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Abstract

In this article, we derive approximations and effective boundary
laws for solutions u® of the Poisson equation on a domain Q°f C R"
whose boundary differs from the smooth boundary of a domain Q C
R™ by rapid oscillations of size . First, we construct a boundary
layer correction which yields an 0(83/ 2) approximation in the energy
norm, and an O(e2?) approximation in the L2-norm if € is bounded.
Then, we show that for 1 < p < 2 an O(e'*/P)-approximation in the
LP-norm can already be obtained by solving an effective equation on
Q) satisfying a boundary condition of Robin type.

Key Words: Homogenization, Poisson equation, oscillating boundary, curved
boundary, Robin boundary condition, boundary layer, unbounded domain.

1 Introduction
We consider the Poisson equation

—Auf(z) = f(z), 2€Q°, u(xr)=0, z€dN° (1)
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where (¢ C R" with the additional assumption that ¢ is bounded in the case
where 2° is unbounded. 2° is a domain with a compact boundary 92° having
microscopic locally e-periodic oscillations of size . For ¢ — 0, the domain 2°
is supposed to approximate a domain 2 with smooth boundary I' = 0. It
is clear that for small €, this problem is difficult to solve numerically because
of the intricate structure of the boundary. Therefore it is important to find
a way to approximate u® by solving only problems on 2. The boundary law
of these problems will depend on the oscillation and can be computed by
solving locally a so-called boundary layer problem.

The study of problem (1) in the case of 0f2 being a hyperplane has a long
history, see e.g. [8], [13], [4], [3] and the references therein. Studies in the case
of curved boundaries 0 are [1], [2], and [9]. Here, [1] treats only the two-
dimensional case with uniform oscillations. However, the two-dimensional
case is very special because it allows for a global isometric parameterization of
the boundary, while in the multidimensional case even the correct formulation
of the problem setting is not obvious, see Section 2. Also the references [2] and
[9] consider a setting in the case 2 C R?, but they allow variable oscillations.
They state an 0(5%) error estimate in the energy norm, but they do not
contain proofs for this assertion. In [9], the boundary layer cell problem is
posed on a domain with a fixed thickness. However, this will usually not be
sufficient for obtaining the desired O(eg )-error estimate because it introduces
an O(e)-error in the effective boundary condition, see Remark 4.4.

The structure of this article is the following. Since the formulation of
the problems as well as the results do slightly differ, we have chosen to con-
sider the case of bounded domains 2 and ¢ first, and discuss the case of
unbounded domains separately in Section 9. In Section 2, we define the prob-
lem and especially the kind of e-periodicity we are interested in. Section 3
considers the simple approximation of u® given by the solution u of

—Au(z) = f(z), 2€Q, ulx)=0, z€dN. (2)

The difference between u® and u is shown to be of size 0(6%) in the energy
norm. Next, in Sections 4, 5, 6, we construct a better approximation which
involves the solution of a boundary layer problem. This approximation is
shown to yield an O(e2)-error in the energy norm and an O(¢2)-error in the
L?*norm in Section 7. Finally, in Section 8, we show that interior O(g?)-
approximations can also be obtained by solving the problem

eff () eff (1) — bl Ou
—Au (z) = f(x), z€Q, u¥(x)=cec”(x) £ (), xe€d2 (3)




where the function ¢® : 9Q — R can be computed from the solution to the
boundary layer problem mentioned above.

2 Setting of the problem

Let Q C R™, n > 2 be a bounded domain, such that its boundary I' = 92 is
a compact, smooth (n — 1)-dimensional Riemannian manifold with a metric
induced by the Euclidean metric in R".

Let v : I' — R"™ be the outer normal vector field of I'. A standard result
of differential geometry (see e.g. [5]) then implies that for a suitable choice
of 6 > 0 the mapping

T:Tx(-0,0) =T " CR", (2,t) — z+tv(z) (4)

is a smooth diffeomorphism. Such a mapping 7 is called a tubular neighbor-
hood of T.
For € > 0, let
¥: T —R (5)

be a function which satisfies
)
|7€($)|§EM<§,{L‘EF, (6)

and which is locally e-periodic in the following sense: there is an atlas Ar =
{@i}i=1.. .~ of I' consisting of charts

U>sx —r=¢x)eV,cT (7)
mapping open sets U; C R"! to open sets V; C I such that
-1
5 — SOZ T
¥(@) = (e (@), 2D ©)

with smooth functions 7; : U; x R*~! — R which are 1-periodic in the second
variable.
The inequalities (6) ensure that ¢ defines an oscillating surface I'® by

I — {T(z,7°(x)) : w € T} (9)
which is a submanifold of R” bounding the domain

OF = (Q\ T U{T(z,0): €T, —6 <t <~(a)}. (10)
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For later use, we also define local charts for the tubular neighborhood by

T U x (—6,0) = T,°,  (X,t) = T(i(xX),1). (11)

Example 2.1 A simple example of a domain with a smoothly varying oscil-
lating boundary is shown in Fig. 1. Here, I = 0K is the unit circle S*. The
tubular neighborhood () is given as

T:58"x(=6,0) = R*,  (z,t)— (1+t)z (12)
for some 6 € (0,1). The oscillating boundary is given in this special case as
I = {T(2,° () : w € S}

with ] ]
¥ (z) = % sin®(arg z) sin(arfx) TR
Here, arg : S' — (—m, 7] is defined such that it maps v = (Z?ﬁi) c St to
p € (—m, 7.
In this case, we can choose for example the atlas consisting of the local
charts

pri(-L1) =S (3, X (2?555253) (13)
and
001 (0.2) > ST - (1), xe (2?555;33) | (14)

With respect to these charts and for e = 4% we have

X/

Y (pi(x')) = emi(x, ;), i=1,2

where
vi(x,y') = 2 sin®(2nx’) sin(2my’), i=1,2.

