I Vo o + V5 — Vil < Ce. 42)

1Q(e) ~ Q- e2Q'[lo0 < C=%, Q' = ( X7 bpa” 37 6207 0),
0

12 (T0) = T30(0) = 20 (5T ) (O < €

where | - ||oo is the norm in C(Q2). For proof see [9]. Additionally, in [7, Theorem 3.3-1] the
asymptotic behaviour of the Christoffel symbols in L*-norm is given by

) ) _
% — ezsbf)y Thy —ezgbfls b —e23 > bIbY
7'51
(e) = I, — e23b%]s 5, —ezgbfly  —b5—ez3 > b3by | +O(e%),  (4.3)
) ) T=1
—bf — ez > bIbE b5 —ez3 Y b5bE 0
L =1 T=1 J

where k = 1,2 and

B 2 2
b11 — EZ3 Z b'fb,ﬂ b12 — EZ3 Z b'fb,.ig 0
k=1 k=1

3(e) = 2 2
b21 — EZ3 Z bgbﬂl b22 — EZ3 Z bgbnz 0
k=1 k=1

0 0 0

In the following two lemmas we derive the a priori estimates in a classical way.

Lemma 10. There is C > 0 and g9 > 0 such that for all € € (0,£0) one has

1
Hg78(u(5))||L°°(O,T;L2(Q;R3X3))a ||7T(5)||L°°(O,T;L2(Q;R))a ”5V€7T(5)||L2(0,T;L2(Q;R3)) <C.
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Proof. We set v = 81{;555)

that the pressure term from the first equation cancels with the compression term from the
second equation we obtain

e / Qe)") ¢ (QeI* (u()QE)") Vo)
+ oS /Q T PVaE:+< [ QEVRE) - QEVEEVIEE  (15)
=3 g2 815556) Vg(e)ds F 53/2 Vr(e)v/g(e)ds.

PR

and ¢ = 7(e) in (3.18) and sum up the equations. After noticing

Dividing the equation by 3 and using the product rule for derivatives with respect to time
on the right hand side we obtain

3t (2 [ € QP ENQET : (@ wE)Qe)”) Vit + 5 [ e Vak:)
be / Q(e)VEr(e) - Q(e)Ver(e)y/g(e)dz
% Pi u(e)\/g ds—/ agti'u(s)\/g(e)d3$/Ei Vr(e)\/g(e)ds.

pIEE
Now we use the Newton-Leibniz formula for the right hand side terms and the notation

—Pp_
2 ?

P=(Py+P_ )2+ P+ V=2Vz

to obtain

1d

3t (2 [€(QEVEEIQET) s (QE Q) Vs +6 [ sVt
4 /Q Q(e)VER(e) - Q(e)Ver(e)y/g(e)dz
=4 [ o aeva@nd: - [ (5 aeve@ )
/ ai (W( )\/g(e)) dz.
Next we integrate this equality over time
C Q) (u()Q(e)") : (QE)Y (u(e)Q(e)") Vg(e)dz + ;5/977(5)2\/ g(e)dz
+e / / Q(E)VEr(e) - Q(e)Vor(e)/g (&) dedr
=5 (3 [ (@O RO : QI (-0 QE) ValTde + 5 [ 7o) o/alEld: )
+ [ G dz/a (Pli=o - u(e)i=0/5E)dz

/ / aZ3< ‘u(e )dZdT— / / az3 V7r dsz

11
22
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Since we have enough regularity for u(e) we consider (3.18) for ¢ = 0. Then u(e)|;~¢ satisfies:
for all v e V()

ks / u(2)=0)Q()7) 1 (QEF(VQE)T) VaE)dz
-1 /Q 7(6) oo tr (Q(e)Y (v)Q(E)T) Vg (e)dz = /Z Pelico - v/g(E)ds.

€

Since the initial condition is m(¢)|;=¢o = 0 this equation is a classical 3D equation of shell-like
body in curvilinear coordinates rescaled on the canonical domain. Next, P1|;—0 = 0 and the
classical theory (see Ciarlet [7]) yields u(e)|=o = 0. Using Korn’s inequality, positivity of C
and uniform positivity of Q(£)7Q(g) and g(¢) in (4.6) yields the estimate

C(Qe)Y (u(£)Q(e)") : (Qe)y (u(e)Q(e)") Vgle)dz + ;5/977(5)2\/ g(e)dz
e / / Q(e)VEr(e) - Qe)VEr(e)/g(E)dzdr < C.
0 JQ

Since C is positive definite and since g(¢) is uniformly positive definite (see [7, Theorem 3.3-1])
we obtain the following uniform bounds

11
2¢e2

1
“1RE)Y* () Q(E) Iz rizz@raay: [mEleorira@): [€QE) VTl L2022 0:m2))-

Since Q(e)7Q(e) is uniformly positive definite these estimates imply uniform bounds for

1 £ €
EH’Y (u(E))Q(E)THLOO(O,T;LQ(Q;R3X3)) and  [|eV W(£)HL?(0,T;L2(Q;R3))-

Applying the uniform bounds for Q(¢)7 Q(¢) once again implies the statement of the lemma.
O

