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Abstract

A derivation of the model for a poroelastic elliptic membrane shell is undertaken. The flow and
deformation in a three-dimensional shell domain is described by the quasi-static Biot equations
of linear poroelasticity. We consider the limit when the shell thickness goes to zero and look
for the limit equations. Using the technique developed in the seminal articles by Ciarlet, Lods,
Miara et al and the recent results on the rigorous derivation of the equations for poroelastic
plates and flexural poroelastic shells by Marciniak-Czochra, Mikeli¢ and Tambaca, we present a
rigorous derivation of the linear poroelastic elliptic membrane shell model. After rescaling, the
corresponding velocity and the pressure field are close in the C([0,T]; (H1)? x (L2)?) norm and the
stresses in C([0, T; (L2)°) norm. We note the major difference with respect to the flexural case: (i)
it is not anymore the rescaled total stress divided by the scaling parameter, but the rescaled total
stress itself which converges ; (ii) the same comment applies to the pore fluid pressure and (iii)
there is a deterioration of the convergence for the vertical component of the rescaled displacement.
Consequence of the above differences is that the effective model remains of the 2nd order in space.
In the case of a spherical membrane shell we confirm the results by Taber from the literature.
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1 Introduction

The present work is devoted to the derivation of a model of the poroelastic elliptic membrane shell.

We follow the standpoint of Ciarlet et al, who derived the Kirchhoff-Love models for thin elastic
bodies in the zero thickness limit (see [6, 7, 8]).

While this approach to the effective behavior of three-dimensional linearized elastic bodies is
well-established, much less attention has been paid to the poroelastic thin bodies. As the recent
example of the special issue of the journal Transport in Porous Media [34, 19] shows, this is likely to
change. Also there is a related experimental work, see [17].

The poroelastic bodies are characterized by the simultaneous presence of the deformation and
the filtration (flow). They are described by the quasi-static Biot’s system of PDE’s. It couples the
Navier equations of linearized elasticity, containing the pressure gradient, with the mass conservation
equation involving the fluid content change and divergence of the filtration velocity. The filtration
velocity is the relative velocity for the upscaled fluid-structure problem and obeys Darcy’s law. The
fluid content change is proportional to the pressure and the elastic body compression. In the quasi-
static Biot’s system the mechanical part is elliptic in the displacement and the flow equation has a
parabolic operator for the pressure. For more modeling details we refer to [10], [21] and [33] and for
the mathematical theory to [28], [26] and [23].

The simplest relevant two dimensional poroelastic thin body is a poroelastic plate. A physically
relevant choice of the time scale and the related coefficient size was set up by Marciniak-Czochra
and Mikeli¢ in [20]. They rigorously derived the effective equations for the Kirchhoff-Love-Biot
poroelastic plate in the zero thickness limit of the 3D quasi-static Biot equations. The limiting zero
thickness procedure is seriously affected by the presence of coupling structure-flow. As in the purely
elastic case, the specificity of the poroelastic plate model from [20] is that the limit model contains
simultaneously both flexural and membrane equations. This remarkable property does not transfer
to the shells.

Following both Ciarlet et al zero thickness limit approach to flexural linearized shells and handling
of the Biot quasi-static equations in a thin domain by Marciniak-Czochra and Mikeli¢, Mikeli¢ and
Tambaca have undertaken the derivation of the equation for a linear flexural poroelastic shell in
[22]. In this article we undertake derivation of a model for linear elliptic membrane poroelastic shell
through the same type of the limit procedure.

The coupling elastic structure - flow is scaled as in [20]. It corresponds to the physical parameters
leading to the quasi-static diphasic Biot’s equations for the displacement and the pressure. As in [30]
and [31], it means that the characteristic time scale is of Taber and Terzaghi and in the dimensionless
form there will be the ratio between the width and length squared, multiplying Laplacean of the
pressure. The flexural and the membrane poroelastic shells correspond to different regimes of the
filtration, different sizes of the applied contact forces, different geometries of the shell and different
boundary conditions. In our case they are applied at the top and the bottom boundaries. For the
membrane shell case, we impose a given inflow /outflow velocity of order of the characteristic filtration
velocity through a shell of width ¢. The applied contact forces at the same top/bottom boundaries
should be of order of the pressure drop between these boundaries. We recall that in the case of the
flexural poroelastic shell, studied in [22], the contact forces at the top/bottom boundaries are an
order of magnitude smaller and even smaller than the related inflow/outflow velocities.

The motivation for studying the flexural poroelastic shells comes from the industrial filters mod-
eling. For instance, the results from [20] and [22] can be applied to the modeling of the air filters for
the cars, while some oil car filters can be modeled as membrane poroelastic shells.



The motivation for studying the membrane poroelastic shells also comes from the biomechanics.
An important example is the study of the mechanical behavior of fluid-saturated large living bone
tissues. We recall that the bulk modulus of the bone is much larger than the bulk moduli of the soft
tissues and the bone deformation is small. A full physiological understanding of the bone modeling
would provide insight to important clinical problems which concern bones. For detailed review we
refer to [27] and [11]. Many other living structures are fluid-saturated membrane shells, see e.g. [13].

Another modeling question, raised in [11], is of the modeling of the elastic wave propagation in
a bone. As the Biot theory was originally developed to describe the wave propagation, the subject
attracted attention. The reader can consult [3], [15] and [32] and references therein. With our scaling,
our spatial operators do not coincide with models from these references, but rather with Taber’s works
[30] and [31]. Furthermore, the dynamic models of the diphasic Biot equations for a viscous fluid
exhibit memory effects, as proposed by Biot through the introduction of the viscodynamic operator
(see [33]). The homogenization derivation of the dynamic diphasic Biot’s equations gives the memory
terms (see [9]) for a viscous fluid. If the pores are filled by an ideal fluid, there are no memory effects
(see [16]). The analysis of the relationship between the dynamic and the quasi-static diphasic Biot
equation was undertaken in [24] and there are scalings when the memory effects are not important.
But in general it is not possible just to add the acceleration to the quasi-static Biot system. Hence
modeling of the elastic waves propagation in poroelastic plates/shell requires some future research.

Since in [23], the quasi-static Biot equations are obtained by homogenization of a pore scale fluid-
structure problem, one can raise question why we do not study simultaneously homogenization of the
fluid-structure problem and the zero thickness limit. In the applications we have in mind (industrial
filters, living tissues...) the thickness is much bigger than the RVE size and such approach does
not make much sense. For some other problems like the study of the overall behavior of curved
layers of living cells, having a thickness of one cell, the simultaneous homogenization and singular
perturbation would give new models.

The flexural shell model is formulated on a subspace of infinitesimally inextensional displacements
involving boundary conditions, usually denoted by Vr. However this function space for some geome-
tries and boundary conditions turns to be trivial. In this case a model for extensional displacements
is necessary. In this paper we focus on the shells with elliptic surfaces which are clamped at the
whole boundary. The model in this case is called elliptic membrane shell model. In the case of the
classical elasticity the membrane effects are measured by the change of the metric of the shell. This
is different with the case of the flexural shell model where the potential energy is measured by the
change in the curvature tensor. This difference results in a simpler model for the membrane case and
lower order derivatives involved in the formulation. Remaining cases in which Vy = {0} as well are
covered by the generalized membrane shell model (an example is a tube clamped at ends). However,
the formulation is given in abstract spaces, see [5].

Derivation of the present model is more difficult than the derivation of the classical elliptic
membrane shell model starting from the three-dimensional linearized [7]. Namely, we are dealing
with an additional equation for the additional unknown (pressure). We use the results derived in the
classical static case, see [5], as much as possible, but Biot’s equations are quasi-static and, therefore,
time dependent. Presence of the additional independent variable (time) requires special attention and
careful analysis. Note also that in some parts this derivation is more demanding than the derivation
of the poroelastic flexural shell model from [22] since here we have weaker a priori estimates in strains
and we have to obtain the same convergences of the tangential displacements as in the flexural case.
Finally, we recall that the flexural shell models are characterized by the presence of the 4th order
differential operators and for the membrane shell models the differential operators are of the 2nd
order.