Example 2.2 For Q,Q° C R™ with n > 3, the oscillation usually occurs
only on some part of the boundary. A simple example for such a situation
would be that v; = 0 for all j = 1,...,N with j # i, while v;,(z,y) has to
vanish only for x € U, o (VinVp).



Now, let f € L>*(R™). We consider the problem

AE=f, zeQF,

u(z) =0, azel*. (15)

The variational formulation of this problem is: find u® € H}(QF) such
that
/ Vu Ve dv = fosde, No© e Hy(QF). (16)
€ (953
By the Lax-Milgram lemma, this problem has a unique solution.

3 First approximation

The solution u® from (15) can be approximated by the solution u of the
problem

—Au(z) = f(z), =z€Q,

u(z) =0, zel. (17)

We extend u to €2 by 0 and denote this extension by u. We are in-
terested how well & approximates u® in H'(Q¢) resp. L*(QF). For proving
error estimates, we introduce the corrector 6¢ : 2 — R as a solution to the
problem

—Aﬁa(x): re O\,
0° () = el*\Q,
@)=0, wers\ o)
0°(x) = () rel*nNQ,
[26°] (z) = — [Z4] (2) = Zu(z), =zeDl N,
where the brackets denote the jump across the interface I':
] (z) = lim (p(z + sv(2)) — p(z — sv(2))) - (19)

The variational form of this problem is: find 5 € H'(Q°) satisfying the
boundary conditions from (18) on I'* such that

VOV dr — _/ 26 pds = _/ Dupds, Ve HI).
Qe rnQe rnQe

(20)
Then we can state



Theorem 3.1 Let u®, u, u, 6° be as defined above. Then we have

IV =@ ) 200) < 21/l (21)
and
[0 =T = 0|l 205y S €2 fllzeeonne) - (22)
Proof: For all ¢ € H}(QF), we have
/ Vu —u—6)Vodr = fode. (23)
. 0\

Because of Holder- and Poincaré inequality, we have

1
/Q . fode < ||fllr=@allellriee) S el fllre@\ollellrzan

3
S e fllze@aollVellre@ag) (24)

Setting ¢ = u® — u — 0° € H} () yields (21).
For proving (22), we set

QO ={rxeQ:dxT)> Me} . (25)
We then note that v = u® — u — 6° satisfies
lollzz@amy S ellVoll 2@y < € (26)
due to Poincaré’s inequality. Furthermore, a standard trace estimate yields
lollzzon) S 2 Vol @am) S €
Now we can apply Theorem 3.2 (in the special case Av = 0) to obtain
Il 2@y S Ivlliz@an < € (27)
(22) now follows by combining (26) and (27). O

Theorem 3.2 Let Q' be as defined in (25). Let v € C*(Q) N COY) satisfy
supp(Av) C Tr N QY together with

] L2001 S e (28)

and o)
d(z,
|Av(z)| Se s, xeq), (29)
Then
ol S €. (30)



Proof: In the case Av = 0, (30) is a special case of the very weak estimates
for the Laplace equation, see e.g. [12], Chap. 5, (1.21). For proving (30)
under the assumption (29), let w € H}(Q') be the solution of the problem

—Aw(x)

w(z)

v(z), ze,
0, xeo.

(31)

First, we note that by H?-regularity of the problem (31), we have ||w]| g2y S
|v]| 22(y- Multiplying now (31) by v and integrating over )’ we obtain

/detc:—/vAwdz: VwVuvde — a—wvds.
’ ’ Q/ ;194 81/

Here, the second term on the right-hand side can be estimated as

ow
| e %'Udﬂ 5 <||Vw||L2(Q/) + ||V2w||L2(Q/))||’U||L2(BQ,)

S vl ol ooy -

Thus, together with (28) this term can be estimated as desired. For estimat-
ing the first term fﬂ, VwVuv dr, we set, for t < 0,

S(t) =TT x {t}) = {z € Y : d(z,T) = —t}

and obtain by partial integration and Fubini’s theorem

|/ VuVodi| = \/ wAv | < /_MauwAUHLl(s(t)) dt < /_May\w|yL2(S(t))€A§ dt
94 94 ) =6
The function
woT € H*(T'x(—6,—Me)) c H*((—0,—Me), L*(T)) c C*((—8, —Me), L*(I"))
satisfies (w o 7T)(-, —Me) = 0, so that we obtain the estimate

[(wo T)(-, )2y S llwo T2 (-s,-ney |t + Mel
and using a standard transformation formula also

lwllzz(s@y) S w2t + Mel.