We now first take the time derivative of the first equation in (3.18) and then insert

Ju(e : .
= () as a test function. Then we take ¢ = agsf) as a test function in the second

equation in (3.18) and sum up the equations. The following equality holds

/ / ( al;t))Q(e)T>:<Q(5)75(ag§f))Q(s)T> V@) dzdr
o % 5 [ QEVer() (€)v/e@dz (@)

//Eiapi du(e Fdsdm:// 8;)

Similarly as in Lemma 10 from this equality we obtain

Lemma 11. There is C > 0 and g9 > 0 such that for all € € (0,£0) one has

1 du(e om(e
Hg'VE(855))”L2(0,T;L2(Q;R3X3)) I (‘)Ef )||L2 (0.7;22(R))> 1EVET | Lo 0,722 (0R3)) < C.

As a consequence of the scaled Korn’s inequality from Theorem 8 we obtain

16



Corollary 12. Let us suppose Assumption 3 and let {u(e),n ()} be the solution for problem
(3.18). Then there is C > 0 and g > 0 such that for all € € (0,e0) one has

||g'7€(u(5))HHl(O,T;LQ(Q;R3X3))a @) mromm sy 17E) a0, L2(0m))»

or(e)
| B2 | oo 0,72 (sr)) < C

Furthermore, there are u € H(0,T; H'(Q;R3)), «° € HY0,T;L*(;R)) and v° €
HY(0,T; L2(Q; R3*3)) such that on a subsequence one has

(6) — u weakly in H(0,T; H*(; R?)),
g) =m0 weakly in HY(0,T; L*(; R)),

g(g) - — weakly in L*(0,T; L*(;R))  and weak *in  L>(0,T; L*(%; R)), (4.8)
z3 z3

s

3

D

1
g’Ys(u(@) — % weakly in H'(0, T; L*(Q; R>*3)).

Proof. Straightforward. O

Since 14°(u(e)) depends on u(e) one expects that the limits u and 4° are related. The
following theorem gives the precise relationship. It is fundamental for obtaining the limit
model in the classical flexural shell derivation as well as in the present derivation, see [10].
The tensor - is the linearized change of metric tensor and p is linearized change of curvature
tensor. They usually appear in shell theories as strain tensors.

Theorem 13 ([7, Theorem 5.2-2], [10, Lemma 3.3)). For anyv € V(), let v°(v) € L?(Q; R3*3)
and let the tensors v(v), p(v) belong to L?(2; R**2), H=1(Q; R?*?), respectively. Let the fam-
ily {w(e)}es0 C V() satisfies

w(e) = w weakly in H*(Q;R3),

1
g'ye(w(s)) — & weakly in L*(Q;R3)

as € — 0. Then the limit function w is independent of transverse variable zs, belongs to
H'(w) x HY(w) x H*(w), satisfies the clamping boundary conditions

ows
W’&u = O; 87’/’80.1 =

and the following conditions

Ma
VW) =0, p(w) € LX(%R>?) and 2 = —pos(w).
3

If in addition there is x € H~*(;R?*2) such that as € — 0
p(w(e)) — x strongly in H™ 1 (Q;R?*?),

then
w(e) — w strongly in H'(Q; R3) and p(w) = x € L}(Q;R?*?).

17



Remark 14. The estimates from Lemma 10 and Lemma 11 yield uniform boundedness of
u(e) in C%1/2([0, T], V(Q)), 14%(u(e)) in CO2([0,T); L2(Q; R3*3)]) and w(e) in COY/2([0, T); L*(Q)).
Hence by Corollary 12 and Aubin-Lions lemma (see [21]), there is a subsequence such that
the {u(e)} converges to u also in C([0,T]; L?(2; R?)).

Let ¢ € L*(Q). Then for every § > 0, there exists @5 € C5°(Q) such that || — vsll2 ) <
0. Next

up | (f (u(e)(t)—u(t))so dal

0<t<T
s
8 —u(t))(p — @s) dz| + sup | LD (u(e)(t) —u(t)) dz| (4.9)
0<t<T Hfz 0<t<T T
< Céllule) —ulleqo,r);a (:r3)) + H HL2 @ llu(e) —ullcqom;r2@rsy) < C6,

for ¢ < e¢(d). Therefore

lim sup —u(t))y dz| < C4,

u(e)(t
5H00<t<T| /Q afﬂz'( )
which yields

u(e)(t) — u(t) weakly in H'(Q;R?) for every t e [0,T]. (4.10)

1
Argument for the sequences {—+°(u(e))} and {m(e)} is analogous and we get
5

7(e)(t) — 70(t) weakly in L*(Q),
Lo (o)1) = 7°(1) weakly in L2(0; R5)

for every t € [0, T7.