2 Geometry of Shells and Setting of the Problem

We are starting by recalling the basic facts of geometry of shells. The text follows [22], but it is
shorter since some terms are not needed in the membrane model. Namely, lower order derivatives



are sufficient to express the membrane effects.

Throughout this paper we use boldfaced letters for vectors or matrices. The only exceptions are
points in the Euclidean spaces (e.g., x, y, ). R™*™ denotes the space of all n by m matrices and the
subscript sym denotes its subspace of symmetric matrices. By L? we denote the Lebesgue space of
the square integrable functions, while H! stands for the Sobolev space.

A~ T3

Yy —

Let the surface S is given as S = X(wy,), where w C R? be an open bounded and simply connected
set with Lipschitz-continuous boundary dwy, and X : Wy — R3 is a smooth injective immersion (that
is X € C? and 3 x 2 matrix VX is of rank two). Thus the vectors a,(y) = 9, X(y), a = 1,2,
are linearly independent for all y € @y and form the covariant basis of the tangent plane to the
2-surface S. Let QY = wy, x (—£/2,£/2). In this paper we study the deformation and the flow in a
three-dimensional poroelastic shell Q% = r(QgL), L, ¢ > 0, where the injective mapping r is given by

ai (y) ¥ az(y)
r=r(y,z3) = X(y) +z3a3(y), a3(y) = —F 2.1
(0] =X 220ty 2al0) = (o () () 2
for x3 € (—£/2,¢/2) and (y1,y2) € wr, diam (wy) = L. The contravariant basis of the plane spanned
by ai(y),az(y) is given by the vectors a®(y) defined by a*(y) - ag(y) = 0. By adding the vector
az(y) defined in (2.1) we extend these two bases to the basis of R? (a3(y) = a3(y)). The following
matrix functions defined on wy, will be extensively used to account for the geometry of the shell

Q:[a1 a’ a3}, Q'l=|al |. (2.2)

As usual, the first fundamental form of the surface S, or the metric tensor, in covariant A, = (aqg)
and contravariant A¢ = (aaﬂ ) components is given respectively by a,s = a,-ag, a*? =a*af a,p=
1,2. Note here that, since X is smooth A, and A€ are continuous on the compact set @y, there are
constants M€ > m® > 0 such that

mx-x < A(y)x - x, Ac(y)x - x < Mx - x, x € R,y €@y (2.3)
The second fundamental form of the surface S, also known as the curvature tensor, in covariant

B. = (bap) and mixed components B = (b2) is given respectively by

2
bap = a’- Opaq = _aﬁag " Aoy bg = Zaﬁnbﬁaa a,B=1,2.

k=1



The Christoffel symbols I'* are defined by
Fglgzaﬂ.aﬁaa:—aﬁa”.aa’ a7ﬂ’/{:1’2.

The dual notation Fiﬁ for bop will sometimes be used. The area element along S is v/ady, where
a :=det A.. By (2.3) it is uniformly positive, i.e., there is m, > 0 such that

0 <mg <a(y), Yy EWr. (2.4)

In order to formulate the limit membrane model we define the notation:

2
1
Yap(V) = 5(0avs + Ogva) — > Thsve—bagvs,  @,8=1,2, (2.5)
k=1
2 2
naﬁ‘ﬂ - aﬁnaﬂ + Z annﬁﬁ + ng,{nalﬁ «, 6 = 17 27
k=1 k=1

for smooth vector fields v and tensor fields n. «(v) denotes linearization of the change of a metric
tensor defined by displacement v. Note here that in the membrane model case there is no need for
the linearization of the change of curvature tensor, usually denoted by p(v).

The upper and lower face of the body QEL are given by

B =r(wr x {z3 = ¢/2}) = r(])
2.0 =r(wr x {23 = —£/2}) = £(T1),
while 'Y = r(Qwy, x (—£/2,£/2)) = r(I'%) is the lateral boundary.

Behavior of the poroelastic bodies is described by the quasi-static Biot equations. For the poroe-
lastic body QKL the equations take the following dimensional form:

& =2ue() + (A divaa — ap)I in QF, (2.6)
—dive=—pAa—-N+p)vdivi+ayp=0 in QFf, (2.7)
k -
gt(/ﬁcﬁJr adivit)—~Ap=0 in QF. (2.8)

U

Note that e(u) = sym 57u and 0 is the stress tensor. All other quantities are defined in Table 1.
We prescribe the contact force Pff and normal flux Vi, at upper and lower face while at the lateral

Table 1: Parameter and unknowns description

SYMBOL QUANTITY

7 shear modulus (Lamé’s second parameter)

A Lamé’s first parameter

Ba inverse of Biot’s modulus

« effective stress coefficient

k permeability

n viscosity

L and ¢ midsurface length and shell width, respectively
u = (u1,uz,us) | solid phase displacement

D pressure

boundary I'¥ we impose a zero displacement and a zero normal flux. Thus the following boundary



conditions are assumed

v =Pyt at £7°, (2.9)
kOp  ~ i

—— = =Vpat X 2.10
naxS L a L ( )

u=0at I, (2.11)
k 0p _,

- = I, 2.12
0 ov 0 at (2.12)

Here v is the outer unit normal at the boundary. At initial time ¢ = 0 the initial pressure ﬁ%,in is
given
P =P for t = 0. (2.13)

The equations (2.6), (2.7) and (2.8) together with the boundary conditions (2.9)—(2.12) and initial
condition (2.13) constitute the model that we analyze.

Our goal is to extend the elliptic membrane shell justification by Ciarlet, Lods et al and by
Dauge et al to the poroelastic case. Thus in the sequel we assume that the middle surface is elliptic
(Gaussian curvature (product of principal curvatures) is positive at all points) and that is the reason
that we assumed the shell is clamped at its entire boundary. Further we assume that the body QKL
is thin in one direction comparing to two others, i.e. that the ratio between the shell thickness and
the characteristic horizontal length ¢ = ¢/L < 1. This ¢ is the small parameter in the problem and
we do the asymptotic analysis with respect to it.

We announce briefly the differential equations of the membrane poroelastic shell in dimensional
form. These equations follow from the weak formulation of the limit model (3.10)—(3.12) that we
derive in this paper.

Effective dimensional equations:

The model is given in terms of u®f : w; — R3 which is the vector of components of the displace-
ment of the middle surface of the shell in the contravariant basis and p° : QeL — R which is the
pressure in the 3D shell. Let us denote the stress tensor due to the variation in pore pressure across
the shell thickness by

5 2pa t/2
= (CE(Ay(u)) A — / Tys A°, 2.14
n (AT (T)A =7 o, (2.14)

where ~(+) is given by (2.5) and C® is the elasticity tensor, usually appearing in the classical shell
theories, given by
C°E = 2u tr (E)I+2uE, EcR%

sym:*

A+ 2u

The stress tensor n is defined in order to formulate the differential equations as it is done in the
classical elastic elliptic membrane model (see [5, Chapter 4]). Then the model in the differential
formulation reads as follows:

2
=S nasls = P+ (Ppa inwr, a=1,2,
B=1

2 y L (2.15)
- Z bagnap = (P )s + (P, )s in wy,
a,f=1
u =0,0=1,2, on dwy, for every t € (0,T),



aQ 8peﬂ" 2/‘5 . aueff k 82peff
<6G+A+2u> o v ) T et =
i O,T _£ 276 2 )
i O e x (472472 16)
TP v oon (0,T) xwr x ({—€/2}U{£/2}),
n 0ys3

Pt = pZLJn given at t = 0.