Therefore, we get

—Me N —Me N )
/ ol s dt < ||w|yH2(Q/)/ £+ Meler dt < o]l o) -
-5 —0

Thus, (30) is proved. O

The following theorem then gives an estimate for the size of 6° which in
turn yields an estimate for the difference u® — .

Theorem 3.3 Let u®, u, u, 6° be as defined above. Then
. 1
VO (205 S €% ([lullwrooa) + 1 f ) (32)
which implies also
IV (" = @)l r200) S €2 (lullwro) + 1 fll=e) - (33)

Proof: Let ¢ : R" — [0, 1] be a smooth cut-off function satisfying ¢ (z) = 1
for d(z,I") < Me, ¢(x) =0 on ¢\ S where

S={xreQ:dzI)<2Me} , (34)
and |[VY|e < et |AY]|ee < 72 Suitable application of Poincaré’s in-

equality on S yields for all ¢ € HJ ()

V(6° + )V de
QE

- - [ awwed
Qe\T
= —/ (Aw)ﬁgoﬁ—Q/ ViyVuyp dc — Wfode
Qe\T s\l Qe\I
1 ~
< €2 (IVallre) + 1 fle@) 1Vellzos -
Setting ¢ = 6° + ¥u we obtain ||V (0° + Yu)| 20 S ez, and because of
IV(@u)ll2e S e[|Vl
the assertion follows by applying the triangle inequality. ([l

Remark 3.4 1. 6° is the solution of a problem posed on Q2°, and is there-
fore as difficult to compute as the solution u® itself. The following
sections construct an approximation which is easier to calculate.

2. In general, the estimate (32) is optimal. This is also a side-result of
the more explicit approximation constructed below.
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4 The boundary layer

Boundary correctors for domains with smooth curved boundaries in the case
of elliptic problems with rapidly oscillating coefficients have been defined
in [11] by using boundary layers parametrized by the boundary parameters.
Using similar ideas we define boundary layers [3; in the coordinate charts of
the atlas A as follows.

Let ¢; : U; — V; C T be a chart in the atlas A of I' and let F; = U; x R™.

We set
A(x) = (((Dsoi(x» E)Dso@(x))) g) X el (35)

which is the n X n-matrix corresponding to the Laplace operator in the chart
7; of the tubular neighborhood.

The following definition unifies the settings of [7], [10] and [3], see Re-
mark 4.4 below.

Definition 4.1 The boundary layers §; : E; — R are defined such that
Gi(x',y) = 0:(x, (¥, yn)) solves on each fiber Ex = {x'} x R™ the equation

— divy (4;(X)Vy3:(X,y)) =0, 0#y, <%uX.,y),
Bi(x',y) is 1-periodic in yq, ..., ¥, 1.

Op;
{0yn
Gi(x',y) =0, y,>max(v(x,y),0),
Gi(x,y)=—yn, ux,y)<y. <0,
IVyBi(x,y)[ =0,  y,— —o0.

(X’,y)] =1, 0=y, <vX,y), (36)

Remark 4.2 We note that problem (36) is member of a family of prob-
lems parametrized by the position s € R where the interface condition holds,
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'

Figure 2: Boundary layer cell.

namely

— divy (A(X)VyB87 (X, y) =0, s #yn <Xy,
ﬁi(s) (x',y) is 1-periodic in y1,...,y, 1.

0p;”
Oy n

(Xla}I)] =1 ) §=Y¥n < ’Yi(x/v yl) )

ﬁz'(S)(Xla Y) = 07 Yn > max(’yi(X,, y/)’ 8) !
ﬁz'(S)(Xla}I) =S5—¥Vn, s < Yn < ’yi(X/’ y/) ’
VyB (K, 9) =0, yn— —o0.

For arbitrary s; < sy € R, the unique solvability of (37) shows that the

corresponding solutions 51-(81), Bi(SQ) are related as

S9—81 Yn< S1
0 Yn = S2

Theorem 4.3 We have
1. 3 e CUE)NC®({(x,y) € B : 0 # yn < 7(X,¥y)}).
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2. There is some N\; = \i(i, A;) > 0 and a function c?* € C*(U;,R) such
that

B, (Y yn) — ' S e, (K (Y.ya) € B (39)
3. For every (x',y) € E; and k € N"1, [ '€ N" with || > 1 we have
IDEDLB(X (v ya))| S ¥, 04y, <y(x.y).  (40)
Defining 3; : E — R as
Bi(x' (v yn) = Bi(X, (¥, ¥n)) = '(X) (41)
we have for all ke Nt e N" that
DYDY, (v )l S, 0y, <ulxy).  (42)
The constants in (40) and (42) depend only on k1, vi, and A;.

