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Abstract

We derive a closed system of effective equations describing a time-dependent flow of a vis-
cous incompressible Newtonian fluid through a long and narrow elastic tube. The 3D axially
symmetric incompressible Navier-Stokes equations are used to model the flow.Two models are
used to describe the tube wall: the Navier equations, for the curved, linearly elastic membrane
and the curved, linearly elastic Koiter shell model.We study the behavior of the coupled fluid-
structure interaction problem in the limit when the ratio between the radius and the length of
the tube, €, tends to zero. We obtain the reduced equations that are of Biot type with memory.
An interesting feature of the reduced equations is that the memory term explicitly captures the
viscoelastic nature of the coupled problem. Our model provides significant improvement over
the standard 1D approximations of the fluid-structure interaction problem, all of which assume
an ad hoc closure assumption for the velocity profile. We performed experimental validation of
the reduced model using a mock circulatory flow loop assembled at the Cardiovascular Research
Laboratory at the Texas Heart Institute. Experimental results show excellent agreement with
the numerically calculated solution. Major application includes blood flow through large human
arteries.

Résumé

Nous obtenons un systeme fermé d’équations efficaces, décrivant 1’écoulement non-stationnaire
d’un fluide newtonien incompressible visqueux a travers un tuyau élastique long et de faible
épaisseur. Pour modeler I’écoulement, nous utilisons le systeme de Navier-Stokes 3D axisymétrique
et incompressible. Deux modeles sont employés pour décrire la paroi latérale: les équations de
Navier pour une membrane courbe élastique linéaire, et ensuite le modele de Koiter, d’une coque
courbe, élastique linéaire. Nous étudions le comportement du systeme lorsque le rapport ¢, entre
I’épaisseur caractéristique et la longueur du tube, tend vers zéro. Nous obtenons les équations
efficaces, essentiellement 1D, qui sont du type de Biot avec de la mémoire. Une caractéristique
intéressante des équations efficaces est que le terme de mémoire capture explicitement la na-
ture viscoélastique du probléme couplé. Notre modele efficace fournit une amélioration signi-
ficative par rapport aux modeles 1D standards de l'interaction fluide-structure, qui nécessitent
une formule de fermeture pour la vitesse, proposée ad hoc. Nous avons effectué la validation
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expérimentale du modele réduit en utilisant la bouclé d’écoulement simulé au Cardiovascular
Research Laboratory, Texas Heart Institute. Les résultats expérimentaux montrent un accord
excellent avec la solution calculée numériquement. L’application principale inclut I’écoulement
sanguin a travers de grandes artéres du corps humain.

1 Introduction

This work is motivated by the study of blood flow in compliant arteries. In medium to large vessels
such as the human aorta and iliac arteries, blood can be modeled as a viscous, incompressible
Newtonian fluid, [27, 19]. Driven by a time-periodic pressure pulse caused by the contractions and
relaxations of the heart muscle, blood flow interacts with the pulsation of arteries. Modeling and
simulation of the fluid-structure interaction between blood flow and arterial walls has been studied
by many authors, see, for example, [14, 15, 21, 23, 24, 25, 27]. However, real-time calculations of large
sections of the vascular system are still out of reach. Simplified models need to be used whenever
possible. In axially symmetric sections of the vascular system one-dimensional models have been
used to speed up the simulation, [4, 11, 13, 21, 22, 25, 27]. These models have two drawbacks: they
are not closed (an ad hoc assumption needs to be made on the shape of the axial velocity profile to
close the system) and outflow boundary conditions generate nonphysiological reflected waves that
contaminate the flow. The latter one is due to the fact that the system if hyperbolic and Dirichlet
boundary conditions give rise to the reflections from the artificially posed outlet boundary that are
of the same magnitude as the physiological waves themselves, see [12, 21]. In the present paper
we derive a simplified, effective model that gets around both drawbacks. The resulting equations
are closed (the closure follows from the three-dimensional problem itself), and the nonphysiological
reflected waves are minimized by the fact that the model equations are of mixed hyperbolic-parabolic
type, with memory. The memory terms explicitly capture the observed viscoelastic nature of the
fluid-structure interaction in blood flow. Although the resulting equations are two-dimensional, their
simplified form allows a decomposition into a set of coupled one-dimensional problems, thereby
allowing numerical simulation with complexity of the one-dimensional problems. In this paper
we present the derivation of the effective equations, a numerical method for their simulation and
experimental validation performed on a mock flow loop at the Cardiovascular Research Laboratory
at the Texas Heart Institute. The experimental validation shows excellent agreement with the
numerically calculated solution.

2 The Three-Dimensional Fluid-Structure Interaction Model

We study the flow of an incompressible, viscous Newtonian fluid through a cylinder with compliant
walls. In the reference state the cylinder is L > 0 units long and 2R > 0 units wide. The aspect
ratio € := R/L > 0 is assumed to be small. For a given R, L > 0 denote the reference cylinder
by Q. = {(7“ cosf,rsinf,z) € R®:r € (0,R),0 € (0,27),z € (O,L)} and its lateral boundary by
3. = {(Rcosf,Rsinf,z) € R®: 6 € (0,2m),z € (0,L)} . See Figure 1. We study a time-dependent
flow driven by the time-dependent inlet and outlet boundary data. The compliant cylinder and
its boundary deforms as a result of the fluid-structure interaction between the fluid occupying the
domain and the cylinder’s boundary.

We assume that the lateral wall of the cylinder behaves as a homogeneous, isentropic, linearly
elastic shell of thickness h. We consider two linearly elastic shell models: the linearly elastic
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Figure 1: Domain Sketch (Le croquis de domaine)

membrane model (2.1) and the linear Koiter shell model (2.2), studied in [8, 9, 10, 16]. Accounting
for only radial displacements 7°(z,t) and assuming a prestressed reference configuration at reference
pressure pyer [17, 18], the model equations, in Lagrangian coordinates, take the following form:

e The Linear Membrane Model

O hE 1 7
fr = ,OSh Ot2 + 1— g2 ﬁna +prefﬁ (21)
e The Linear Koiter Shell Model
0%nF hE 1 hE h? [(0%f o 2 1 e
= psh = B —225 =i = (22
Ir=ps o2 +1_U2R277 +1—0212<8z4 R2 02 +R4?7>+prefR (2.2)

Here E is the Young’s modulus, pg is the shell density, o is the Poisson ratio and f, is the radial
component of the contact force.