Thus we may apply Theorem 13, with w(e) = u(e)(t), for each ¢ € [0,7] and conclude
that the limit points of {u(e)(¢)} belong to Vr(w).
Moreover we conclude that

’73,8 = 7046 - 231004,3(11)7
where 7,3 do not depend on z3. We denote ¥ = [Y,4]a,5=1,2-

5 Derivation of the limit model

In this section we derive a two-dimensional model. We obtain it in five steps. In the first
two we take the limit in (3.18) for special choices of test function. In this way we addition-
ally specify the limits u, 7%,4° and the equations they satisfy. The part 7 of 4°, which is
independent of z3, is identified in Step 3 by techniques usually applied in the proof of strong
convergence of strain tensors in the classic shell models derivations. In Step 4 we prove the
strong convergence of displacements, while in Step 5 we prove the strong convergence of stress
tensors.

STEP 1 (Identification of 7). Now we are in a position to take the limit as ¢ — 0 in
(3.18) with the first equation divided by e:

e <Q(6)i75(u(6))Q(6)T) Qv VQ(E)T) Valid:
- a/Qw(s) tr (Q(e)ev*(V)Q(e)")Vg(e)dz =€ | Py-v/g(e)ds,

DIEE
v eV(Q),telo,T].
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In the limit we obtain

/Q € (Q(0)7°Q(0)") : (Q(0)7.(v)Q(0)") V/g(0)dz — o /Q 7t (Q(0)7.(v)Q(0)")/g(0)dz = 0,
veV(Q),tel0,T],

which, using Q(0) = Q and ¢(0) = a, yields
/ (C (Q'yOQT) — ar’I): (Q")’Z(V)QT) Vadz =0, veV(Q), ae. tel0,T].
Q
From the definition of 7, and the function space V(2) we obtain

Q" (c(@A'Q") —ar’1)Q),, =0, i=1,2,3.
This implies

((Ar(@'Q") —ar”) Q'@ +2Q"Qy"Q"Q) =0, i=123.
Since A
0
Q'Q= [ 0 1 ]

we obtain expressions for the third column of 4° in terms of the remaining elements
(Q"QY")13 = (QTQY")23 = Atr (QTQY°) —an® + 2985 = 0. (5.2)
The first two equations imply that
A€ [ ’Ygg ] -0
23

and since A€ is positive definite we obtain that Y5 = 43, = 78; = 49, = 0. From the third
equation in (5.2) we obtain

AAC: [ %)1 %)2 ] —an’ + A+ 2)7§3 =0.
T2 V22
Thus we have obtained the following result.

Lemma 15. 0 0 0 0

Vi3 = VY31 = Va3 = V32 = 0,
~O‘ W0_~)‘ Ac:|:7§1 7{122]‘
A+ 2 A+ 2 Y12 V22

0 _
V33 =

From this lemma and Theorem 13 we have that 4° is of the following form

¥ — z3p(u) 0
a 0 A c.(~
00 e /~\+2A (7 — z3p(u))

STEP 2 (Taking the second limit). Let v € Vp(w), where Vp(w) is given in (3.19), and
let v! be given by

U% (Z) = —(817)3 + 27)1()% + 2026%)23,
va(2) = —(Oau3 + 201b} + 2u9b3) 23,
vi(z) = 0.
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Then
Yz ( ) 72 +7y ZU’LI‘Z =
and v(g) = v +evl € V(Q).
A simple calculation shows that 1v°(v(e)) = ©(v) + G, where

3

2
O(v) = 7,(v") = SulT(0) - Youia 1) )

= i=1

and G is bounded in L>(w;R3*3). For the test function v(e) equation (3.18) now reads
[ e(@lruenae?): (a@irveae?) vics
-« /Q m(e) tr <Q(a)i’ys(v(5))Q(E)T> Vg(e)dz = Py -v(e)\/g(e)ds,

pINS
v e Hg(w R3),t € [0, 7],

) o /a@)dz + / aaﬁtr (Q(e)iﬂu(e))cz(s)T)q\/g(s)dz
+e /Q YVer( Vegvg(e)dz = /ZVq\/g(a)ds,

q € H'(Q), ae. t €[0,T].

In the limit when € — 0 we obtain

/Q C(Q¥°Q") : (QO(v)Q") Vadz — a /Q ™ tr (QO(v)Q")Vadz

/(73+ +P_) - vads, v € H} (w;R?), ae. t €[0,T],
9 90 P (5.3)
/ ﬁ—qfdz +/ az tr (Q'YOQT)qfdz + a—;Qeg . %Qegﬁdz

—I/ Vaqvads,  qe H'(Q),t€[0,T].
DINE

Note that Qesz - Qes = 1.
According to Lemma 20 (in the Appendix) one has

2 2

Z by (O3 + Z vrbL)

p(V) H;l T;l
O(v) = —23 > b5(0evs + > vrbL)

2 2 2 2 =t =

D Vi (Ovs+ Y vebh) Y b5(Oevs + Y vrbY) 0
L k=1 =1 k=1 =1
Thus, using (5.1) we obtain
tr (QO(V)QT) = tr (QTQO(v)) = —23A%p(V). (5.4)
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Next, using Lemma 15 and Remark 14, we compute
MmN
(@) = (@ Q) A% | T T g
Y12 V22
@ 0 A A [ W1 e }

0 0
Y11 V12 L L
Y2 722

g |: 0 0 :| = T — =
Y12 V22 A+2 A+2
_ NLAC: [ 7?1 7(1)2 :| + NLT‘_O
X+2 WMo 9] X+2
2 ~ ~ 2
= ——A% [ T e } — 23= Acp(u) + = @0
A+ 2 Y12 V22 A+2 A+2

Further, using (5.1) and Lemma 15 we obtain

C.