Proof: Because of Remark 4.2, it is sufficient to consider the case where
vi(x, y) is strictly positive, say 7;(x’,y) > 1 everywhere. For Z' = (—3, )" *
let Z =2"x (—00,1). We define an additional transformation

(biIUZ'XZ — Ei7

VNV <
O, (5, 50) = W) Yns
x, (3, %(x,9)90) In>0"

and consider the transformed function

BiiUix Z—R,  (K,(3,92) = Bio®:(x,(7,32)).  (43)
Because ®; is smooth application of the chain rule transfers decay estimates
for ﬁl, ﬁz — ¢, and their derivatives immediately into the corresponding

estimates (40) and (42) for 3;, B; and their derivatives.
Now, (;(x/,+) is the solution of the following problem: given the function
space

V={ve H..(Z): v(¥,¥,) is 1-periodic in §1,...,¥n 1,
o, 1) —o/\w )2 < oo)
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find @-(X’, -) € V, such that
[ Tsera VAR G == [ ey, pev. (@
Z Z'x{0}
where

First, we prove exponential decay of Vy@- for y,, — —oo. For an arbitrary
a > 0, we set

Wo={veV:e¥Vvel*(2)}, [vlw: = e Vu|lL2z)
and
Wo={veW,: e vel?2)}, vl = vl + e vll2z) -

Then we observe that the right-hand side F(¢) = — fZ’x{O} o(y) dy of (44)
satisfies for all & > 0 and ¢ € W0 the estimate

F(e*p) = F(p) S llellwe - (46)

This is precisely condition (10.37) of [8], such that Theorem 10.1 of [8] (which
is based on a Lemma by Tartar) is applicable. This yields the existence of a
Ai € (0, a] depending only on the ellipticity of the coefficient matrix a, such

that (44) has a unique solution 3; € W)}z Standard results about regularity

of solutions of elliptic differential equations then yield for every I € N, |I] > 1
the estimate L
1Dy Bi(X\ y)l S e, 0# ¥, <1, (47)

which also implies the existence of some constant ¢ (x’) with

1Gi(x,§) — K) SN, 0#£y, <1. (48)

The negative sign of c?/(x’) follows from the maximum principle because the
right-hand side F' is negative in a generalized sense.
From (48) we obtain immediately (39), (40) and (42) for k = 0.
Differentiating (44) with respect to x’ then yields the following equation
for the derivative (;(x',y) := Vxﬁi(x’, y):

/Z (V) alx, V56 = L()
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with
Lip) = / (Vo) Dxalx’, )V Bi(x', §) Vs 0l() &
SIB, Y el ¢ € WA

We easily see that L(-) again satisfies condition (46) such that the application
of Theorem 10.1 from [8] yields the estimate [|G;l|w: < [I3i(x', ) [lw: . Again,
standard results yield pointwise estimates for Dg@ for y, # 0 such that (40)

follows for |k| = 1. Furthermore, one easily sees (e.g. by Fourier expansion
in the region y, < 0), that c?(x’) can be computed by

~

A'6) = F(B)= | B, 0)dy'.

Since F is linear and continuous in Wy , we obtain the differentiability of ¢!

and the estimate (42) for |k| = 1.

Finally, repeated differentiation proves (40) and (42) for arbitrary k €
Nl O

Remark 4.4 For the numerical solution of (37), one will choose s € R
usually such that for all X' € U; and y' € R"! cither v(x',y') > s or
vi(X',y') < s. If this is the case already for s = 0, this corresponds to the
settings 2 C Q° (see [7],[10]) or QF C Q (see [3]). A further possibility to
compute [3; is to solve for the function

Xi(X/7 (y/7 yn>> = min{yn7 O} + 5i<XI7 (yI7 yn)) (49>
instead which is a solution to the problem

—divy (4;(x)Vyxi(x,y)) =0, 0#£y, <nu(x,y),
Xi(x',y) is 1-periodic in y1, ..., ¥, 1.
Xi<X/7 y) = 07 Yn S %’(X/a y/) )
Vy(xi(X',y) =yu)| = 0,  yn— —00.

(50)

Now, x; can be approzimated well by functions xF, L > M, defined on the
strip

{(y',yn) € Ex o (X y) > yu > —L} (51)
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which are solutions to

—divy (4;,(x)Vyxr (x,y)) =0, 0#£y, <%(x.y),
( ,y) is l-periodic in yq,...,y, 1.
)=0,
) =

Xr(x,y yn <(X,y'), (52)
8)@

=L,
oyn Y

—(x',y

This is very similar to the cell problem suggested in [2] and [9]. However, it

1s 1mportant that L has to be chosen larger than ‘lo—f‘E', because otherwise x;

is approzimated by x¥ only up to an e-independent error of size e .