Here (chz)i,i = 1,2,3 are components of the contact force 75%4 or at Efz in the covariant basis,
Vi =V,oX, pé,in = ﬁ%,in or. Thus, the poroelastic elliptic membrane shell model in the differential
formulation is given by equations (2.14), (2.15) and (2.16). The unknowns in the problem are contact
forces as components of n, the (vector) effective displacement of the middle surface u®® and effective
pressure p°f. The first two equations in (2.15) are the same as in the differential equation of the
elliptic membrane shell model (see [5, Theorem 4.5-1]). The evolution equation for the effective
pressure with associated boundary and initial conditions is given in (2.16).

In the case of the classical theory of the purely elastic shell, we recall that, in addition to already
quoted articles and books by Ciarlet and al, there is a huge literature, with both mathematical and
engineering approaches (see e.g. [1], [12], [18], [25] and references therein).

In Section 3, with the help of curvilinear coordinates, we formulate the problem in the dimen-
sionless form on the domain Q = w x (—1/2,1/2) independent of ¢ suitable for asymptotic analysis.
We recall existence and uniqueness result of the smooth solution for the starting problem and for-
mulate the limit model and the main convergence results. In further sections we prove the main
results. First, in Section 4, we derive a priori estimates for the family of solutions. Then, in Section
5, the convergence (including strong) of the solutions to the rescaled problem, is studied as ¢ — 0.
In Appendix we give the limit model written for a part of the spherical surface. Further, the radi-
ally symmetric effective equations of the problem on the whole sphere are derived and the result is
compared with the one in [31].

3 Problem setting in curvilinear coordinates and the main results

3.1 Dimensionless equations

The Biot’s diphasic equations describe behavior of the system at so called Terzaghi’s time scale
T = nL?/(ku), where L. is the characteristic domain size, 7 is dynamic viscosity, k is permeability
and p is the shear modulus. Thus we have two possible characteristic length. Similarly as in [20]
and [22] we chose as the characteristic length L. = ¢, which leads to the Taber-Terzaghi transversal
time Tyqp = % /(kp). Our scaling corresponds to the one chosen by Blanchard and Francfort in [2]
for the derivation of a thermoelastic plate model.

Thus in order to obtain the dimensionless equations to be able to perform the asymptotic analysis
we introduce the dimensionless unknowns and variable by setting

2 ~
vie—a T="" A=

14 ulU
6_57 5—5(}#7 P_Tv

A
M’
PiF =5, GL=vy; #3L =3 FL=r; XL=X: il =t 55%:3.

Then we rewrite the problem in terms of the dimensionless quantities. It is then given on a the
domain 3 .

=0 /L=r(Q°), QC=wx(-/2,¢/2), w=wy/L.
The upper and lower face of the shell-like body Q¢ are denoted by fﬁr and X, while I'® = f‘eL /Lis lat-

eral boundary. Let V(QF) = {¥ € H'(Q%; R?) : V|fe = 0}. The weak formulation of the dimensionless
problem associated to the system (2.6)—(2.13) is given by (see [22] for more details):



find & € HL(0,T,V(QF)), * € H'(0,T; H'(CF)) such that it holds

/~2e(ﬁ€):e(\7)d:z+5\/~ divﬁffdivvdx—a/ 7 div v dzx

Q Q Q
= /if eP, -V ds + /EE eP_ -V ds, forevery v e V() andte (0,T), (3.1)
s a
B . Op°G dx + / @ div 9,6°G dx + £2 . Vi -V dx
= - V§ds— E/if Vids, forevery g€ HY(QF) andt € (0,T), (3.2)
ﬁ£|{t:(); = Pin, in QZ, (3.3)

here @® = (uf, 45, u5) denotes the dimensionless displacement field and p° the dimensionless pressure.
Note that for two 3x 3 matrices A and B the Frobenius scalar product is denoted by A : B = tr (ABT).
The coefficient €2 in (3.2) is a consequence of the choice of the characteristic length in the Terzaghi
time. There are also three important assumptions on the order of prescribed quantities 731#, Vi, pgin
made here:

v = (2e(d°) — apl + M(div @) )v = eP+ on X5, (3.4)
—e?27pf v ==V, on ii,

P (x1,x2,23,0) = pin(z1,22) in Q°. (3.6)

Remark 1. The difference here, with respect to flexural shell case ([22]), is that the contact loads
in (3.4) and filtration velocity in (3.5) are differently scaled. More precisely, we recall that in the
flexural shell case contact loads were assumed to behave like e3Py and the normal boundary filtration
velocity by —e2 <7 pf - v = +e2V. Furthermore the initial pressure was of order ¢ in the flexural shell
case.

We follow [20] and get the existence and uniqueness result for (3.1)-(3.3).

Proposition 2. Let us suppose
Pin € H3(QF), Py € H*(0,T; L*(w; R?)) and V € H'(0,T; L*(w)), Vl{1—0} = 0. (3.7)

Then problem (3.1)-(3.3) has a unique solution {0, p°} € H'(0,T;V(QF))) x HY(0,T; H'(QF)).

3.2 Problem in Curvilinear Coordinates and the Scaled Problem

In this section we introduce the formulation of the problem in curvilinear coordinates. The for-
mulation is similar as in Subsection 3.3 in [22, pages 371-374] but with some prescribed quantities
differently scaled which will at the end lead to a different model. For completeness and for the
comfort of the reader we point out the main steps and define only necessary quantities, for details
see [22].

Our goal is to find the limits of the solutions of problem (3.1)—(3.3) when ¢ tends to zero. Since
the expected behavior of local components of the displacement is different we turn to the formulation
in curvilinear coordinates given by r. Further, we rescale the problem on a domain independent of ¢.

To introduce the curvilinear coordinates we still need to define some geometry. The covariant
basis of the the three-dimensional manifold ¢, parameterized by r, is defined by g =0r:Q° —
R3,i = 1,2, 3. Similarly as before the contravariant basis { ghe g?c g3¢l is biorthogonal one, defined
by gi* - g; = 0;j on ﬁa, i,7 = 1,2,3, where ¢;; is the Kronecker symbol. The covariant metric tensor

G: = (gfj) and the Christoffel symbols F;Z of the body 66 are defined by
gi=g g Tji=g0go®, ijk=123

8



We set T = (F;k)],k 1.3, ¢ = det GS and Q° = (Vr) T= (g g} gs) T = (g'* g% g*¢). Now

the displacement is rewritten in the contravariant basis while the forces are rewritten in the covariant
basis. New functions u, v and P are defined by 0 or = Q°u, veor = Q°v, Py = Q) Pyror.
For scalar functions we just change the coordinates p* or = p*,gor =¢,Vor =V, pj, or = pip, on
[

Still, problem for @, p® and u®,p® is posed on e-dependent domains. Therefore we follow the
idea from Ciarlet, Destuynder [6] and rewrite (3.1)—(3.3) on the canonical domain independent of .
As a consequence, the coefficients of the resulting weak formulation will depend on ¢ explicitly. The
rescaling we use is given by

RE(2) = (21, 2%,e23), 2€Q, €€ (0,g), Q=wx(-1/2,1/2).