Q7Q~°QTQ = [ Ay - ZSP(U))AC 723 ]
| A°(Y — z3p(u))A° 0
- [ 0 (om0 — AT — zp(w)) ] |
The main elastic term is now

/QC (QY°Q"): (Qe(v)Q") vadz
B /Qx“ (@+°Q") tr (QO(v)Q") +2Q+°Q":QO(v)Q" Vadz

~ 2 2 Q
= A = ACH — z3= A%p(u) + = 7r0> —23A%p(v adz
/Q(H2 T s ATipl) + £ ) (%) Va

+ / 2Q7 Q" QT Q:0(v) /ad:
Q
_ 2 25‘ c. c. S‘Q 0/ c.
- /Q (20 5 ACp(uAp(v) + 2 (< A%p(v) Vads

+ / 2(23)? Ap(u)A:p(v)vadz.
Q

Using the tensor C, defined by (3.24), the elastic term can now be written by

/ ¢ (Q"Q"): (QO(V)Q") Vadz
Q ! Ao (5.7)
= m/é(ACP(u))ZP(V)ACﬁdz1d22+/Q 5\+2”0(—Z3Acip(v))\/5dz.

The first equation from (5.3) now becomes: for all v € Vp(w) one has

& [ Eatpt) oAty + [ 20 (a pv) Vi

- a/ 70 (—23A° : p(v)) Vadz = /(77+ +P_) - vi/adzidzs.
Q w

This implies

- 1/2
C(Ap(u)):p(v)A°yadz1dzy + 2o / (/ 237r0d23> Al:p(v)Vadzdz
12 J, A2 Ju \J-1)2

(5.8)
:/(73++73_) -vvadzdze, v € Vp(w).
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The matrix 7 does not appear in (5.8) and is not important in the classical shell theory.
However this is not the case here since the term 7 appears in the second equation in (5.3).
It will turn out to be 0 in the proof of the strong convergence, see Step 3. The equation (5.8)
appears in the classical flexural shell model without the pressure 70 term.

The second equation in (5.3) can be now written as

/ﬁ qvadz +/ <;9t<~2 AC:7—23~2 Ac:p(u)—|—~a Wo)q\/&dz

A42 A+2 A+42
om° fdz = Vgvads, g€ HY(Q).
82’3 82’3 PO

Then

a2 0 2 2
+ & d+/ ( Al — 23— AC: ) d
/Q<B A+2) ravVeds | ag | 5pATY Ty AT ) avad:

on® o
% —~\adz = F Vgv/ads, qe HY(Q).
823 823 PO

(5.9)

A flexural poroelastic shell model will follow from (5.8), (5.9) once 7 is determined.

Remark 16. Let us set
0 2a

BA+2) +a?
Then the couple {u, P} satisfies the system

Lo pmarvatada + 25 [ ([ pa)ac o vz,

+2 ~1/2
= /(P+ + 737) : v\/adzleQ, Vv E VF(W). (510)
a? oP¢ 2 0
+ = d —/ = A€ d
(5 5%5) S avads =[xz A% Sotwavad:
G
oF @\/&dz = ;/ Vagvads, q€ HY(Q). (5.11)
o 023 Oz3 .

Analogously to Section 3.4, we prove that system (5.10)-(5.11) has a unique solution. It
yields convergence of the whole sequence {u(e)}. Unfortunately, it is still not enough to have
conclusions for {m(e)}.

STEP 3 (Identification of % and the strong convergence of the strain tensor and the
pressure). We start with

| (Q@ C”s(“(ff))(t) - 7%)) Q<6>T> V@) + 58 [ (w0~ =(0)Vale)a:
+ &2 /t / (Vem(e) — VETFO)Q(E)T (Vem(e) — VgWO)Q(e)T\/@dz,
0 JQ

We will show that A(s) — A as e tends to zero. Since A(g) > 0 the A > 0 as well. After

some calculation we will show that actually A = 0 and % = 0. This will imply the strong
convergence in (4.8).
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Since we have only weak convergences in (4.8) we first remove quadratic terms in A(e)
using (4.5) divided by £3. Integration of (4.5) over time, using 7(¢)|t—o = 0 and u(e)|;=o = 0,
implies

;/QC (Q(e)i’vs(u(e))Q(a)T> : <Q(€)i7s(u(€))Q(5)T> V(e)dz

+%5 / (e)/g(&)dz + €2 / / Q(e)VEr(e) - Qe)VEr(e)y/g(e)dzdr
Q 0 JO
:/0 . Pi.au e) \/@dsdT:F/ Vr(e)v/g(e)dsdr.