5 Local boundary corrector

With the help of the solutions 3; : U; x R®™ — R of the previous section and
the map 7; from (11) we now construct a boundary corrector which is defined
on

[5, = Ti(Us x (=6,0)) N Q°. (53)
This corrector can be split in a smooth part and a rapidly oscillating part

with exponential decay. The smooth part ¢ : I'5; — R is defined as

o =Tx, x,) = (X)) (54)

(3

where ¢ is the function defined in (39). The oscillating part gf 5, — R
is deﬁned as

3w =T(x,x,) — B(x, %) (55)
where (3 is defined using 3; from (41) as
/

FUXR—-R, (X,%x,)— Gi(¥, Xg %) . (56)

_ The estimates for ; from Theorem 4.3 yield the following estimates for
G-
Theorem 5.1 For an arbitrary choice

A€ (0, min i), (57)



16

we have the estimates

DG (2)] S e W5 2 eT5\T, keN (58)
and 1
Ze A e
|AB; ()] gge AT ) xeré,z’\r' (59)
Furthermore, we have
0 1
l%(x)] — =, @elyNT (60)
and N
F () = —ct(z) N e 5N 00\ Q) (61)
' @ —clz) zel5,NOFNQ)
Proof: Using (42) and the chain rule of differentiation immediately yields
IDEB (X, %) S e W™ | (¥ x,) € U; x R (62)

and therefore also (58). Also (60) follows because %ﬁj (x) for z € I is equal

to é%(xl, x?/, 0) in (36). It remains to show (59). We have
e - 62 Q€ -1
Bulii = Z Ox;0x; <ﬁi °Ti )

7j=1
n -1

oy aSU] 8Xk 837]

N (P o AT

Fry axlaxk ! ! 81‘] 8:75]

+i(i 35) o T, AL (T, i
p 8Xk 7 7 7

Because of (62), the second summand can be estimated as desired. With
respect to the first summand, we note that the smoothness of 7; and the
equation

VTi(x',0) = (Dei(x'), v(2i(x))) (63)
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imply that
(VI (@) (VT (@) =

where [|S(x,x,)]|00 < x5, and

Dyt (xX')Dgi(x') 0\
A = (PROOPRE0 ) (64
is the matrix introduced in (35).
Therefore, we have to estimate
1 A / 1 /
klZ:1 8X18Xk (X)( Z( ))kl - aXlan X (S(X 7Xn))kl (65>

Using again (62), the second summand can be estimated as

"N 9*B¢ , 1
¢ <
S (S ) S
k=1
for A from (57). )
Denoting by & resp. ¢ the first and second variable of §; : U; x R* — R,
the first summand can be written as

Z (A (X)) 8?(?5;; (x) = Z (Ai(x'))u 8X?;Xk (Bi(x, <§/’ ﬁ)»

Xn 1 Xn
|Xn|e)‘iT < —eM e (66)

e2

m

k=1 k=1 el e
= 1 - / aQBZ ’ x/ Xn
- 5 k;mz( Digeac (x. <, ?>>
9 n—1 n / aQBZ / i] ﬁ
_'_8 k=1 l:1< Z( ))klafkagl( ’<€ ’ £ >)
« / 8262 / x’ Xn
+ k,l:1<Ai<X )kl 06,06, <x , (g7 ?)>

Here, the first summand on the right-hand side vanishes because of (36) and

the remaining summands can be estimated using (42) by 1M resp. eME .

This completes the proof. Il
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6 Global boundary corrector

Fori=1,...,N, let ¢, € C=(T,[0,1]) with supp(¢;) C V; be a partition of
unity subordinate to the covering {V;},—1. .y of I' = 9€2. With this partition
of unity we can define

-----

Mz) =) dix)el(x), wel (67)

Notation 6.1 In the following we will use for a point x € T the repre-
sentation in the coordinates of the tubular neighborhood x = T (X', x,), with
(x',x,) € ' x (=9,9).

Then we can define a global boundary corrector Bg on the set

[s=7"Nngr (68)
by
N ~
=> ix)B(x), =xeT;. (69)
=1

We see that ¢ and @“5 depend on the partition of unity v;. Nevertheless,
the difference between ¢’ and ¢’ (as well as between (7 and 35) on the
overlap reg1ons ViN'V; are small enough to ensure that the local estimates

proved for the 55 in Theorem 5.1 lead to analogous global estimates for 55

Theorem 6.2 With 37 from (69), ¢ from (67), TS from (68), and X from
(57) we have

‘DE§€<$)| S g IFl A zel5\T, ke N (70)
as well as
d(z,I)
AF@) S e, remiT. (71)
Furthermore, we have
8ﬁ5 1
= - el'NnQ* 72
[ (@ >] S , (72)

and

- {—cbl(x) z € 00\ Q 73)

Fle) = del) _ oMz zedEnQ’

)
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Proof: Let 1; € C>(I'5) be defined as Ui(z) = ¥;(x'). Then the product
rule leads to

DF (Z i) BE( Z Gi(x)DFBE () + ..+ Z BE(x)DFy(z)  (T4)

Since ; € C*(I") and because of (58), the first term leads to an estimate of

the form e~ /FleX2 whereas the following terms are of lower order in . Thus,
(70) is proved. (72) is obvious, and (71) follows by

> AWi(a)F: (@)

_ Z% VAGE (x +Zzwz NCHE +Zﬁ€ VA (x

5 8716)\"5"
using (58), (59) and the product rule. O

The error estimate in the following section will be based on the estimates
in the following two theorems.