By ¥4 = w X {i1/2} we denote the upper and lower face of Q and I' = dw x (—1/2,1/2). To the
functions u®, p, ¢%, g7, g, Q°, F;,j, i,5,k = 1,2,3 defined on Q" we associate the functions u(e),

p(e), g(e), gi(e), gi(e), Q(e), I‘zj( €), 14,4,k = 1,2,3 defined on Q by composition with R®. Let us also
define

V(Q) = {v = (v1,v2,v3) € Hl(Q;IR{3) : vlr =0}
Then the problem (3.1)—(3.3) can be written as

: [ c@E Q) : (e vQE)) Vi
- <a /Q P(©)x (QENY (v)Q()) Vale)dz
—¢ Ei Py-vi/g(e)ds, veV(Q), ae tel0,T],
D o@dz + ¢ / 2 (QUe (u(e) Q) v a(E)dz 28)
+¢ / Q(e)Vep( (e)Veq\/g(e)dz
= Fe /Ei Va/g(e)ds,  qe HYQ), ae. t e[0,T),

p(€) = Pin, for t = 0.
Here CE = \(tr E)I + 2E, for all E € RZ’;%,
1 3
YV = 27(0) + (V) = D ul(e (3.9)
=1
0 0 %837)1 o1 %(321)1 + 817)2) %811}3
’}’Z(V) = 0 0 %63’02 , ")/y(V) = %(62@1 + (911}2) 09 %8203 ,
%831)1 %831)2 831)3 %81@3 %821}3 0

1
ng = gvzq—i‘qu, V.q= [ 0 0 63(] ]7 qu = [ 81q 82(1 0 ]

and we have also used the notation

HF/ Vq\/g(E)dSZ/ Vq\/g(s)ds—/ Va/g(e)ds,
pIEN b))

Py -vy/g(e)ds :/E 77_~_-v\/g(5)ds—}—/2 P_-v/g(e)ds.

A consequence of Proposition 2 and the smoothness of the curvilinear coordinates transformation
is the existence and uniqueness of the solution of (3.8). Also note that in the present (elliptic
membrane) case there is no rescaling of the pressure. It will appear to be of order one which is in
contrast to the flexural shell case where it was of order €.

PINE



3.3 Convergence results

In the remainder of the paper we make the following assumptions.

Assumption 3. For simplicity, we assume that p;, = 0, that V € HY(0,T; L*(w)), Vl]=0y = 0 and
that P+ € H*(0,T; L*(w; R®)), with P+|y—gy = 0.

To describe the limit problem, which we presented in the differential formulation in (2.14)-(2.16),
we introduce the function space Vys(w) = Hg(w) x H} (w) x L?(w). Contrary to Vp(w), which is the
function space for the flexural shell model, it is always non-trivial. The boundary value problem in
2 =w x (—1/2,1/2) for the effective displacement and the effective pressure is given by:

find {u,p°} € C([0,T); Vi (w) x L2(Q)), 0,,p° € L?((0,T) x Q) satistying the system

~ 9 1/2
/C(Ac'y(u)) cy(V)AYadzdzy — = a / / pPdz3AC : y(v)Vadzdzo
v At2Jwl (3.10)

= /(73+ +P_) - vwadzdz., v € Vy(w),

a? op° 0 2 . op° dq
/Q<B+5\+2) q\/ﬁdz—I—/Qaat <5\+2A .'y(u)> gvadz + Qa—zga—%\/adz

(3.11)
S / Vovads, qe HY(9).
DIFE
=0 at t=0, (3.12)
where ~(-) is given by (2.5) and
CE=2—"—tr(E)I+2E, EecRJ (3.13)
A+2

We observe that, contrary to the effective flexural shell system from [22], problem (3.10)—(3.12)
is of the second order. Also, pressure enters the shell equation (3.10) with the average over the
cross—section in difference with the first moment over the cross—section in the flexural shell model.

Fundamental for the analysis of this model is the inequality of Korn’s type on an elliptic surface,
see [5, Theorem 2.7-3] or [7, Theorem 4.2].

Lemma 4. Let w be a domain in R? and let X € C*1(@;R3) be an injective mapping such that the
two vectors ao = 0, X are linearly independent at all points of W and such that the surface X () is
elliptic. Then there is Cpr > 0 such that

lor 2y + lo2lZ o) + losllagy < Carly (DI eguponsys v € Var(w).

Proposition 5. Under Assumption 3, problem (8.10)-(3.12) has a unique solution {u,p°} in the
space C([0,T); Var(w) x L3()), 0.,p° € L?((0,T) x Q) Furthermore, o;p° € L*((0,T) x Q) and
opu € L2(0,T; Vs (w)).

Proof. We follow the proof of Proposition 4 from [22] and first prove that {u, p°} € C([0, T]; Vas(w) x
L?(2)) and 0,,p° € L?((0,T) x ) imply a higher regularity in time. Ideas are analogous but details
of the calculations are different.

We take ¢ = G(z1,22), ¢ € C®°(w) as a test function in (3.11). The time continuity and (3.11)

yield
a2 )/1/2 0 20
+ = dzs + = A°:~(u)=0. 3.14
(4 555) [ 7 oo oA vt (.14

10



We insert (3.14) into (3.10) and obtain

o | . 4a?
/WC(A ~v(u)) : y(v)A°Vadz dz + (5\ n 2)(ﬂ(5\ +2)+ a2)

= /(734r +P_) - vi/adzdzs, v € Vi (w).

/ A€ y(u)A°: y(v)Vadzdz
© (3.15)

The H2-regularity in time of P+ allows taking time derivatives of equation (3.15) up to order 2. It
yields dpu € L2(0,T; Vyr(w)) and dyu € L2(0,T; Var(w)). Hence dyu € HY(0,T;Vy(w)). Now the
classical parabolic regularity theory applied at (3.11) implies 9;p° € L2((0,T) x Q).

We insert v = —1: as a test function in (3.10) and p° as a test function in (3.11) and sum up the

equations. It follows

LA G Ay () s v(wAadadz + [ (54 <) ()2 vad
w Q

24t A+ 2
op° 2
—2/(7’+ +P-) -uﬁdzld@} +/ <a> Vadzdt (3.16)
w Q0 z3
= —/ 0 (Py +P_) - uvadzidz :F/ VpPva dzidzs.
w Ty

Equality (3.16) implies uniqueness of solutions to problem (3.10)—(3.12). Equality (3.16) allows to
obtain the uniform bounds for y(u) in L>(0,T;Vy(w)), for p° in L>(0,T; L*(Q)) and for 9,,p°
in L2(0,T; L*(Q2)). Using Lemma 4 and the classical weak compactness reasoning, we conclude the
existence of the solution. O

Remark 6. Note that the equation (3.15) can be used to decouple the problem. Thus we first
can solve the membrane problem with slightly changed coefficients and with time as a parameter in
the equation. In the second step we plug this solution into (3.11). This approach can also lead to
alternative existence proof. Namely, standard existence theory for membrane shell model applied on
(3.15) yields that there is a unique u € H?(0,T; Vys(w)) solving (3.15). Then the standard parabolic
theory for (3.11) implies the existence of p? in C([0,T]; L3(Q)) and such 9,,p° in L%(0,T; L?(f)).
Further regularity is classical.
Standard computations give

1/2 45 & [t _emine? (—1)m
0_ Odzg = —V (¢ = /' 7 9 vds——) _sin((2m+1 317
p Kwng Um+ﬁg;06 tS@m+Dﬁm«m+)w% (3.17)

2
with 8 = 8 + S\OZ 5 After inserting (3.14) into (3.10) for displacement we get a standard elastic
+

membrane shell equations with modified coefficients. Then we use (3.14) to compute the mean
pressure and finally (3.17) to reconstruct the pressure fluctuation.

Next we formulate the main result of the paper.

Theorem 7. Let us suppose Assumption 3. Let {u(e),p(e)} € H(0,T;V(Q)) x HY(0,T; H(2)) be
the unique solution of (3.8) and let {u,p°} be the unique solution for (8.10)-(3.12). Then we obtain
u(e) > u strongly in C([0,T); HY(Q) x HY(Q) x L*(Q)),

v(u) =" strongly in C([0,T]; L* (4 R¥?)),
p(e) — p° strongly in C([0,T]; L*(Q)),

pe) op°

e 8723 strongly in L2(07 T, LZ(Q))7

11



where

0
0 () 0 (3.18)
A

a 0
00 2P

A2 A y(u)

Remark 8. We observe differences between convergence theorem (Theorem 6) from [22] and this

result: the scaling of symmetrized gradient in curvilinear coordinates v°(u(e)), the function space
for the transversal displacement and the structure of ~Y.