The fluid is modeled by the incompressible Navier-Stokes equations, defined on the deformed
domain Q.(t) = {(r,0,z) | r < R+ n°(z,t),0 € [0,27),z € (0, L)} with the lateral, inlet and outlet
boundary ¥.(t) = {r = R+1n°(2,t),z € (0,L)}, B§(t) := 0Q.(t) N {z =0}, B (t) :== 0Q(t)N{z =
L} respectively. Assuming zero azimuthal velocity, the Eulerian formulation of the equations in
cylindrical coordinates reads

ovs. SO0vs  _Ovs 0% 9% 10vE S op°
— - - — — =0 2.3
( ot TUar T or2 922 ror r? or ’ (23)
ovy ~ Ovy  _0v} 0%vs  0%vS  10vS op®
= - =0 24
p<8t +UT8T+U282 K 8T2+322+T8T +8z ’ (24)
oS  0vy g
— =0. 2.5
or + 0z + r (25)
Here v = (v$,v%) is the fluid velocity, p° is the pressure, p is fluid dynamic viscosity coefficient and

p is fluid density.
The coupling between the fluid and the structure is obtained through the kinematic condition
requiring continuity of the velocity evaluated at the deformed interface ()

on°(z,t)
ot

and the dynamic condition requiring continuity of contact forces at the deformed interface. Since
the fluid contact force [(p® — pref)I — 2uD(v®)] 1 - e, is given in Eulerian coordinates, where pef is

Ui(R‘Fna(zat)’Z»t) = ui(R+77€(Z>t)aZat) =0, (2'6)
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the reference pressure, and the structure contact force (2.1) or (2.2) is given in Lagrangian coordi-
nates, we must take into account the Jacobian of the transformation from Eulerian to Lagrangian
coordinates J := /det((Vo)TVe) = /(R +n°)2 (1 + (0,7°)?), where ¢ : (z,0) — (z,y,2) and its
gradient V¢ are defined by

x = (R+n%)cosb % g—g %cos@ —(R+n°)sinf
y=(R+n")singd , Vo=| 3¢ 5 |= ai;sinﬁ (R4 n°)cosd
z=2z 1 0 1 0

The coupling is then performed by requiring that for every Borel subset B of the lateral boundary
Y, the contact force exerted by the fluid to the structure equals, but is of opposite sign to the
contact force exerted by the structure to the fluid, namely,

/ [(° — pret)T — 2uD(v®)] 0 - €, JdOdz = / frRdfdz
B B
and so, pointwise, the dynamic coupling condition reads

£
[(p° — pref)I — 2uD (V)] 1 - e, (1 + T]}%) 1+ (8z775)2 =f. onX.xR", (2.7)
where f, is given by either (2.1) or (2.2).
Initially, the cylinder filled with fluid is assumed to be in an equilibrium. The reference config-
uration is that of Y., with the initial reference pressure p,ef. The initial conditions read:

n = o

ot

In this manuscript we assume that the flow is driven by the time-dependent dynamic pressure
prescribed at both ends of the cylinder with the following inlet/outlet boundary conditions:

=0 and v*=0 on X.x{0}. (2.8)

v =0, p° 4 p(v9)?/2=Py(t) + prer on  Bi(t) (2.9)
vE =0, p° + p(v2)?/2 = Pr(t) + pret on  B(t) (2.10)
n°=0 for z=0, n°=0 for z=L and Vt € R, (2.11)

assuming pressure drop to be A(t) = Pr(t)— Py(t) € C§°(0,400). This, of course, is not the only set
of initial and boundary data that will give rise to a well-posed problem, see [3] for a discussion. We
consider the current inlet/outlet boundary data primarily because we found these conditions to be
reasonable and practicle to work with. More precisely, we will see in Section 4.2 that in the reduced
model, an e2-approximation of the inlet/outlet data requires only the inlet and outlet pressure to
be prescribed, and this is something we can measure both in vitro and in vivo. Moreover, in [6] we
show that in the three-dimensional model with the inlet /outlet data requiring n° = 0 and prescribed
time-dependent dynamic pressure, a boundary layer forms to accommodate the transition from the
zero displacement to the displacement dictated by the dynamic pressure condition. We proved in [6]
that the contamination of the flow by the boundary layer decays exponentially fast away from the
inlet /outlet boundaries. Therefore, except for a small neighborhood of the inlet/outlet boundary,
the displacement will follow the dynamics determined by the time-dependent dynamic pressure.
Our goal is to derive the reduces equations approximating the original three-dimensional problem
to the 2 accuracy. To do that we write the problem in non-dimensional form and use asymptotic
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expansions for the velocity, displacement and pressure plugged into the equations to conclude which
effects are negligible. An important component in this approach is to estimate the leading order
behavior of the unknown functions by using a priori solution estimates. They will also provide an
estimate for the flow regime that corresponds to the parameters in the problem, shown in the table
in Figure 3.

3 The Energy and A Priori Estimates

We start by the derivation of an energy estimate. To simplify notation introduce

_ hE 1 32 Pret R 9 _ |/ 0, linear membrane
C= 1— O-Qﬁ < + Qret + > Qref = i (1 o )) B = %’ linear Koiter (3.12)

Multiply the momentum equations by the velocity test function, integrate by parts and take into
account the boundary conditions and the coupling at the lateral boundary to obtain

Lemma 3.1 Solution {v®,n°} satisfies the following energy equality

pd hps d

62 € £)2
£ ()( )2dV + 2u Qg(t)D(v) D(v)dV + ==~ (3t77) mlitdz
+hEd/L s (@2°)° + 282 (0:0°) + =5 (1+Q 2 (1°)* ) mRdz (3.13)
o2 dt ; 19 21 6 21 R2 ref 12 71' .