Theorem 6.3 With 5 from (69) and I'§ from (68), we have for 1 < p < oco:

~ 1
18| Lorey S € (75)
Proof: (75) follows from (70) because of

M
V7 / Ty, <
LP(FE ~ 5 n ~ < *
]

Theorem 6.4 Let 5 and IS be defined as in (69),(68), let ¢ € HL(QF) and
assume that x € W1>(T%) satisfies x(x) = 0 for x € 9T \ 9Q°. Then, for
1 < p < o0, we have

J.

)

~ 1 1
WEVed === [ xpd! + O =yl Velizay) . (76)

I'nQe
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Proof: By partial integration and use of (72) we obtain

~ ~ ~ 1
/xVﬁEVsodr = —/ VXV3pdr — XA5€<PdE——/ xp &'
re rs € Jrnos

= (I) + (IT) + (I11) .

Here, we can estimate (I) as follows. With M being the constant from (6)
and denoting by ¢ the trivial extension of ¢ to I'§ we have for —§ < x,, < Me

m/WoT&b%Wkﬁs¢Mé—&MVMwwp,weHMQﬂ, (77)
N

such that using (70) we obtain

re\r

0O = | VWVFpd

I'§

Me
S HXHWlm(rg)él/ eAgL/‘(ZOT(I/,Xn)‘ dx' dx,
5 r

Me

VQOHLQ(F(ES)/ 6)\?”\/ Me — Xn an
"

VSO”LQ(FE)/ BAT\/—Xnan

1
S oezlIxllwree s [IVellLars) -

(IT) can be estimated using (71) in the same way, such that the theorem is
proven. O]

S e Ixlwree e

S e Ixlwnee e

7 Improved approximation

Using the boundary corrector Ba constructed in Section 6, we approximate
the corrector 6° from Section 3 as follows. Let 1 : 2 — R be defined as

—An(z) =0, z€Q,

78
n@) = M) gulr). weT, o
where % is again the derivative in direction of the exterior normal field

v:I' — R". We extend n to 2° by defining 77 : 2° — R as

o n(z) =€
e {n(x’) =T, %) €F\Q (79)
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For estimating the energy error we need another correction term 7° which

is constructed as follows. Let %u be the extension of %uh to ¢ given by

%:Qe—ﬂR - p(Xn)%u(X’) r="T(x,x,) €T3 (80)
o ’ 0 z ¢ T ’
where p € C*(R, [0, 1]) is a cut-off function satisfying
px,) =1, x,>—Me,
p(x,) =0, x,<—0.
Then 7 : € — R is defined using 3° from (55) as
7 (2) = %u(x}ﬁe(:p) z €5 ' (81)
0 x g5

Now, the following theorem is the main result of this article.

Theorem 7.1 Assume f € L>®(Q°) and u € W*°(Q) for the solution u of
(17). With 6° from (20), i from (79) and 1° from (81) we have

IV — (i + 7)) ) S €2 - (82)

Furthermore, we have

105 — (@ + 77 || r20) S 7 (83)
Because of Theorem 3.1, this implies
g ~ -~ ~c 3
IV(u® —u—e(+17))|1200) S €2 (84)
and
lu® = — e(@ + 7 ) 1200) S €7 (85)

Proof: First, we note that ||7]|y 1. o) and ||%U/||W1,oo(r‘g) can be estimated
in terms of ||u||y2(q), such that these norms may appear in the constants of
the following estimates. Next, we note that 6° —e(7+17°) vanishes on 92\ 2,
but in general not on 9N NS). Therefore, we introduce an additional corrector
(% : Q0 — R defined as the solution to

—A(*(x) =0, x€Q°,

(@) = i+ i+ 7)), zelr. (86)
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Now, 6° — e(] +7)°) + ¢° € Hi(€) and the energy norm of (¢ can be shown
to be of order £2 using Lemma 7.2 below. For showing (82), it is therefore
sufficient to show

(07 —e(+177) + )V dr = . V(0 —e(n+17))Vede

Qs (87)

3
Sez|Vollz, ¢ € Hy().

This is done as follows. First, a standard trace estimate yields

IN

[ viveal < k[ giea e [ Vivea
€ InQe

Q=\Q

AN

3/2

17 Whoo(T%) HVSOHLQ(QE) .

Next, we have

e | ViEved: = 5/ V(Zuf) Ve d
s :

_ 5/ (V%U)EEV¢CZ£+€/ 2 W(VEF) Ve d
s s

= () +1)

Here, (I) can be estimated using (75) by

(D] S ellgullwecs)

3
S el Zullwie sy Vel s

ﬁEHL?(Fg) VSDHL?(Fg)

and (II) can be written using (76) as
s o
(1) = —/F ) Du)p(') dx' + O(e2 || Zullwroows) IVl 2qrs) ) -
m £

Now, the first term on the right-hand side cancels with [,. V0*Vp de due
to (20), such that (87) is proved.