Convergence of the symmetrized gradient in curvilinear coordinates °(u(e)) implies convergence
of the stress tensor.

Corollary 9. For the stress tensor o(¢) = C(Q()v*(u(e))Q(e)T) — ap(e)I one has
o(e) = 0 =C(QY°QT) — ap°1 strongly in C ([0, T]; L*(Q; R3*3)). (3.19)

The limit stress in the local contravariant basis Q = (a' a? a®) is given by

_ 2 01—1— 2
QroQ = a2l T A2

(A€ :~(u)I+ 2Ac‘y(u)> A 0
0 0

4 A priori estimates and consequences

The following three-dimensional inequality of Korn’s type for a family of linearly elastic elliptic
membrane shells is essential for derivation of a priori estimates. It is different from the inequality
used in derivation of flexural shell models.

Theorem 10 ([5, Theorem 4.3-1], [7, Theorem 4.1]). Assume that X € C3(w;R3) parameterizes an
elliptic surface. Then there exist constants eg > 0,C > 0 such that for all € € (0,£¢) one has

v ) + o2l + 0sllF29) < ClV° (W) 72maxsy: v E V().

Remark 11. Note that the above estimate applies to the functions on the three-dimensional domain
2 and will be the basis for the a priori estimates for the solution of (3.8), while in Lemma 4 the
estimate was for functions on w and is the basis for the existence and uniqueness of the solution of
the limit model (3.10)—(3.12).

Next we state the asymptotic properties of the geometry coefficients in the equation (3.8). Direct
calculation shows that there are constants 0 < mg, < M, independent of ¢ € (0,¢p), such that
mg < \/g(g) < M,. The functions g'(¢), g;(¢), 9" (¢), g(¢), F§k(€), Q(e) are in C(Q) by assumptions.
Further, there is C' > 0 such that for all € € (0, &),

g’ (e) — a'llo + llgi(e) — aillw < Ce,
II(f%vy(ff)Hoo +1Vg(e) = Vallss < Ce, (4.1)
1Q(e) — Qlloc < C,

where || - ||oo is the norm in C(€2). See [7, 8] for details. In addition, in [5, Theorem 3.3-1] and |8,
Lemma 3.1] the asymptotic of the Christoffel symbols is given by

Iy, Th, —bf biy bz 0
Toe)= | T4 T% —by | +0(), =12 T3e) =| by by 0|+0(). (42
—bf —b5 0 0 0 0

A priori estimates are given in the following two lemmas. The estimates are similar, but different
from the flexural case. Namely, the scaling of 4¢(u(e)) is different. The proof is analogous to the
proof of Lemma 10 from [22] and we omit it.

12



Lemma 12. There is C > 0 and €g > 0 such that for all € € (0,£9) one has

||’Y€(u(5))”LOO(O,T;LQ(Q;R3X3))7 ||p(5)||L°°(0,T;L2(Q;R))7 ”5v€p(5)||L2(0,T;L2(Q;]R3)) <C.

Ou(e
We now first take the time derivative of the first equation in (3.8) and then insert v = 1;55 ) as
a test functions and sum it with (3.8) for the test function g = (9( ?) We obtain

[ e(aenr <a‘(;(t )>Q<5>T> : (Qm ) Vo
+h / c’)t 3¢ dt / Q(e)Vp(e) - Q(e)Vop(e)Vg(e)d= (4.3)
=/Ei%7? Qute Fd ¢/ VW\/g(T)ds.

pIEE

Then, similarly as in Lemma 12, we obtain
Lemma 13. There is C > 0 and €9 > 0 such that for all € € (0,¢9) one has

Ou(e
7= ( 8<t ))||L2 (0,T;L2 (S;R3%3)) || 8t ||L2(OTL2(Q]R  1eVep(e )||L°°(O,T;L2(Q;R3)) <C.

From the scaled Korn’s inequality from Theorem 10 we directly obtain the following Corollary.

Corollary 14. Let us suppose Assumption 3 and let {u(e),p(e)} be the solution for problem (3.8).
Then there is C > 0 and €9 > 0 such that for all € € (0,e9) one has

H’YE(U(F?))HHI(O,T;L?(Q;RQ)), Hul(&“)HHl(QT;Hl 0))s HUQ(E)HHl(O,T;Hl(Q))a ||u3(5)||H1(0,T;L2(Q))7
op(e
I om0 | T oy < C
In addition, there are uy,us € H'(0,T; H(Q;R3)), ug € HY(0,T; L*(Q;R3)), p° € HY(0,T; L*(%; R))
and 4° € L>®(0,T; L*(Q; R3%3)) such that on a subsequence one has
uj(e) — u; weakly in H'(0,T; H*()), j=1,2,
ug(e) — uz weakly in H'(0,T; L*(Q)),
p(e) = p® weakly in H'(0,T; L*(; R)),
0
owie) I weakly in L*(0,T; L*(Q;R))  and weak *in  L=(0,T; L*(;R)),
82’3 823
~(u(e)) = Y weakly in H'(0,T; L?(; R3*3)).

(4.4)

Since v°(u(e)) and u(e) are related one expects that the limits u= (u1, uz,u3) and 4" are related
too. The following theorem gives the precise relationship. Its statements are essential in obtaining
the limit model in classical elliptic membrane shell derivation as well. However it is different from
the corresponding statement, Theorem 13, in [22]. Its proof is a collection of particular statements
in the proof of Theorem 4.4-1 in [5]. Therefore we just sketch it here.

Theorem 15. For any v € V(Q) let v°(v) be given by (3.9) and let the tensor v(v) be given by
(2.5). Let the family (w(e))eso C V() satisfies

w;(e) — w;j weakly in H(Q), j=1,2,
w3 (g) — w3 weakly in L*(K2), (4.5)
~E(w(e)) = A% weakly in L*(Q;R3*3)

as € — 0. Then w= (w1, w2, ws) is independent of transverse variable z3, belongs to Vyr(w) =
H}(w) x H}(w) x L*(w), and satisfies

Y05 ="as(W), B €{1,2}.
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Proof. From ~v°(w(g)) — 4" we obtain that
3
e (W(e)) = 7. (W(e)) +evy(w(e)) —e ) wi(e)T'(e) =0
i=1

strongly in L?(€;R?). From the convergences in (4.5) and asymptotics of T'(e) given in (4.2) we
have that

3
e> wi(e)I(e) = 0
=1

strongly in L?(€;R3*3). Also (4.5) implies that e, (w(e)) — 0 strongly in H~1(;R3*3). Finally
~.(w(g)) — 0 strongly in L?(w; H1(-1/2, 1/2;R3X§)) and weakly in L?(€2;R3*3). From the defini-
tion of v, in (3.9) we obtain that dsw;(e) — 0 strongly in H~1(2). Therefore w is independent of
the transverse variable z3. Then it is straightforward to conclude that w € Vs (w).

Now, the convergences v, 5(w(e)) — :ygﬂ, a, € {1,2} from (4.5), using the definition of ¢ from
(3.9), imply

3
305 = lim <;(8aw5(5) + Opwa(€)) — Y wie) fm(@) :
i=1

Using the asymptotics of T'(¢) from (4.2) together with the remaining convergences in (4.5) yield

3
3 1 .
Fop = 5 (aws + Jpwa) — > wilh5(0) = Yas(w).
=1

O]

Remark 16. In order to apply Theorem 15 we need pointwise convergences for every ¢ € [0,T]. The
estimates from Corollary 14 (i.e., Lemma 12 and Lemma 13) imply that we are in the same position
as in Remark 14 from [22] for u;(e), ua(e), p(e) and v (u(e)), i.e.