_ / ERydS — [ v PL()dS
B3 1) B5(0)

Introduce the non-dimensional time ¢ := wt, where w is the characteristic frequency, specified later
n (3.19). From now on we will be working with the non-dimensional time # but will drop the “tilde”
notation for simplicity. The physical time ¢ will be used later only in the final form of the reduced
equations.

To get to the energy estimates we integrate the energy equality (3.13) with respect to time and
take into account the rescaled time to get

t
pw
= oI + 2#/0 ID(")||* + psw’nh R |0’ |

1—o02 R2 12

t
:/ / viPo(T)dS — viPp(7)dS p dr.
0 |/Bo(7) By ()

We rewrite the expression under the time integral on the right hand-side as

. A R A(T) L 21 .
div (pv°)dx — pv° - ndX(T) = vide — pwornn,Jd0dz  (3.15)
() () () L o Jo

where n, = (R+1°)/\/(R+7°)2(1 + (0:7)2), J = /(R + n°)%(1 + (0.7°)?) and

p(t) = Al(;t)z + Py(t) where A(t) = Pp(t) — Py(t).

L 2
trwrE <1 <1+me+ﬁ >(n€)2+262(82 )2 +5i(a2 ) >dz (3.14)
0
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Then using (3.14) and (3.15) we get the following energy inequality

|yvf||2+2ﬂ/ 1D + pswrhR |0 +ch/ SR

¢ L
/ / @vidw - 27rw/ pon°(R+n°)dz pdr|.
o [Jo.y L 0

Estimate the right hand-side further in terms of the quantities on the left hand side and the data.

< (3.16)

Proposition 3.1 For any a > 0 the following holds

t 2t
paw N2 TR 9
< — dr + A d
-2 / ”UZHLQ(Qe(T)) T pawL/O A(r)[dr

L ol
TP [ e

Ed:cd

Similarly, the second term on the right hand-side can be estimated as follows:

Proposition 3.2 For any a > 0 the following holds

2
27rw// pOn° (R + n°)dzdr <7rwaRC’/ 1132 —|—7TprH / 10emF 32

2
87 Rw R 8mwLR R TwRC TwRC
+ / 1pdz + sup/ Opldr ) + 117 + sup ||n°[|°.
C 0 C z 0 8 8 +

Use these results to estimate the right hand-side of (3.16) and take the supremum over time of the
right hand side to get

W
P 0120 ) + 7R 190 |2 + m RO <

All2 t 2
POW T1Pllco p
/ ||’Ug||L2(Q (74T + (WW@RC+ sl{JhP)/o ||776H%2d7+7“0” S / |10e® || dr

2
8T Rw R 8nmwLR . T R2 t TwR
2 [ e+ S (up [Nogiar) + T[4 Par+ 5 sup
Define
t W
y(t) = /0 { BB 20 ) + 7P psh R 947 | + mwRC |} d. (3.17)
Then we have
H2 RC 8tRw [L
" < I1Dl1% ¢ Tw <12 4 524
v < (ot I ue+ S s+ T [

L t 2 2
+8mé, R <Sup/ |3t}5|d7'> + i / |A(7)|dr.
z Jo
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Now take « so that ||p]|2,/(apsw?hR?*C) < a and let t be such that maxy 79/ (t) = ¢/ (fo). Then

(6)] < Tly ()], anel 50 we gt
L t 2
L
V) < 2ty o)+ 2 w2+ TR [ s+ SEER (s [oipiar)
0 z 0

7TR2
pawL / |A(T)|dr.

Choose, for example, a = ﬁ. Then

1, TwRC 8rRw (L 8rwLR t > ATrR? [t

~y/ (tg) < £ |2 /“Qd /éVd /A 2dr.
pv (to) < — —sup|ln°[["+ —7 e = sw | |OpldT ) + ol o |A(7)["dT

Take into account the definition of y, given by (3.17), and combine the terms containing the L2-norm
of n® on both sides to get

pw muRC
P o [aqa oy + T pshR 9| + T2 o (3.18)

2
167 L TrnR? [t
< L6mrLRw sup |p|? + (Sup/ \atde) L 8IrR / |A(T)[2dr.
C zt 2z Jo pwL  Jo

We now choose the characteristic frequency w so that all the terms on the right hand-side contribute
with the same weight. Namely, we set the coefficient in front of the pressure term p and its time
derivative equal to the coefficient in front of the pressure drop term A(7) to get

Re 1 |PE(1+ Qe+ %) -
Y= L 2 L 2pR(1 —02) (3:19)

We remark that wL is exactly the structure “sound speed” derived by Fung in [13] for the linear
membrane model. Finally, after dividing both sides of inequality (3.18) by w we get

Theorem 3.1 The following energy inequality holds for the solution {v¢,n°} of the coupled fluid-
structure interaction problem described in Section 2

p 16w LR
5”7’6”%2(95(15)) + 7w pshR (0|2 + C'|| °II? < —c P?,
2
where P? :=sup, ; [p|* + (Supz f(f ]ﬁt|d7'> —&—Tf(f |A(T)|? and C is defined by (3.12).
From this results we get the following a priori solution estimates.

Lemma 3.2 Solution {v®,n°} of the fluid-structure interaction problem satisfies the following a
priori estimates

32 1 ) 16 1
Z“ng(t)H%Q(O,L) < @P27 i3 Hatns(t)HB(O,L) < psthCP’ LR2r HUEH%Q(Qe(t)) RC’Pz
" 2 2
4R
005172y + || + 10205 2.y [ AT S —— sz
/0 {II 1720 () ey 19:0Z 1220 () W\ oRC
4R? 2

t
0 0 dr < —\ | ——
[ {10200 + 1008 s < 2y 2P

where C' is defined by (3.12).

£
U’I‘




Corollary 3.1 For the Koiter shell model the following holds

1 9 96 1 2 192 4L |6
Lo 0y < s Ph IOl ) < P I Ollmn) < /2P,

where C' is defined by (3.12).