We now want to prove (83) by following the proof of (22). Setting v = 6°—
£(n+n°) and using €' from (25), we obtain easily the estimates v z2(@\0) S

£% and [v]l 22007y S €2 The application of Theorem 3.2 then yields (83). O
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Lemma 7.2 The corrector (¢ defined by (86) satisfies
1m0y S e llullwaeeo (88)
3
V2@ S e llullwa=@ (89)

Proof: Let S be the region from (34). Then setting again x = 7 (x/,x,,) we
define

~ ~ ~ Xn
v(z) = u(z) +((z) — n(x') — ;%U(X')) , (90)
which satisfies
IVulles) S IVE—vigpullieis) + el Vil os) + el Vg ullnes)
S ellullwas) - (91)

v vanishes on 09° \ Q and satisfies for z € 99 N Q with x = T (2/, 1)

(@) = eln(a) —n()] — [u(z) — x0zu(x)]
S MVl + lullwae) S €¥lluflwasa) -
Thus, we conclude that
0]l e (s) S €2llullwaoe(ey - (92)

Since (* = v on 0€)F, an application of the maximum principle yields (88).
With 1 denoting the cut-off function from the proof of Theorem 3.3 we
have
IV(@v)llz20e) < (V)] r2es) + 9 Vo]l 12(s)
_1 1
S e 2 ollzecs) +e2l[Vollees)
3
S erllullwaceqe)

where we used (91) and (92) in the last step. Since (¢ is harmonic, we have
V¢ 220¢) < [[V(¥0)]22(0¢), and (89) follows. O

8 Effective law

First, we note that a good approximation in LP(2°) with 1 < p < 2 can
already be obtained using only the correction 1. From (75), we see that
under the assumptions of Theorem 7.1, we have

i |l S, 1< p < 400, (93)

Because of Theorem 7.1 and Theorem 3.1 this implies
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Corollary 8.1 Under the assumptions of Theorem 7.1 we have for1 < p <2
the estimates )
16° — €Tl o) S ™te (94)

and )

||u€ —ﬂ—z—:ﬁHLp(Qg) SEIJFE . (95)
Alternatively, we can prove better L?-error estimates for subdomains ' C

QN Q° which are strictly contained in 2. The decay estimates (70) on 3
imply that

\ 4 aQ)

e [y S € (96)

)\d(ﬂ ,00)

and ee < &2 when d(Y,09) > 5|1°g5| Thus, we obtain

Corollary 8.2 Let Q' C Q with d(Q,9Q) > max{Me, 5‘loga|} Under the
assumptions of Theorem 7.1 we have also the estimates

16° — enl| 2 S € (97)

and
HuE — ’Zj — 877”[/2(5]/) 5 82 . (98)

In some cases, it is possible to compute an approximation to u + en
directly by changing the boundary condition of the effective equation. In the
following, we show how this is done in the case ¢ < 0.

We set

M={rel: x)=0}, I":={rel: =) <0} (99)
and consider the problem: find u* : ) — R such that

—Aul () = f(x), x€Q,
ul(x) =0, r€T?, (100)
ul(z) = ec’(z) Zul (z), €T~

!Note that for c? > 0, problem (100) can be ill-posed without further restictions on &
and .
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where ai denotes again the derivative in direction of the exterior normal of

14

I'. Existence and uniqueness of this problem in the Hilbert space
V={peH(Q):¢=00nT",
-1
\Y e — 2ds < .
Jive@pa+ [ rslel d <o}
can then be established easily by the lemma of Lax-Milgram.

Theorem 8.3 We assume that we have the setting of Theorem 7.1 with ¢ <
0, and that u®f € CY(Q) is the restriction of some function uef € C*(R")
with ||t ||lyroo@ny S Ju ||wice). Then

o ) @
lu = ]| oaey S €5 (ullwaoioy + luF wim@) — (101)

~

foralll < p < 2. For domains Y C QNQ° with d(QY,0Q) > max{Me, 5|1°§E|},
we have the interior estimate

Hue — ueﬁHLz(Q/) 5 82HUHW2,oo(Q) . (102)
Proof: The error e = u® — u — en satisfies

—Ae=0, z€Q,

103
"De(x)+e*(z)Zn(z), z€T. (103)

e(r) =ec

Because of the maximum principle, e must attain its absolute maximum at
the boundary I'. Therefore, let * € I' be such that |e(z*)| = max,cqle(x)|.

If x* € T% e(z*) = 0 and we are done. In the case x* € I'", due to the Hopf

maximum principle, the derivative %e(w*) is either zero or has the same sign

as e(z*). Because of ¢’ < 0, we obtain
le(2)] S (") gn(=)] S ¥ lnllwr=) S e llullwam@ . (104)

Thus, we have |le]|i=@) < €, and (102) is immediate from (98). For

~

proving (101), we note that ¢ := u®l — u — e satisfies ||[Ve||wroomn)
w100 )+ ||| w20 (@), from which we easily obtain that [|€]| Lrz) S €1+%,
which together with (95) implies (101). O
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9 Unbounded domains

In some applications, see e.g. [1], Q¢ and Q are unbounded, although the
boundaries I'* and I'" are compact. In this section, we want to give a brief
discussion how the above results change in this situation.