Ua(€)(t) — uq(t) weakly in H(Q) for every te€[0,7], «e€{l,2},
p(e)(t) — p°(t) weakly in L*(1),
7 (u(e))(t) — +°(t) weakly in L2(9;RY),
for every ¢t € [0,T]. In the case of uz(e) we argue similarly and obtain
uz(e)(t) — uz(t) weakly in L*(Q;R?) for every ¢ € [0,T]. (4.6)

Thus we may apply Theorem 15, with w(e) = u(e)(¢), for each t € [0,7] and conclude that the
limit points of {u(e)(t)} belong to Vs (w).
Moreover we conclude that

Y5 = Yap(w), a, B € {1,2}. (4.7)

5 Derivation of the elliptic membrane model

We now derive the limit model. We do it by taking the limit in (3.8) for two choices of test functions.
In the third step we prove the strong convergence of the strain and pressure. Finally in the fourth
step we prove the strong convergence of displacements.

STEP 1 (Identification of v%). We take the limit as ¢ — 0 in the first equation in (3.8) divided
by € and obtain

/Q € (Q(0)7°Q(0)") : (Q(0)7.(v)Q(0)T) /g(0)dz — /Q P tr (Q(0)7.(v)Q(0)")/g(0)dz = 0,
v eV(Q), ae. te[0,T].
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This equation is the same as in the first step of derivation the limit model in the flexural case,
see page 382 in [22]. Thus using the definition of 4, and the space V() and arguing as in [22] we
identify the third row/column of 4°. Here we also use (4.7).

Lemma 17. 0 0 0 0
Vi3 = VY31 = Va3 = V32 = 0,

0 c
= = — = A€ ~v(u).
733 X 217 X+ 2 'Y()

From this lemma and Theorem 15 we have that 4° is of the following form

0
0 v(u) g (5.1)

0 0

A :vy(u)

A+2 A2

STEP 2 (Identification of the limit model). Now we take the limit in (3.8), after division of both
equations by ¢, for test functions independent of the transversal variable z3, i.e., v € H} (w; R?), such
that

¥:(v) = 0.
Thus v (v) = v,(v) — 523 wiT%(0). The equations are
[ ¢ @ uE)QE”) : (QEr Q) Vak:

—aAM@H@@fWM@@ 1@dz= [ Py -v/ge)ds,
v e Hg(wR?’), a.e. t €[0,77,

INE w+/a§u@@fm@M@ﬂm@@w
+e /Q YVep( fq\/g(e)dz = / Vag/g(e)ds, q € HY(Q).
DIEE

In the limit when € — 0 we obtain

[ c@ran: ( szr’ QT> Vads

3
—a/potr< ZU’ QT>de— Py - vivads,
Q =1 pas
2
v € H}(w;R?), ae. t €[0,T], (52)
ap° 9 0T op° dq
/Q 5% gadz + /Q o tr (Qy°QT)gvadz + /Q o Qes- £ Qeavad:
—¢/’Vm@w, g€ H'(Q).
DIEE
First note that
T~ | A° O
Since
1 2
sO1v3 + Z -1 Ugbclr
. v 2 g=
vy (V) — ;L' (0) = ) 3023 + >y Uobg
%81113 + 2(27:1 v b %82213 + 23—:1 veb3 0
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using (5.3) we get

3

3
v) = > uT(0)Q") = tr (Q"Q(v,(v) = Y wil'(0))) = A y(v). (5.4)
i=1

i=1
Next, using Lemma 17 yields
tr (Qy'Q") = tr (QTQY°) = A®: y(u) + 15

leY A 2 a (5-5)
=A°:~(u)+ = 0 — A€ :~(u) = = AC:~y(u) + —p°.
YW TP T W =T, At2h

Further, using (5.3) and Lemma 17 we compute

T 0T o AC’Y(U)AC 0 :|_ AC’Y(u)AC p
Q QY Q Q—{ 0 29, —[ 0 0 iQAcrv(u) : (5.6)

Now the main elastic term in the first equation in (5.2) is computed:
/QC (Q'yOQT) : < Zvll1Z QT) Vadz
= /Q Ar (QY°QT) tr (Q(’yy(v) — ZviI‘i(O)) ) +2Q7°Q" : Q Zv,I‘Z 0)Q” Vadz
i=1

:/QX<X—2M :V(H)Jrﬁizp()) A% v(v)vads

3
+ [ 207Q2°QT Qs (3, (v) - 3 ur(0) aa:

=1

2)\ c ., Cc ., Aa Cc ., C c .,
- /Q (AT (W) (A (V) + S AT () ad + /Q 2A~(u)A° : v (v)y/adz.

Let us define the tensor (it usually appears in plate and shell theories!)

- 2
CE = = A

tr (E)YI+2E, EeR*2
A +2

sym*

The first equation in (5.2) now becomes: for all v € H}(w;R?) one has

[ Caw) s v (v)ATVadadz + Y)ads -~ a [ AT 3(v)Vads

QAN+ 2
= /(’P+ —i—'P_) -V\/adzleQ.

By density of H(w;R?) in Vjs(w) the above equation implies:

1/2

/(f(AC'y(u ~¥(v)AVa Odngc sy (v)Vadzidze

(5.7)
= /(73+ +P_) - vWadzdz., v E VM(w).

Equation (5.7) is the classical equation of the membrane shell model with the addition of the pressure
0
p- term.
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Using (5.5), the second equation in (5.2) can be now written by

a? 0 2 . ap® Oq
/sz(ﬁ+f\+2> qwd’”/ “or (I\+2A fﬂu)) q\/adz+/9323823\/&d2
. / Vgvads,  gqe H'(Q).
DIEE

(5.8)

The elliptic membrane poroelastic shell model is given by (5.7), (5.8).

STEP 3 (The strong convergences of strain and pressure).

As mentioned in Remark 6 the limit problem can be decoupled and the displacement can be
calculated independently of the pressure, by solving the elliptic membrane shell model with modified
coefficients. However the same decoupling cannot be done for the three-dimensional problem and
thus the result of the strong convergence for the classical elliptic membrane shell derivation, see [5],
cannot be applied directly to the poroelastic case. Hence we adapt the ideas from [5]. Let

=5 [ €(Q@) ()0 ="0) Q")
- (QE) (7 (N0 = 7°(0) Q) V(e + 58 [ (ple)e) =10 Valelds
e [ ] (9p(e) - VR (Vo) - TR Vo)
0 JQ

We will show that A(e)(t) — A(t) as € tends to zero for all ¢ € [0,7]. Since A(g) > 0 then A >0 as
well. After some calculation we will show that actually A = 0. This will give the strong convergences

n (4.4).
Since we have only weak convergences in (4.4) to find the limit of A(e) we first remove quadratic
0
terms in it using (3.8). We insert v = lg(te) and ¢ = p(e) in (3.8) divided by & and sum up the

equations. We integrate this equation over time and use the initial conditions p(e)|=g0 = 0 and
u(e)|t=o = 0. The left hand side of the obtained equation, which is the same as in [22, page 387], we
insert in A(g) to obtain

t):/ot s Pi‘al;ig)\/g(is)dsdT:F/ot/Ei Vp(e)\/g(e)dsdr
- [ c(QEr EN®QET): QBT Vald:
—B/p(E)pO\/@dz
—25//Q )Vep(e)(t) - Qe)VEp(t)\/g(e)dzdr
+3 [ €@ (@' QET) Valld: + 55 [ (7 Val)a:

+ &2 / / Q(e)Vep® - Q(e)VEp° /g (e)dzdr.
0 JQ

We take ¢ to zero and using weak convergences from Corollary 14 obtain that A(e)(t) — A(t) > 0
where