Using the a priori estimates we obtain the asymptotic expansions and derive the reduced equations
in the next section.

4 The Effective Equations

4.1 Asymptotic Expansions

First write the underlying equations in non-dimensional form. For that purpose introduce the
following non-dimensional independent variables 7, Z and ¢

2
1 hE (]. + Qref + %)
L Rp(1 —0?)

(4.20)

r=Rr, z=1Lz t=—t, where w® =
w

Using the a priori estimates obtained in Section 3 we introduce the following asymptotic expansions

R(1—0?)
phE (14 Qe + )
R%(1 —0?)
182
hE (1 =+ Qref + ﬁ)

vE:V{fJO—l—Ele—i—---}, where 2V =

P, (4.21)

n°=E{i" +ei' +---}, where 22 = P, and p° = pV? {p° +ep' + -} (4.22)

Since the estimates obtained in the previous section present the upper bounds for the behavior of
the unknown functions, in expansions (4.21)-(4.22) we used the scaled upper bounds to only capture
how the magnitude of the unknown functions changes with a given parameter. For example, we see
that the magnitude of the vessel wall displacement increases as the square of the reference radius
R and decreases with the increase of the vessel wall thickness h and Young’s modulus F.

In this paper we want to develop a reduced effective model that is a good approximation of the
fluid-structure interaction problem for the parameter values and the pressure data corresponding
to the abdominal aorta and iliac arteries, given in Table 3. Using these values (the values given in
parentheses) we obtain V' = 0.5%, Z=2.5x 10~%m, w = 113. These are in excellent agreement
with the values measured in human abdominal aorta, see [19], for which the average velocity is
around 0.5 m/s and radial displacement is below 10 percent of the reference radius. Notice that our
value of = is around 3 percent of the reference radius R = 0.008m.

Using a standard approach, presented in detail in [3], based on plugging expansions (4.21)-(4.22)
into equations (2.1)-(2.5) and ignoring the terms of order €2 and smaller, we obtain:

e The e2-approximation of the pressure is hydrostatic, namely, p = p°+ep' is constant across the
cross-section of the tube, 9p/9d7 = 0. This follows from the conservation of radial momentum
equation.



s i vemrose | PARAMBTERS | AORTA/ILIACS | LATEX TUBE
=, Char. radius R(m) 0.006-0.012,(0.008) [27] | 0.011
o Char. length L(m) 0.065-0.2(0.14) 0.34
i Dyn. viscosity u(22) | 3.5 x 1073 3.5x 1073

. Young’s modulus E(Pa) | 10° — 10°(5 x 10°) [19] | 1.0587 x 10°

® Wall thickness h(m) 1—2x 1073 [27] 0.0009

T L Wall density ps(kg/m?) | 1.1, [27] 1.1
Fluid density p(kg/m3) | 1050 1000

Figure 2: Inlet/outlet aor-
tic pressure (La pression Figure 3: Table with parameter values (Tableau contenant les valeurs

artérielle & D'entrée/sortie) [7] des parameétres)

e The following two-dimensional initial-boundary value problem defined on the scaled domain
describes an €2 approximation of the fluid-structure interaction problem

o, 00, 00, Op 1 (10 (.00
o 0 s v gt = rar (Far ) ) 69
0 . 9 .
o7 (T0r) + 5= (70:) = 0, (4.24)
Lateral Boundary : P — Pref = ppvzﬁ’ (Op,0y) = (g;], 0), (4.25)
Inlet/Outlet : =0, o =0 and p= (Py/1(t) + prer) /(pV?), (4.26)
Initial Data: 7= ‘2’; = (4.27)

where @, := 0} +¢0? so that vS = eV (o, + O(e?)), 0, := 2 + 0! so that vS =V (0. + O(g?)),

p =" +ep' so that p° = pV?2 (p+ O(e?)) and 7 := 7° + eij' so that n° = Z (7 + O(e?)).

Here the Strouhal and the Reynolds numbers are given by
Lw pV R?

Sh:7 and Re = ML .

(4.28)

For the parameter values from Table 3 we get Sh=31 and Re=69. Notice that equation (4.25) says
that the leading-order term that survives from the fluid contact force is the pressure term, and that
the e?-approximation of the contact force corresponding to the linear Koiter shell model consists of
only the displacement term shown in (4.25). The derivative terms turn out to be all of higher order.
Furthermore, notice the the e2-approximation of the inlet and outlet boundary conditions consists
of prescribing only the pressure and not the dynamic pressure.

4.2 The Reduced Equations

Although problem (4.23)-(4.27) presents a simplification of the three-dimensional fluid-structure
interaction problem described in Section 2, it is still rather involving and difficult to study this
problem both theoretically and numerically. This is why further simplifications have been obtained
in the literature. They are based on averaging equations (4.23)-(4.24) with respect to the cross-
sectional area leading to a system of one-dimensional equations of hyperbolic type. These equations
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have two major drawbacks: (1) They are not closed (ad hoc assumptions on the axial velocity profile
needs to be used to obtain a closed system.); (2) Due to their hyperbolic nature, prescribing the
pressure at the inlet and at the outlet gives rise to the reflected waves that are not physiologically
reasonable. In the present paper we obtain an effective model that gets around both drawbacks. We
obtain a closed system of reduced equations that is of mixed hyperbolic-parabolic type, displaying
explicitly the physiologically observed viscoelastic nature of the coupled problem, see equations
(4.39) and (4.41). Furthermore, the mixed system “allows” prescribing the inlet and outlet pressures
without exhibiting reflections appearing in the one-dimensional hyperbolic problems, see Section 5.

To derive the reduced effective equations that approximate the original three-dimensional prob-
lem to the €2 accuracy we rely on the ideas presented by the authors in [3] utilizing homogenization
theory in porous media flows. Omnce the proper motivation is established the calculation of the
effective equations itself can be performed using formal asymptotic theory, which we now utilize.