0 JX4
Inserting this into the definition of A(e) we obtain

:/0 . Py - al;ie) @d8d7$/0 /Ei Vr(e)\/g(e)dsdr
_/QC <Q(5)i75<u(5))(t)Q<5)T);(Q(g),yo(t)Q(g)T) Ja@dz

R RCRVICTE

— 2¢? / /Q YVer( e)Verl (t)y/g(e)dzdr

+5 [c@en'Qe): (@enr*aET) \/g<e>dz+§ﬁ JCRRVELE
Q Q

+52/0 /QQ(S)VETFO -Q(e)Ver¥/g(e)dzdr.

Now we take the limit as € tends to zero and obtain that A(e) — A > 0, where

t t
= / /(']D+ + P,) . 87u\/ad5d7- :F/ V?TO\/adeT
ot A

) (5.12)
. / (Q7°Q7) : (Q+°Q7) va dz—fﬁ / )2\adz — / / < 623) Vadzdr.
. Ou . 0 - .
We now insert — as a test function in (5.8), 7 in (5.9) and sum up the equations.
11d 2a 1/2
- - c A€ _ 0 A°¢:
122dt/c (A°p (p(u)A%)Vadz dzy + )\+2/w (/1/2 23T d23> p(u)vadzdzy
1d o o ( 2 2
+-— + — dz+/ <~ A5 — 2z3= Ac: u) 0\Vadz
SING Hz)( s+ [ g (AT -t AT o) #'Va
orY Ou 0
+ fdz = [ (Py +P-)  —+adxndzn F Va'ads.
823 w ot poie

The anti-symmetric terms cancel out as before. We integrate the equation over time and use
the initial conditions to obtain

129 / C(Ap (w)A°)vadzdz + 1/ <ﬁ+ = > (792 Vadz

A+2

//(823) fdz‘”*// ot 67 ' adzdr (5.13)

:/ /(77++73)-\/;Ldsd72|:// Vr'yadsdr.
0 Ju ot 0 Jug
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Next we compute the elastic energy
| c@ra”): (@"Q") vad:
= / Atr (@°Q"))? +2Q7Qv°Q"Q : 7" Vadz
Q

-/ 2 2 a 2
= A = TN — 29— A€ p(u) + = 7T0> adz
/Q <A+2 V-mx AT W ) Ve

2
+/ 2<AC(7 —z3p(W)A": (7 — z3p(u)) + <~ Sl CoAC (- 23p(u))> >\/adz
Q

2 2
:/)\(2~ Ay — 2= @ 023A° : p(u)
Q A42XN+2 A+2A+2

( ) . +<23>2<~2)2<A6:p<u>>2+<~a)2<w0>2)\/adz

A+2

o
(AC’YAC'7+ 25) A p(W)AC : p(u)

OAacC .= a 0 c
T A+ 20— = 7 23A° : p(u
2512 T a g AP

a \° A\ L A\
+(5\+2> (770)2+ (5\_’_2) (A :7)2"’_(23)2 (5\_'_2) (A :p(u))2>\/§dz

A(2)2 222 . e
:/§2<<(5\+2)2+(:\+2)2>(A T ERATATS

(
NG’ 2 o A .
_|_(-AZ;\+25\+2+45\+25\+2>W023A .p(u))ﬁdz
2
_ S(AC=) - = AC 2’2~ co(u)) : p(u)A°€ LWOQ aaz.
= [ (eam) 38+ Gareiato) - ptuat+ 522 vad

Insertion of the above equality and (5.13) in (5.12), yields

122/C (A% u)A°)adzdz + /< AJr2>(7r0)2\/5dz

//< ) \/Edzd7+/t a2 A 2000 fadndr
0z3 0o Ja A+2 ot

2

‘/ (C(Ac )AAC + (23)°C(Ap(u)):p(w) A + = <7r0>2) Vadz

A+2
s [ (52) e
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¢ 2 caﬁ 0 1 5 Cc=\.~ A C
_/0 /Qaj\+2A ST \/&dzd7—2/Q(C(A 7).7A)\/adz.

From (5.9) for ¢ independent of transversal variable we obtain

0 a? 0 2 > 1
— + = T 4 a= A°:x adz =0, € H (w).
Ot/sz(@ /\+2> A2 T e ! )

This implies that
2 oy < o? ) o /1/2 0
a=——A%— = — + = — mdzs. 5.14
42 ot i) o), (5:14)

Inserting (5.14) into A yields

<B 3y 2> / / ot ( / 11//22 ”Odz3> " Vadzdr - 3 /Q (Cla) : 7A°) Vad:
=— <ﬁ+ > ;/otjt/w (/_11//22 7T0d23>2\/5d21d,22d7'— ;/Q (é(Acﬁ) :WAC) Jad-

a? 1 1/2 0 ? 1 -
= — + = — d ddd—/ C(AH) : FA° dz,
<ﬁ )\+2>2/w(/_1/27r 23 | Vadzdzedr 29(( )y )\/52

(5.15)
where in the last equation we have used that 7°|;—g = 0. Since A > 0 by Sieﬁnition and since
the right hand side is nonpositive we conclude that A = 0. Positivity of C implies &% = 0 and
thus the strain 4 is fully determined by u and 7°