A(t) —/Ot/(PJr—&-P_)-aal;\/&dsdT:F/t/Zi VpOadsdr

(5.9)
1

(@1)Q7) : (@"()Q7) Vadz — 25 [ (0 Vad: - " Jadedr
2/ / //(az?,)
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Ou
Next we use the limit equations (5.7) and (5.8) to simplify the expression for A. We insert — as a

ot

test function in (5.7), p¥ in (5.8) and sum up the equations. The anti-symmetric terms cancel out as
before. Then we integrate the equation over time and use the initial conditions to obtain

2

3 [ ) : (aaadnaz+ 5 [ (5455 ) 60 ad:

2 t t
/ / ( ) Vadzdr = / /(734r +P_)- —u\/adsdT :F/ Vpadsdr.
8'23 0 Jw ot 0 JX4+

Inserting the above equation into (5.9) yields

a2

MWD = 3 [ CA ) : (o)A Wadeiden + 3 [ <000 ads .
-3 / (@°(1)Q") : (Q2"()Q") Vad-.
Next we compute the elastic energy using (5.1), (5.5), (5.6):
[ c@ran): (@ra") va:
= /er (@°Q"))* +2Q"QY°Q"Q : v Vadz
- /Q;\ <X i AT 3 j- 2p0>2 vz AT - AiAc () v’Vadz

~ 2 o 2
— A = cy(u) + = 0)
/Q <A+2 YW+ P

«
+2 [ ACy(0)AC: ~(u) + | = 0 _
~(u) ~(u) <A+2p 3

>

_ 4 ¢ om(u))2 Do cm(u)n?
= [ (g A ¢ At + 2

20 4o 4, 0 2)2 ,
G R T g (AT v Vads
_ 2/\ c 2 2 0 c Z
= [ 5 A () £ 00+ 24 (AT () ad
a2
= [ eayw) A wa + S Vad

Inserting this into (5.10) we obtain that A(¢) = 0 and thus A(e)(¢t) — 0 for every ¢t € [0,7T]. Since
A(e) : [0,T] — R is an equicontinuous family, strong convergences of the strain tensor and the
pressure follow

Y (u(e) +~"  strongly in O(0,7]; L),
p(e) — p° strongly in C([0,T7; L*(R)), (5.11)
8,53) ~ 9z az3 strongly in L*(0,T; L*(€2)).

STEP 4 (The strong convergences of the displacements). The setting is more complicated than in
the proof of Theorem 4.4-1 from [5] because the problem is time dependent. Moreover, the setting is
more complicated than in the flexural case from [22]. The first convergence in (5.11) implies

Tap(u(e)) = Yap(u) strongly in C([0,T): L2(Q)), a8 € {1,2}. (5.12)
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Let us now denote by - the operator of averaging over z3, i.e.,
1/2
o(+) :/ v(-, z3)dz3.

—-1/2

Then from (5.12) we obtain

Yap(u(e)) = vo5(1) strongly in C’([O,T];L2(w)), a, B € {1,2}.

Note that U = u since u is independent of z3. The inequality of Korn’s type on an elliptic surface,
see Lemma 4 ([5, Theorem 2.7-3]), for u(e) — u implies

lur (€) = unll ) + llua(e) = uzllf ) + llus(e) = usllfa() < Carlly(ule)) — Y@ 2(qpaxs)-

Application of (5.12) yields

Ua(e) — uq strongly in C([0, T]; H' (w)), a € {1,2},

(5.13)
uz(e) — ug strongly in C([0, T]; L?(w)).

Next we prove that
uz(g) — ug strongly in C([0,T]; L*(Q)). (5.14)

From the Poincare type estimate

1/2
us(€) (-, 23) — u3(2) |<o¢ / (Bsus(e) (-, y3))?dys

1/2
we obtain
lus(e) — us(e)lleqomz2) < Cllosus(e)lleqomz2@))-

From ~55(u(e)) = 193us(e) — 795 strongly in C([0,T]; L?(2)) we conclude d3uz(e) — 0 strongly in
C([0,T); L*(£2)). Together with the last convergence in (5.13) this implies (5.14).
In the remaining part of the proof we prove

e (g) — uq strongly in C([0,T]; H(Q)), a e {1,2}. (5.15)

It follows from the Korn inequality and the Lions lemma (see [14]). Let us denote u’(g) = (u1(¢), uz2(g),0),
u’ = (u1,ug,0). Then, using the Korn inequality, the convergence

e(u'(e)) — e(w) strongly in C([0, T); L?(£; R3*3)) (5.16)
is equivalent to (5.15) (e(u) denotes the symmetrized gradient). Convergence in (5.16) will be
obtained component by component. Since for «, 5 € {1,2}

3

eap(u'(€)) = 155(ule)) + Zui(g)r‘éﬂ(g),

i=1

using the first convergence in (5.11) for 7 4(u(e)), Remark 16 for ui(e) and us(e), (5.14) for ug(e)
and (4.2) we obtain

3
eap(u'(€)) = Yap(u) + ZuiFgB(O) = eqp(u’) strongly in C([0,T]; L*(Q)), a,f=1,2. (5.17)
i=1

Since e33(u’(g)) = es3(u’) = 0 the convergence of this component is trivial.
For the convergence of eq3(u’(€)) = $03uq(e) we apply the Lions lemma. Thus we first prove
that

D3 (€), 13U (€), Daztia(€), D33ua (€) — O strongly in C([0,T); H1(Q)), a=1,2. (5.18)
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We start with the expression
1
~03ua(2) = 2733(u(e)) — Daus(s) +2 Z u;(e (5.19)

The first and the third term on the right hand side converge strongly in C([0,T]; L%(f2)), while the
middle one converges only in C([0,7]; H-(Q)) by (5.14). Thus we obtain that dzus(c) — 0 in
C([0,T); H~1(2)). Differentiating (5.19) with respect to z3 yields

3
Ogua(e) = 205753 ((e)) — Dadsus(€) +2 3 sui(e) o)

=1

Since d3usz(e) — 0 in C([0,T); L3(2)) the convergence of Oszuq(e) in C([0,T]; H~1(£2)) is obtained.
Differentiating (5.17) with respect to z3 for a = ( yields

8&3“04(5) = a3eaa(u/(5)) - 836aoz(u,) = 0 strongly in C([07 T]; H_I(Q))v a=1,2.

Since
O13uz(e) = ediv33(u(e)) — edariz(u(e)) + dsera(u'(e)) +¢ <81 > ur(e)T55(e) — 0 Z ur(e)l'i3(e >
T=1

and since all terms on the right hand side strongly converge in C([0, T]; H~1(£2)) we obtain the strong
convergence of di3usz(e) in the same space. It then implies that the term

3
Bozur (€) = 203715 (u(e)) — dizua(e) + 203 Y i)y (e)

i=1

converges strongly in C([0,T]; H~1(Q2)). Thus we have proved (5.18). A consequence of Lions lemma
is that the spaces
v € L3(Q) < (v,01v,9v,93v) € H1(Q)*

are isomorphic. Therefore the spaces
v e C([0,T]; LA(Q)) < (v,01v, 090, 03v) € C([0,T]; HH(Q))*

are also isomorphic. Therefore (5.18) implies that eas(u'(€)) = 293uq(e) — 0 strongly in C([0, T; L*(%2)).
Therefore we have proved (5.16) and then (5.15) follows by the Korn inequality. Thus we have proved
the strong convergence of displacements

u(e) > u strongly in C([0, T]; H'(Q) x H' () x L*(Q)).

A Spherical surface

Let w = [0,d1] x [0, d2], where d; € (0,27],d2 € (0, 7], with one of the strict inequalities d; < 27 or
do < 7 holding, and let (¢, ) denotes the generic point in w. Let R > 0. We define a spherical shell
by the parametrization

X :w— R3, X (¢, 0) = (Rsinf cos @, Rsinfsin o, Rcos )L
Then the extended covariant basis of the shell S = X(w) is given by

ai(p,0) = 0,X(p,0) = R(—sinfsinp,sin b cos ¢,0)7,

az(p, 0) pX (p,0) = R(cos 6 cos @, cos O sin @, —sin §)7,
0 0
as(p,0) |a1E :05 Zigi:9§| — (—sinf cos @, —sinfsin @, — cos )7 .
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The contravariant basis is biorthogonal and is given by

1
al(p,0) = E(—sincp/ sin 6, cos ¢/ sin6,0)7T,

1
a’(p,0) = E(COS 6 cos ¢, cos fsin @, —sin §)7
a(p,0) = (—sinfcosp, —sinfsinp, —cosh)’.