Consider equation (4.23) and the values of the non-dimensional parameters Sh=31 and Re=69.
Multiply equation (4.23) by ¢ and define the rescaled non-dimensional parameters

R R RV
Shy = eSh = % Rey = —% = PV
V € W
Notice that now the Reynolds number Reg is the “usual” local Reynolds number, reading Re=1200,
and that Shg is of order one, Shy = 1.8. Introduce the rescaled pressure
pLV? -

1 = ~ = ~
p="p b= szgp =pV?p, so p=ep, (4.30)

and notice that the nonlinear advection terms are now of order . Look for a solution which is in
the form of the leading, zero-th order approximation plus its € correction. The nonlinear terms
will not appear in the leading order approximation, but only in the calculation of the € correction.
Proceed by rescalling the pressure in the leading-order momentum equation resulting from (4.23)
and average across the cross-section of the leading-order mass equation corresponding to (4.24).
One gets the following system for the zero-th order approximation of the solution, written in
dimensional variables, defined on the domain 0 <2< L, 0<r < R+ no(z, t):

(4.29)

AR+1°2 0 /R+77° 0
—_— 4 = 2 = 4.31
N + 2z J, rvydr =0, (4.31)

2
o) o (ME (14 Qe+ %) 0 10 [ 0 w2
— =pu———|r .
ot " oz R(1 —02) R+ Fror \"or )

v2(0, z,t) bounded, v2(R + 1°(2,t), 2,t) = 0 and v2(r, 2,0) = 0, (4.33)
p="Pyr(t) +pret for 2=0/L,0<r<R and VteR,. (4.34)

The pressure p is linked to n° via
2
hE (1 + Quref + %) 7
R(1—0?) R

The system for the e-correction of the solution is obtained by first noticing that the e-order
conservation of mass equation (4.24), integrated, implies an explicit formula for 3. :

8770 /R—H]O 6’02
T

p(2,t) = pret + (4.35)

’I“Ui(’l“,z,t) = (R+ UO)E + EP

10
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Next we focus on the e-order equations derived from (4.23) and linearize the nonlinear advection
term around the zero-order approximation. We obtain an equation that is not closed due to the
presence of the term (951 /0Z. However, since 51 is zero at the lateral boundary 7 = 1 +Z/R7i°, and
since ﬁl is independent of 7, we conclude that 51 = 0. Thus, we obtain the following closed problem
for the € correction of the velocity, defined on the domain 0 <z < L, 0 <r < R+ 770(2, t) written
in dimensional form

v} 10 [ ovl

z [— —_—— Z = — 4.
5 VT (7" o ) Sp(r,2,) (4.37)
v1(0, z,t) bounded, v(R + 1°(2,t), 2,t) = 0,v1(r,0,t) = vl(r, L,t) = 0 and v!(r, z,0) = 0, (4.38)

0 0
where S, (r, z,t) = v} 85;5 + 09 88”; is the linearized advection term containing the already calculated

function. Here v = u/p is the kinematic viscosity coefficient. Notice that the boundary condition
is evaluated at the deformed boundary whose e2-approximation is obtained in the previous step.

Theorem 4.1 The velocity field (39 + vl,ed}) and the pressure field %50 satisfy equations (4.23)-
(4.27) to O(£?).

The proof is the same as that of Proposition 7.1 in [3].

In summary: Functions {(v0 + vl v!),n° p}, where v2,1° p satisfy problem (4.31)-(4.35), v}
solves (4.36) and v} solves (4.37)-(4.38), satisfy the fluid-structure interaction problem described in
Section 2 to the e?-accuracy. The reduced equations hold under the following assumptions:

(1) The domain is axially symmetric with small aspect ratioe = R/L << 1.
(2) Longitudinal displacement is negligible.

(3) Radial displacement is not too large, i.e., Z/R < ¢.

(4) The initial tube radius is constant.

(5) The Sh number is not small, i.e., Sh > 1, and Re is medium.

(6) The z-derivatives of the non-dimensional quantities are of order O(1).

4.3 Expansion with respect to the radial displacement

We simplify our problem further by introducing the expansions with respect to the small parameter
0 := Z/R. This parameter measures the size of the radial displacement in non-dimensional variables:

. - - ~0 ~0,0 ~0,1 - - - - - ~ ~
P =046 4 =p +p ., =0+ ol =0 e =

In dimensional variables we have
no= 044 =2 (0 4 57 + ), where n®0 = Z7%0, 40! = 2570,
e e )
Following a similar approach as in [3] one obtains that equations (4.31)-(4.35) and (4.36)-(4.38)

imply the following leading-order problems, written in dimensional form:
The zero-th order approximation: Find v2(r, z,t), 1%0(z,t) and p*°(z, ¢) such that

om™) 10 [F oo, _

5 + R9. /0 rvydr =0

2 4.39

002 19 Tﬁvg’o o (2.1) op®? (21) = Eh (1 + Qe + %> 3770’0( )
a  Mror or | 0z 77 oz T R2(1 — o?) 0z
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0,0 = 00 =
{ 2(0, 2,1) bounded, 02 (R, 2, ) = 0,p°%(2,0) = prer, 7°°(,0) = v2°(r,2,0) = 0, (4

t
00(0,t) = Ro(t)/C, n™O(L,t) = Py(t)/C.

Then recover the § = Z/R-correction v (r, z,t), n%1(z,t) and p®!(z,t) by solving

ot | Ro:
2
ot 10 ( 81}2’1) apo! Eh (14 Qret + &5 ) gyoa+41

om>y 19 (R 1 00000
(n™) / rvg’ldr:——no’o n

ot HMrar \"or 0z (%), 0z (z,) = R2(1 —02) 0z

{ 021 (0, z,t) bounded, 02 (R, z,t) = nooavz (R, z,t), (4.42)

PP (2,0) =0, no’l(z,O)—vgl(nz,O):O 1701(0 t) =n"N(L,t) = 0.