Oé2
A+ 2

0
0 0 )\+2 A_A°: p(u)
Moreover, from (5.14) we obtain that f ™ = 0 and thus the poroelastic flexural shell

model is given by

B 1/2
1 / C(A°p(n)) : p(v)A°Vadz1dzs + ~2a / / 23m0dz3A° : p(v)vadzidz
2 w )\+2 w 71/2 (516)

= /(P+ +P_) - vvadzdzs, v € Vp(w).

o? 2 ou
o - AC:
/Q<B+A+z) o 1Vad /Q A Py mavadz + az3 az:»)fd

— 5| Vavads, geH'(Q).
DIEE

(5.17)

We now have A(e)(t) — 0 for every t € [0,T]. Since A(e) : [0,7] — R is an equicontinuous
family, we conclude strong convergences of the strain tensor and the pressure

1

g'ya(u(g)) — Y strongly in C([0, T]; L?(Q; R3*3)),
m(e) = n° strongly in C([0, T]; L*(Q)), (5.18)
or(e)  on° — _

923 — 9o strongly in L*(0,T"; L*(Q)).
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STEP 4 (Strong convergence for displacements). We prove the strong convergence in two
steps. In the first step we use the last part of Theorem 13 and prove pointwise convergence
of u(e). Due to equicontinuity it then implies the uniform convergence, i.e., we obtain

u(e) > u strongly in C([0, T]; H'(Q; R?)).

Lemma 17.
p(u(e)) = p(u) strongly in C([0,T7; H_I(Q;RQXQ))'

Proof. From [7, Theorem 5.2-1] for o, 5 = 1,2 we have the estimate (for a.e. ¢ € [0,7T])

| 587,23725(“(6)) + pas(u(e))llm-1(0)
3 (5.19)
< C(Z [vis(u(e)llz2) + ellur(e)ll z2(q) + ellua(e)ll2q) + llus(e) | a1 (Q))s
i=1

for C' independent of . By the strong convergence (5.18) scaled transformed symmetrized
gradient 14°(u(e)) is bounded in C([0,T]; L*(Q;R3*3)) and by the a priori estimates from
Corollary 12 u(e) is bounded in C([0, T]; H*(Q;R3)). Therefore the right hand side in (5.19)
tends to zero uniformly with respect to ¢ € [0,7]. Thus we obtain

ig;»ygﬁ(u(g)) + pap(u(e)) = 0 strongly in C([0, T7; H_l(Q)), a,f=1,2. (5.20)

From (5.18) we have that

19 a

2 Yk Y : C-1/0. 033
58237 (u(e)) — 8237 strongly in C'([0,T]; H™(©2; R°™?)).

Using this convergence in (5.20) we obtain that functions p(u(e)) converge strongly in
C([0,T]; H (4 R>?)). O

Theorem 18.
u(e) > u strongly in C([0,T]; H'(Q; R?)).

Proof. From Lemma 17 and Remark 14 we have pointwise convergences

pu(e))(t) = plu)(t)  strongly in H~L(0; RP2),
u(e)(t) = u(t) weakly in H(Q;R?),

for every t € [0,T]. Thus the last part of the Theorem 13 (taken from [7]) implies
u(e)(t) = u(t) strongly in H(Q;R?),
for all t € [0,7]. This implies that the function w(e) : [0,7] — R given by
w(e)(t) = llu(e)(t) — ul®)ll g ors)

converges pointwisely to zero. From the uniform estimate of u(e) in H'(0,T; H'(Q;R3)) we
obtain equicontinuity of the family (w(e))e>0. This implies the uniform convergence of w(e).
This implies the statement of the theorem. O
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STEP 5 (Strong convergence for the stress tensor). As a consequence of the convergence
of the term 1~4°(u(e)) from (5.18) we obtain the convergence of the scaled stress tensor.

Proof of Corollary 7. We compute o in the local basis given by Q using (5.5) and (5.6)
and that 7 = 0. We obtain

Q7oQ = 2 tr (Q¥°Q1)QTQ +2Q7QY°QTQ - ar'Q”Q

A 2 c
= (2250 23 = Acp(u) — ar® [ AT 0 }
A+2 A+ 2 0 1

—z3A°p(u)A° 0 ]

N )

20 2X { A° 0 ] [ 223A°p(u)A° 0 ]
=[-= T — Z3= A¢p(u —
( Aot PRt P )> 0 0 00
B [ _2a g0 (?X (AC:p(u))I+2ACp(u)> A° 0 ]
0 0/

+2

6 Appendix

6.1 Properties of the metric tensor, the curvature tensor and the third
fundamental form

Some symmetry properties of geometric coefficients are listed in the following lemma. For
the proof see [6].

Lemma 19. The following symmetries hold (o, B,k € {1,2})

aaﬁ — aﬁa’

AnB = UBas bag = bgas Fgﬁ = Fga.