The covariant A, = (a,s) and contravariant A¢ = (a®®) metric tensors are respectively given by

R%sin%?0 0 c L 0
Ac:[ :|, A:|:R251n29 1 :|

0 R? 0

and the area element is now \/adS = /det A.dS = R%sin#dS. The covariant and mixed components
of the curvature tensor are now given by

b11 = a3 . Owal = Rsin2 9, b12 = a3 . 89&1 = 0,
b21 = a3 . O@ag = O, b22 = a3 . 89&2 = R,

2 1 2
b% = Zalabal = allbll = Ea b% = ZalabUQ = 07

o=1 o=1
2 2 1 1
2 2 _ 2 _ 2 _ 22 _ —

b = ;a"bal_o, b—gzla"bag—a by = 25 R =%

For Christoffel symbols I'; 5 = a - 9ga, one has

1_ 1y | 0 ctgh 9 2, | —sinfcosf 0

Now the displacement vector v in the canonical coordinates is rewritten in the local basis v =
Qv = vial + vpa? + v3a3. Note that contravariant basis is different than the usual basis associated
with the spherical coordinates. One has

v] = Rsinfv,, v2 = Rvyg, v3=—.

Similarly, ﬁi = Q_ij: = (P+)1a1 + (P+)2a2 + (P+)sas. Thus

(Pi)1 =

(Pl (P)y= (Pl (Pe)y = —(P),

and
Pj: V= (Pj:)l'l)l + (P:I:)QUQ + (P:I:)gv?) = (Pi>¢v@ + (Pﬂ:)OUG + (pﬂi)rvr'

Inserting the geometry coefficients into the strain « we obtain

~(v) = [ oo — Y2 Tve — biyvg 3 (0102 + 0yv1) — 32 Thyve — bigvg ]
2(Dov1 + O1v2) — Zizl 510, — ba1v3 o — Zizl ['5ov, — bagus
R sin 00,0, + sin 0 cos fvg + sin® G, 2 (D,vg + sin O9gv,,) — cos Ou,,
3 (sin 00pvy, + O,vg) — cos O, Ogvg + vy '
Next
. 22
ClA™ () : Y (VA = 522 tr (A9 (W) tr (A(¥)) + 2A%%(w) : Y (VA

2\ 1 1
=3 j\QRQ ( oy (sin 00,uy, + sin @ cos Gug + sin? Ou,.) + (Tpug + ur)>
sin
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1
<M(sin 00,v, + sin 6 cos Hvg + sin? Ov,) + (Ogvg + vr)>

1 1
+ Zﬁ (,49(sin 00,u, + sin 0 cos Qug + sin? fu,.) (sin 09,v, + sin O cos Gvg + sin? Ov,.)
sin
2 1 1
- 9(2 (Opug + sin 0pu,) — cos 9u¢)(2 (Opv9 + sin B0gv,) — cos Bv,,)

+ (69U9 + ur)(agvg + ’UT))

20 1 /1
= 5 _i\QRQ (smﬁ(a Uy + cos Qug + sin Ou,.) + dpug + uT>

1
( 1n9(8 vy + €08 Oug + sin v, ) 4+ Ogvg + vr>

1

1
R2 ( 7y (Opuy + cos Bug + sin Ou,. ) (O,v, + cos Bug + sin Hv,.)

1
+ M(G@ue + sin 0pu, — 2 cos Ouy, ) (Opvg + sin B0pv, — 2 cos Bv,) + (Ogug + ur ) (Opve + vr)>.

The insertion of the above expression for C into (3.15) gives the equations of the spherical membrane
shell. They read: find {(uy,ug,u,)} € C([0,T]; Vi (w)), satisfying the system

o 4o 1 /1 :
[ ( A2 (2B +2) 1 a?) R2(sine@@“@“089“”““9“””9“”“’“>

<s1n0 (0pv, + cos Ovg + sin Gv,.) 4+ Ogvg + vr)

1 1
+ 2R2 ( 7y (Optuy + cos ug + sin Ou,. ) (0,0, + cos Bug + sin Hv,.)
1
+ m(&pue + sin §9u, — 2 cos Huy, ) (O,vp + sin 09pv, — 2 cos Ovy,)
sin

+ (Ogug + ur)(Dgvg + vr)> > R? sin Odpd#

d1  pda
- /0 /0 (P + (PL))v + ((P)a + (PL)a)vg + (Py)r + (P-)r)v,) R? sin dpdd,
(U<P7v07Ur) S VM(CU)

Then f 12 pUdr is calculated from (3.14) and the fluctuation of the pressure across the thickness can
be calculated from (3.17).

Remark 18. In the case of the whole sphere we are not in the elliptic membrane case since the
boundary conditions are different. However if we assume that the body is loaded radially (i.e. P+, V
are functions of time only) we can search for the radial solution of the three-dimensional problem
(3.8) (i.e. uyp, = up = 0 and u, is independent of ¢ and 6). The asymptotic analysis is based on the a
priori estimates used in Theorem 10. In the case of the whole sphere and radial solutions, a simple
calculation gives

o 1/2 1
W= [ [ ] <Rsinze_szg>4vg+(R_523>2v§+52@3v3(zg>2)dzgdm

1/2

2 1/2 1
/ / / (R2/4v32, + 5203113(23)2> dz3dfdep > C?||vs|[7 g

1/2

for R > € and 1 > . Then the subsequent analysis follows as above and the limit model in this case
can be obtained by specialization of the above equations for spherical geometry.
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Thus for loading depending only on time for the solution of the shell problem we obtain the
following relation for u, and p°:

3\ + 2 201 /1/2
A -1/2

pldr = ((P+), + (P_),)R2, (A.20)

1/2 2 1/2 1/2 4,0
4 <5 @ >p qR2dr+2R~2a/ 8turqdr+R2/ " 0q,

dt —1/2 A+ 2 A+2J-1/2 1/2 or or (A.21)
V(g(=1/2) —q(1/2)R* in D'(0,T), qeH'(-1/2,1/2), '
=0 at t=0.
From (A.21) for constant test functions we obtain
2 1/2 9
<B + @ > &g/ p’R%dr + 2R~ a Oru, = 0.
A+2 ~1/2 A+2
Inserting u, from(A.20), after some calculations, we obtain
1/2 Ra
o[ P (P + (P)y). (A.22)
-1/2 B(BA+2) + 0525\—_:;

After partial integration in (A.21), we obtain

(ﬁ+ o )a R 1 2RV O, — R29,5° = 0
5\_’_2 tD 5\+2tr rrD 5

Orp°lr=s12 =V,
P’ =0 at t=0.

Here we calculate u, from (A.20) with 0 f 1o pdr replaced using (A.22) and obtain the boundary

value problem for p®
N -
+ 2
(ﬁ+ ~Oé >3tp0+R (ﬁ{ ) )
A+2 BBA+2)(A+2) + a2(3)\ + 6)
arpolr:il/Q =V,
=0 at t=0.

8t((73+)r + (Pf)r) - arrpo =0,

This equation has the same structure as the equation in [31] for spherical poroelastic membrane,
however the coefficients are obviously not the same since in [31] there are no inverse Biot’s coefficient
B and the effective stress coefficient «. In the constitutive law (2.6) Taber takes a = 1 and in (2.8)
B seems to be 1 as well. Hence, our consideration establish rigorously the results from [31].
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