Before we state the e-correction observe that (4.39)-(4.42) can be solved efficiently by considering

o¢ 10 ([ 0¢ .
= _ 22 (r22) =0 0,R 0
ot ror <r8r> in (0, R) x (0, 00) (4.43)
¢(0,t) is bounded , ((R,t) =0 and ((r,0) =1,
and the mean of ¢ in the radial direction IC(t) = 2 fo ) rdr, which can both be evaluated in

terms of the Bessel’s functions. Our solution can then be ertten in terms of the following operators

(t—7)
p

" k)
CxNnz0= [ c i () )= [ T perya,
This approach will uncover the visco-elastic nature of the coupled fluid-structure interaction problem
since the resulting equations will have the form of a Biot system with memory. Namely, the problem
now constists of finding 1%, p®9, 020 by solving the following initial-boundary value problem of Biot
type with memory:

on®0 _C (K xn™0)
T (z,t) = 3R 9.2 (z,t) on (0,L) x (0, +00)

n*0(0,8) = Po(t)/C; n*O(L,t) = PL(t)/C and 7*%(,0) = 0.

(4.44)

0,0 Ano0
5 (z,t) =C (2,t). Calculate v2° by solving
2

0z
002" 10 [ 9d° __6p“’0( )
P 6t Fraor\"or | = 92 O (4.45)

2900, z,t) bounded, v2°(R, 2, t) = 0.

Recover

Recover the d-correction 7%, p1, vt by solving the following initial-boundary value problem:

(9770’1 C 82(/(:*170’1)
ot (Z7 ) = 20R 922 (Z,t) - Snoﬁl('z’t)a

1 (0,8) = 0" (L1 t) =0 and ™' (2,0) = 0,

(4.46)
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b} 0,0
where S,0.1(z,t) := }%7700 s g%(nooavz e R)+2R8z (IC* ( ooavz e R))

0,1 0,1
Recover agz (z,t) =C agz (2,t). Calculate v2"! by solving
2! Lo 2! ap!
T‘ T T z . (447)
v21(0, z,t) bounded, vON(R, 2,t) = 7770’08;72(}2, z,t).
r
The e-correction: Solve for v1* = v 0(7" z,t) and b0 = b 0(7“, z,t) by first recovering 0 via
0,0 R 5,00
rolO(r, 2,t) = Ragt + : agzz (&, 2,t) € dE (4.48)
and then solve the following linear problem for v3® defined on (0, R) x (0,L) x (0, 00)
1,0 1,0
27 1 Z,
8gt —v— 88 ra:; = —Sv;,o(r, z,t)
nor " (4.49)

v19(0, z,t) bounded, v;°(R, z,t) =0

z

vl’o(r, 0,t) = v;70(r,L,t) =0 and U;’()(T’, z,0) =0,

z

where S 10(r, 2,1) = oy 0815? vg’o%.

Biot systems were first introduced by Biot in the fifties [2] and derived formally from the first
principles in the case of porous media flows with linear elastic structure undergoing small vibrations
in the seventies. We refer to [1] and [26] and the references therein for details. For a review of the

mathematically rigorous homogenization results related to these models we refer to [20].

5 Numerical Method

First rewrite the approximations in the following way: take the derivative with respect to t of the

first equation in (4.39) and substitute a”z from the second equation to obtain
%0 19 [F ol 1o (B (10 a2\ 0
= ——=— “dr = —— — - =) — = (Cn*%) ) d
a2 Raz/ ot pRaz/O "\"rar \"ar 5, (O™ | dr
0 [0 RC %0
poz\ or " 2p 022

Therefore instead of (4.39), we solve the hyperbolic-parabolic system

P20 CR &0 _ nd 81}20‘ 550
ot? 2p 022 p0z \ or "H )
a2’ 19 [ 9l o0

ot Frar (T or =-¢ 0z’ (5:51)
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with the initial and boundary conditions (4.40). Perform the same computation for the 0, 1 approx-
imation and replace (4.41) by

*n®1  CR 90! pd (v 1 0%, yon2

o2 "oy 02 = o\ ar =R Tagae (1) (5.52)
Pt 109 [ o2t oot

ot Hror (r ar =-¢ 0z’ (5:53)

with initial and boundary conditions given by (4.42).

The approximation 1,0 is straightforward once the approximations 0,0 and 0,1 are obtained.
The systems for the 0,0 and 0,1 approximations have the same form, with the mass and stiffness
matrices equal for both problems, up to the boundary conditions. Thus they are generated only
once. Solve them simultaneously using a time-iteration procedure. First solve the parabolic equation
for v2°° at the time step t;+1 by explicitly evaluating the right hand side at the time-step ¢;. Then
solve the wave equation for n®° with the evaluation of the right hand side at the time-step #;41.
Using these results for v2? and n"9, computed at t;,1, obtain a correction at ¢;; by repeating the
process with the updated values of the right hand-sides. The numerical algorithm reads:

1. Approximation 0, 0:
For : =0 to np
(a) solve (5.51) at t;41 for v2° using 1D FEM with linear elements and implicit time-discretization
(b) solve (5.50) at t; 41 for n°Y using 1D FEM with C! elements and implicit time-discretization

2. Approximation 0, 1:
For : =0 to np
(a) solve (5.53) at t;,1 for v2"! using 1D FEM with linear elements and implicit time-discretization
(b) solve (5.52) at ;1 for n°! using 1D FEM with C* elements and implicit time-discretization

3. Approximation 1,0
(a) solve (4.48) for v"" using numerical integration
(b) solve (4.49) for v1° using 1D FEM with linear elements and implicit time-discretization

1,0

4. Compute the total approximation v, = v, , v, = 20 o2t 4 v;’o, n =n%0 4 nol,

In this algorithm a sequence of 1D problems is solved, so the numerical complexity is that of 1D
solvers. However, leading order two-dimensional effects are captured as shown in Figures 6 and 7.