The change from the basis to basis is done using

2 2
a, = E Aora”, a® = g a*“a,.
k=1 k=1
Moreover, one has

2 2
bolp =bhlas D bibug =D bibua.
k=1 k=1

6.2 Computation of O(v)

Lemma 20. For v € Vp(w) and ©(v) defined in the Step 2 of the convergence proof (Sec-
tion 5) one has

] ) ]
Z bY (Oxvs + v7bL)
p(v) T
Ov) = —z > b5(Devs + vrbY)
9 5 k=1
D b (Oevs +vrbT) > b5 (O3 + vrbE) 0
L k=1 k=1 J
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Proof. Let us first denote

[

2
= [ L g0+ 2ud) 5 (2(30hvs + 2ubf) + 01 (30205 + 20405))
—~l3 (D2(501v3 + 20,.b5) + O1(502v3 + 20,b5)) (1 0pv3 + 2v,b5)

Then using (4.3) and (4.4) we obtain

2 2 ry, I'fy =bf
e<v>:z?,(—a+z<anv3+22m;> v T i
k=1 =1 =by —b5 0
2 VoL b5y bTbE o [ biber bibea 0O
+) e | B2 B5l2 bDE | +ws > | U5 bibey O
K=1 bTbE b3bE 0 =1 0 0 0
2 %8121)3—1-2811),@[)'1’C %8182v3+82v,€b*f+81vﬁb§ 0
= —23(2 %8182v3+82v,€b’f+81v,€b§ %3221}34-28221%()5 0
k=1 0 0 0
2 20,b% Oobf + 0165 0 2 ry, I'ib 0
+) v | Gbf+Onbs 20505 0 | = > Oevs | T TH, 0
k=1 0 0 0 k=1 0 0 0
2 'y Iy 0 2 bflL b5l O
—2 ) vl | T5 Ty 0 | = we| b2 b5l2 0
Kor=1 0 0 0] &= 0 0 0
o [ biber Dibea 0O 2 2 0 0 -
—vg > | Usber B5ber O | =D (Jevs+ Y vbD) | 0 0 —bj )
k=1 0 0 0 k=1 =1 =bf —=b5 0

Expressing 8abg using bg\a and collecting all terms with v, we obtain

2 %8%1)3 + 281’[),.;[)? %(91621]3 + 82v,ib’f + 611),.@1)5 0
Ov) = — 23 ( D | 3010203 + 020,.bf + O1vbs 10203 + 2000,.b5 0
k=1 0 0 0
2 Dl =237 T Dil2 =37y TS, b7 — 527, T, b5 0
2 K BT K 2 K BT K 2 & LT
+ Z Uk | — ZT:l 15,01 + b3 ’1 - ZT:l 7,65 b5 ‘2 -2 ZT:I 5,05 0
k=1 0 0 0
2 'y, I'fty 0 2 [ bber bibea O
~) Owvs | T5 T5 0| —vs) | bsba bibea O
k=1 0 0 0 k=1 0 0 0
2 2 0 0 b ]
+) (Ouvs+ > vbp) | 0 0 b ) :
k=1 T=1 blf bg 0 i
This implies the statement of the lemma. O

A part of the proof can be also find in [7, Step 4 in Section 6.2].

6.3 Cylindrical surface

Let wy, = (—=L/2,L/2) x (0,d), where d € (0,27) and let (z,0) denotes the generic point in
w. Let R > 0. We define the cylindrical shell by the parametrization

@ wp, — R3, ©(2,0) = (Rcosh, Rsinb, z)T.
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For d = 27 the surface is the full cylinder. Then the extended covariant basis of the shell
S = p(w) is given by
ai(z,0) = 8.¢(2,60) = (0,0,1)7,
asx(z,0) = 0Ogp(z,0) = (—Rsinb, Rcosh,0)T,
az(z,0) = ZiE:Z; i ZZEE:Z;\ = (—cosf, —sind,0)T.
The contravariant basis is biorthogonal and is defined by
a'(z,0) = (0,0,1)7,

1 1
a’(z,0) = (—ESiHQ,ECOSQ,O)T,

a*(z,0) = (—cosf,—sinh,0)T.

The covariant A, = (@) and contravariant A¢ = (a®) metric tensors are respectively given
by
|1 0 c |1 0
velow] el g

and the area element is now y/adS = /det A.dS = RdS. The covariant and mixed compo-
nents of the curvature tensor are now given by

bii=bia=by =0, byp=R,  by=by=0b=0, by=
A simple calculation shows

ap = a’-0sa, =0, a,f,0 € {1,2},
Gla = 0abf + 1005 —Th,07 = 0abf =0, a,fB,0 € {1,2}.

Now the displacement vector v in canonical coordinates is rewritten in the local basis
v = Qv = via! + v2a® 4 v3a®. Note that contravariant basis is different than the usual basis
associated with the cylindrical coordinates. One has

v =v;, V2= Rug, v3=—0p.
Similarly, Py = Q TPy = (Pi)1ay + (P1)2az + (P+)sas. Thus

1

(Pe)r=Pe)s (Pe)a= 5

(P+)g,  (Px)s=—(Px),.
Thus
Py v = (P+)v1 + (P+)yv2 + (P+)5v3 = (P+),v. + (P+)pve + (P+),vp.
Inserting the geometry coefficients into the strains v and @ we obtain
811)1 — Zi:l F’flv,.i — b111)3 %(611)2 + 821)1) — ZZ:I F'IfQ’U,i — blgvg :|
O1vg + 82111) — Zi:l PSIU,.@ — bo1v3 Oovg — Zi:l FSQUK — boous
B 0,0, $(RO.vg + Ogu-)
o %(Razvg + Ogvs) ROpvg + Ru. ’