In general, for problems on unbounded domains one has to pose conditions
at infinity to ensure uniqueness of the solution. In our case, this can be done
by requiring that the solutions u® of (15), u of (17), 6° of (18), n of (78),
and %’ of (100) have bounded energy. The variational formulation of those
problems then uses the spaces

Ve = {gp CHL(X): ¢=0o0onT%, |lo|3-:= / Vol* dr < —i—oo} (105)
QE

instead of H}(QF) and

V= {cp S ML) p=0on T gl = [ Vel < +oo} (106)
Q

instead of H}(Q2). Additionally, one has to pose further restrictions on the
right-hand side f. For example, one can require that f € L*°(R") has com-
pact support which ensures that f induces a continuous functional on both
V and V¢. Thus, the Lax-Milgram lemma can be applied, and the existence
of u® and u follows.

Then the energy norm estimates (21), (82), and (84) carry over verbatim.
Also Sections 4, 5, 6 remain completely unchanged because the boundary cor-
rection occurs only in a neighborhood of the compact manifold I'. However,
the L2-estimates in (22), (83), (85), (102) or the LP-estimate in (101) are not
true in this form, due to the fact that the error might stabilize to a constant
at infinity. It is possible however, to obtain L? or LP-estimates on bounded
subdomains Q% = Q° N Br C (¥°, where By is a ball with radius R > 0 such
that the whole region I'j defined in (68) is contained in Bg. For example,
a simple approach is to apply Poincaré’s inequality for obtaining estimates
where the L?(025)-norm is estimated as O(e?) with a constant depending on

R.

10 Discussion

In this article, we have constructed a good approximation to the solution u*®
of problem (1) which is valid for both bounded and unbounded domains ¢ C
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R"™ with curved boundary 0€2°. In practice, it is probably most convenient
to calculate first the solution u from (17), and then the solution n of (78).
The computation of 7 is best done inside a so-called heterogeneous multiscale
method, see [6], where the coefficient in the boundary condition of (78) is
evaluated by computing a boundary layer problem. Using the solution 1%
of (100) instead of u and 7 is an alternative, if one can guarantee that ¢ <0
along I' (which is usually true if Q C Q°).

Now, let us point out some directions in which one can extend this work.

First, although the approximation of second order in ¢ is probably good
enough for most applications, it is possible to construct approximations of
even higher order, see [9]. Naturally, the resulting boundary layer problems
and error estimates will then incorporate also higher order curvatures of the
manifold T'.

Second, applications may require non-smooth domains ¢ and 2 (e.g. do-
mains with edges/corners) and/or abrupt changes in the oscillation pattern.
Now, the case where those corners or edges occur only in regions where 9€2°
coincides with 9 (no oscillations) can easily be treated using the techniques
from this article. However, if this is not the case, more elaborate techniques
are necessary: for example, u € W% (Q2) would not be an appropriate as-
sumption for such situations, and also the approximation order in the error
estimates would get worse.

Finally, it is of uttermost importance to transfer these results to other
types of equations. An obvious and easy extension would be to allow for
a smoothly varying diffusion coefficient. More important, however, is the
treatment of flow problems where additional difficulties arise. We will address
this in future work.

References

[1] T. Abboud and H. Ammari. Diffraction at a curved grating: TM and
TE cases, homogenization. J. Math. Anal. Appl., 202:995-1026, 1996.

[2] Y. Achdou and O. Pironneau. Domain decomposition and wall laws. C.
R. Acad. Sci. Paris, Ser I,, 320:541-547, 1995.

[3] G. Allaire and M. Amar. Boundary layer tails in periodic homoge-
nization. ESAIM: Control, Optimisation and Calculus of Variations,
4:209-243, 1999.



[4]

[10]

[11]

[12]

[13]

28

G. Chechkin, A. Friedman, and A. Piatnitski. The boundary-value prob-
lem in domains with very rapidly oscillating boundary. J. Math. Anal.
Appl., 231:213-234, 1999.

M. P. do Carmo. Riemannian Geometry. Birkhauser, Boston, 1992.

W. E and B. Engquist. The heterogeneous multi-scale method. Comm.
Math. Sci., 1:87-133, 2003.

W. Jéger and A. Mikeli¢. Homogenization of the laplace equation in a
partially perforated domain. In V. Berdichevsky, V. Jikov, and G. Pa-
panicolaou, editors, In memory of Serguei Kozlov, volume 50 of Ad-
vances in Mathematics for Applied Sciences, pages 259-284. World Sci-
entific, 1999.

J.-L. Lions. Some Methods in the Mathematical Analysis of Systems and
Their Control. Gordon and Breach, New York, 1981.

A. Madureira and F. Valentin. Analysis of curvature influence on effec-
tive boundary conditions. C. R. Acad. Sci. Paris, Ser I,, 335:499-504,
2002.

N. Neuss. Multigrid and homogenisation. In H. Deconinck, editor, 32nd
Computational Fluid Dynamics— Multiscale Methods, volume 2002-06 of
Lecture Series. von Karman Institute, Belgium, 2002.

M. Neuss-Radu. The boundary behavior of a composite material.
M2AN, 35:407-435, 2001.

J. Necas. Les méthodes directes en théorie des équations elliptiques.
Masson, Paris, 1967.

E. Sanchez-Palencia. Non-Homogenous Media and Vibration Theory,
volume 127 of Lecture Notes in Physics. Springer—Verlag, Berlin, 1980.