6 Numerical Simulations and Comparison with Experiment

We used a mock circulatory loop to validate our mathematical flow model. Ultrasonic imaging and
Doppler methods were used to measure axial velocity of the flow. Non-dairy coffee creamer was
dispersed in water to enable reflection for ultrasound measurements. A high-frequency (20 MHz)
single crystal probe was inserted through a catheter at several locations of the tube. In Figure 5
right we show the results of the reading at the mid-point of the tube.

To determine the Young’s modulus of the tube wall we measured the tube diameter d at the
reference pressure of 84mmHg (d = 2.22¢m) and at the maximal pressure of 148mmHyg (d =
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2.38¢cm), utilizing the linear pressure-displacement relationship (4.35) and the data for the tube
wall thickness provided by the manufacturer of the latex tube Kent Elastomer Products Inc.

Figure 4 shows the experimental set up, a sketch of the main components of the mock circulatory
loop and the HeartMate Left Ventricular Assist Device used as pulsatile pump, typically inserted
in patients to aid the function of the heart’s left ventricle.

@ Compliance Chamber  Clamp (Resistance)

il
il

U
LH&JFE Meterer S—’A

Inlet Valve Reservoir
Compliance Chamber

Figure 4: Flow loop at the Cardiovascular Research Laboratory at the Texas Heart Institute (left), a
sketch of the flow loop (middle) and a HeartMate Left Ventricular Assist Device (right). (La boucle
d’écoulement simulé au Cardiovascular Research Laboratory, Texas Heart Institute (& gauche), un
croquis de la boucle d’écoulement simulé (au centre) et un HeartMate Left Ventricular Assist Device
(a droite).)

6.1 Comparison

Numerical simulations were performed for the flow loop parameter values, shown in Table 3, with
the measured inlet and outlet pressure data shown in Figure 5 left. A calculation of the non-
dimensional parameter values shows that our model can be used to simulate the flow conditions in
the experimental set up. More precisely, for the pressure data shown in Figure 5 left, the value of
the norm P is around 15000, the average magnitude of the velocity V', defined in (4.21) is 0.68m/s,
the time scale parameter w = 30s~!, and the Strouhal and Reynolds numbers defined in (4.28) and
(4.29) are Sh = 15, Re = 24, Shy = 0.5 and Rey = 2247.

The axial component of the velocity measured at the mid-point of the tube (filtered data) was
compared with the numerical simulation over one cardiac cycle. The two graphs, shown in Figure 5
on the right, show excellent agreement indicating that the mathematical model we describe in this
manuscript provides a good approximation for the flow.

Next we show the (two-dimensional) details of the simulations of the flow at four different
times in the cardiac cycle. The subsequent figures show the radial (top subplot) and the axial
(middle subplot) components of the velocity numerically calculated along the experimental tube
superimposed over the streamlines of the flow. The color bars indicate the magnitude of the velocity
in m/s. The bottom subplot shows the inlet pressure data in mmHg with the red dot indicating the
time in a cardiac cycle at which the corresponding snap-shots are taken. The displacement itself
(not the entire radius) is magnified by a factor of five to emphasize the movement of the vessel wall.
Notice how the radius of the tube changes as we progress in time from Figure 6 left to Figure 7
right. In Figure 6 left the radius is roughly that of the configuration ¥., with zero displacement
and with the magnitude of the radial and axial components of the velocity near zero. Figure 6 right
captures the forward moving wave in the structure as the velocity increases at the beginning of the
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Inlet (solid line) and outlet (star) pressure Comparison between the calculated (solid line) and measured (stars) velocity
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Figure 5: The figure on the left shows the filtered inlet (solid line) and outlet (stars) pressure data
measured experimentally. The figure on the right shows a comparison between the axial velocity
measured experimentally (stars) and calculated numerically (solid line). The velocity is taken at
the mid-point of the tube plotted as a function of time during one cardiac cycle. (La figure a
gauche montre les pressions a l'entrée (ligne solide) et a la sortie (étoiles), filtrées et mesurées
expérimentalement. La figure a droite montre la comparaison entre la vitesse axiale, mesurée
expérimentalement (étoiles) et calculée numériquement (ligne solide). Les valeurs de la vitesse,
prises au milieu du tuyau, sont tracées comme une fonction du temps, pendant un cycle cardiaque.)

systole. The systolic peak is shown in Figure 7 left. Notice the maximum displacement of the wall,
as well as the fact that the axial component of the velocity dominates the flow (radial component
of the velocity shown in the top subplot is zero). Finally, Figure 7 right shows the end of systole
and beginning of diastole. Notice the decrease in the radius and more pronounced secondary flows.
All the figures clearly indicate two-dimensional features of the flow.

Figure 8 right shows the radius vs. tube length at the systolic peak, compared with the reference
radius of R = 0.011m. Figure 8 left presents the numerically calculated radial displacement over 25
cardiac cycles. Notice that its maximum value is just around the measured valued of 0.8mm.

References

[1] J.-L. Auriaurr. Poroelastic media, in Homogenization and Porous Media ed. U. Hornung, Interdis-
ciplinary Applied Mathematics, Springer, Berlin, (1997), 163-182.

[2] M. A. BioT, Theory of propagation of elastic waves n a fluid-saturated porous solid. I. Lower frequency
range, and I1. Higher frequency range, J. Acoust. Soc. Am., 28 (2) (1956), pp. 168-178 and pp. 179-191.

[3] S. CaNIC, A. MIKELIC, D. LAMPONI, AND J. TAMBACA. Self-Consistent Effective Equations Mod-
eling Blood Flow in Medium-to-Large Compliant Arteries. SIAM J. Multisc. Anal. Simul. To appear.

[4] S. CaNI¢C AND E-H. KiMm, Mathematical analysis of the quasilinear effects in a hyperbolic model of
blood flow through compliant axi—symmetric vessels, Mathematical Methods in the Applied Sciences,
26(14) (2003), pp. 1161-1186.