O11vs 01203
Oo1v3  Oo2v3

v = | 5

p(v) = [

2
n Z b’f@lv,i + b’fé)w,{ + b’fhv,i — b'fb,glvg bgaﬂ)N + b'faQUH + b’f|21),ﬂ — b'fb,{gvg
o b'fagv,@ + bg@lvﬁ + b§|1v,£ — bgb,{lvg bgagv,{ + bgagv,@ + bg|2’UH — bgbnzvg

_ _8227)7" —0,9Ur + azvg
—0p.0r + 0,v9  —0povr + 20pvg + vy
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As example we write the model on the space

Vr(wr) = {(vz,v9,v,) € H'(wr) x H' (wr) x H*(wg) : (vz, 09, vp)]9=0,a = 0,

1 (6.21)
89217»|9:0,d =0, 0O,v,= §(R82U9 + Opv,) = ROpvg + Ru, = O}

which includes clamping boundary conditions only on two generatrices of the portion of the
cylinder. For cylindrical shell fully clamped one has Vr(wr) = {0}, and the shell behaves as
the generalized membrane shell, see [7, Section 5.8]. From the condition of inextensibility in
(6.21) we obtain

1
v:(0), 0.v9 = ——=0pv2, v = —0pvp.

R
Therefore (using notation ' = dy)
0:(0),  wol(=,0) = —20l(0) +uwp(0),  vi(=,0) = Sl (0) - wh(0).
Smoothness and boundary conditions for v,, vg, v, imply
v, € H}(0,d),  wg € HJ(0,d).
Thus 0 oy )
P= | h ey 5 ey )

Now we insert this into the model given by (3.21)—(3.23) written in dimensional form

L2/ oopn 1
AN S " " N(_ Z.n ” " ,
//L/2 <)“|’2MR4( R(uz—‘l_uz) + (wp +w0)>( R(vz-i-vz) +(w6+w9)>

1
w2 (gl 4w 40+ ﬁ(%w’; P! = o+ N0+ 02" = (e ) ) Rt

2pa / /L/2 /Z/Q 2 " " /
rp dr —— (v, +v,)" + (wg +w Rdzdb
st Lol (=202 0a) + f +wn)))
L/2 ) ) +0 )
/ / (PLO)z 4+ (PL5)2)vz + (PL5)a + (PL)e) (— 5 v; + wp)
L/2 R

+ (P + (PLO) (50! — wp) ) Rdzdd, v, € Hi(0,d),wy € H(0,d).

/2 L/2 o? .
p qRdzdOdr
e/z/ /L/2< A+ 2p )

2a /Z/2 / /L/2 1 " !
- — 2 0 Rdzdfd
A2 oo L/2R2 Op(ul +uy)" + t(w9+w9)>rq zdOdr
0/2 L/2 5.0 L/2
/ / / 04 - dbdr —/ / ) — (%)) Rdzas
/2 /2 Or Or L/2 2
in D'0,T),  geH'((—¢/2,4/2); L*(wr)),

p0:0 at t=0.

After integration over z the first equation separates and we obtain the following problem:
find {p°, u,,we} € C([0,T); H(QL) x H(0,d) x H3(0,d)), 9,p° € L2((0,T) x QY) satisfying
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the system

12 /. R3 “A+2 1212

9 L/2 )2
pe i / / rpPdrzdz | (v! +v.)"db
At R L/2J—e/2

d L/2 L/2
- /0 (R/ (PFY. + (PLY)2)dzv. —/ (PF9 + (P79)g)2d2v,

—L/2 —L/2

¢Bord A L3
= / — (4 t (uf +uz)" (v +02)" + 4pL(ul + us) (v + vz>’> d
0

L2
+ / ((772“6)7« + (PL_E)T)zdzv;’> do, v, € Hé(O, d),
—L)2

6ot L A+ p 2ua 1 L2 pt/2
- 74 " / 1 /de - / / d d 1 /de
o), ' e 2 (wy + wp) (wy + wg)'dO + NtouR Lot rpdrdz | (wy + wy)

d L/2 L/2
:/ (/ (P59 + (P* )g)dzwg—l-/ ((PZFZ)T—I—(?L_Z)T)dzw’g) Rd#, wy € H3(0,d),

L/2 ~L)2
/2 L/2 o2 .
RdzdOdr
e/Q/ /L/Q( A+2u )pq
2@/.1/ 4/2 L/2 1 , , ,
- )\+2u/£/2/ /L/2 R2 O (u + uz)" + O(wy +we))Tquzd9dr
¢/ L/2 gp0 L/2
%@Rdzdadr - )= oLy Rdzdo
0 2
—£/2 —L/2 OT L/2
in D'(O T, qeHY((— f/Q,f/Q);LQ(wL)),

0=0 at t=0.

The terms in the shell equation appear in the classical model of linear model of cylindrical
shells, see e.g. [15] and [4].
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