16



Streamlines and radial velocity (m/s) for t = 17.6151

0.01

-0.01

0.05

L
0.1 0.15

L
0.2

Streamlines and axial velocity (m/s)

0.25 0.3

0.05

0.1 0.15

L
0.2
Inlet pressure

0.25 0.3

0.01

-0.01

17

175 18 185

19

19.5 20

205

Streamlines and radial velocity (m/s) for t = 17.7195

0.01

|
|

i
|

0.01
=
0

0
—0.0lm -0
L L L L
03

L
0 0.05 01 0.15

L
0.2

0.25

Streamlines and axial velocity (m/s)

:

‘ |

I I I
0 0.15

0.2

0.25

Inlet pressure

80 L L L

17 175 18

185

19 195 20 205

Figure 6: The figure on the left corresponds to the snap-shot taken at diastole just before the inlet

pressure begins to increase. The figure on the right corresponds to the snap-shot taken just before
the systolic peak of the inlet pressure shown at the bottom subplot. (La figure & gauche correspond
a la photo prise a la diastole avant 'augmentation de la pression a l'entrée. La figure a droite
correspond a la photo prise immédiatement avant le maximum systolique de la pression de I’entrée,
montré sur sous-graph au fond.)

(5]

(6]

S. CANIC AND A. MIKELIC, Effective equations describing the flow of a viscous incompressible fluid
through a long elastic tube, Comptes Rendus Mécanique Acad. Sci. Paris, 330 (2002), pp. 661-666.

S. CANIC AND A. MIKELIC, Effective equations modeling the flow of a wviscous incompressible fluid
through a long elastic tube arising in the study of blood flow through small arteries., SIAM Journal on
Applied Dynamical Systems, 2(3) (2003), pp. 431-463.

C. CHMIELEWSKY. Master’s Thesis, North Carolina State University, 2004.

P.G. CIARLET. Mathematical elasticity. Vol. III. Theory of shells. Studies in Mathematics and its
Applications, 29.

P.G. C1ARLET, V. LoDS. Asymptotic analysis of linearly elastic shells. 1. Justification of membrane
shell equations. Arch. Rational Mech. Anal. 136 (1996), no. 2, 119-161.

P.G. CIARLET, V. LoDS. Asymptotic analysis of linearly elastic shells. III. Justification of Koiter’s
shell equations. Arch. Rational Mech. Anal. 136 (1996), no. 2, 191-200.

L. FORMAGGIA, F. NOBILE, AND A. QUARTERONI, A one dimensional model for blood flow: ap-
plication to vascular prosthesis, in Mathematical Modeling and Numerical Simulation in Continuum
Mechanics, I. Babuska, T. Miyoshi and P. G. Ciarlet, eds., Lecture Notes in Computational Science
and Engineering, 19 (2002), pp. 137-153.

17



Streamlines and radial velocity (m/s) for t = 17.804 Streamlines and radial velocity (m/s) for t = 17.9333

I I T T T T T T T
0.01 l r
0.01

-0.01 1
i ‘ ‘ —_—

L L
0.05 0.1 0.15 0.2 0.25 0.3
Streamlines and axial velocity (m/s)

L L
0 0.05 0.1 0.15 0.2 0.25 0.3
Streamlines and axial velocity (m/s)

l T T T T L

[ I I I | T—

1
0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 01 0.15 0.2 0.25 03

Inlet pressure Inlet pressure

-0.01

L L L L L L L ] 80 L L L L L L L L

17

175 18 185 19 19.5 20 205 17 175 18 185 19 195 20 205

Figure 7: The figure on the left shows the flow at systolic peak. The figure on the right shows the
flow at the beginning of diastole. (La figure & gauche montre ’écoulement au maximum systolique.
La figure & droite montre I’écoulement au commencement de la diastole.)

[12]

L. ForMAGGIA, J.F. GERBEAU, F. NOBILE, A. QUARTERONI, On the coupling of 3D and 1D Navier-
Stokes equations for flow problems in compliant vessels, Comp. Methods in Appl. Mech. Engng., 191,
561-582, 2001.

Y.C. FuNG, Biomechanics: Circulation, Springer, New York, 1993. Second Edition.

R. GLrowinski, T. W. PAN AND J. PERIAUX, A fictitious domain method for Dirichlet problem and
applications. Comp. Meth. Appl. Mech. Engrg. 111(3-4) (1994), pp. 283-303.

R. GLOWINSKI Finite Element Methods for Incompressible Viscous Flow, Vol IX of Handbook of
Numerical Analysis, P. G. Ciarlet and J. L. Lions, eds., North-Holland, Amsterdam, 2003.

W.T. KOITER. On the foundations of the linear theory of thin elastic shells. I, II. Nederl. Akad.
Wetensch. Proc. Ser. B 73 (1970), 169-182.

P. LucHInI, M. Lupro, A. Pozzi. Unsteady Stokes flow in a distensible pipe. Z. Angew. Math. Mech.
71 (1991), no. 10, 367-378.

X. Ma, G.C. LEE AND S.G. WU. Numerical simulation for the propagation of nonlinear waves in
arteries. Transactions of the ASME 114 (1992), 490-496

W. W. NicaorLs AND M. F. O’ROURKE, McDonald’s Blood Flow in Arteries: Theoretical, experi-
mental and clinical principles, Fourth Edition, Arnold and Oxford University.

A. MIKELIC. Recent Developments in Multiscale Problems Coming from Fluid Mechanics, In: Trends
in Nonlinear Analysis, M. Kirkilionis, S. Kréomker, R. Rannacher, F. Tomi (eds.) , Springer Verlag,
Heidelberg, 2002, pp. 225-267.

18



x 10

4 Displacement at mid-point of tube for 25 cycles Radius (m)
T T T

10

Displacement (m)
IS

0.0118

m

0.0117 =
4 Radius at systolic peak

0.0116 - —
— 0.0115 —

0.0114 - b

0.0113 q

I
Radius (meters)

b 0.0112 i

0.0111 —

-2

Reference Radius

0.011

L L 0.0109

I I I I I I I I I I I I I I I I
500 1000 1500 2000 2500 3000 3500 4000 1 2 3 4 5 6 7 8 9 10 11 12
Time: 25 cardiac cycles (mesh points) Tube Length (mesh points)
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