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1 Introduction to the homogenization

Using the equations of the continuum physics at pore scale for porous media is a
promising approach to derive the overall equations, but meets many difficulties. The
presence of the fluid and the solid parts in the soil obliges us to consider it as a
multiphase medium. The phases are geometrically present in a heterogeneous way,
with small pores and cavities.

Homogenization applied to heterogeneous media (porous media, composites, tis-
sues, etc.) is a mathematical method that allows to “upscale ” the fundamental equa-
tions from continuum physics, being valid at the microscopic level. Upscaling or
homogenization signifies that the particular phases lose their independent presence
in the model and will get “smeared”. Rather than tracking behavior of every phase,
we search to approximate the model with equations being valid everywhere. Phases
get present in every point through new averaged unknowns like saturations and con-
centrations. This way it is not necessary to solve nonlinear PDEs of the fluid me-
chanics/elasticity/heat conduction in the complicated geometry of a heterogeneous
medium. Note that, in addition, the pore geometry is usually unknown and available
only through some statistical averages.

The homogenization theory of heterogeneous media studies the effects of the
micro-structure (i.e. of the pore structure) upon solutions of PDEs of the continuum
mechanics. Even in the simplest case of a viscous single phase flow through a porous
medium, we are given a PDE with two natural length scales : a macroscopic scale
(the scale of the piece of reservoir/soil) of size Ly and a microscopic scale (the pore
scale or the scale of perforations) of size ¢ << L. This disparity in length scales
is what provides us with our expansion parameter € = /Ly, measuring the scale of
oscillations. For fixed, but small, characteristic pore length £ = €L > 0 the solutions
u® of the flow equations will in general be complicated, having different behaviors
on the two length scales.

A closed-form solution is not achievable and a numerical solution would be
nearly impossible to calculate. In the practical simulations of the flows through
porous media, we use PDEs at the macroscale. Information about the pore struc-
ture is only kept through some averaged quantities as porosity and permeability.

Therefore, one of the fundamental questions in the modeling of flows through
porous media is how to get the “averaged” or "upscaled ” equations. Next we wish
to calculate the effective coefficients describing the influence of the microstructure.
Finally, it is of interest to know whether our derived model is correct, in the sense
that it should approximate the original problem involving the micro-structure.

In the homogenization theory, the upscaling corresponds to the study of the lim-
iting behavior u® — u as € — 0. The idea is that in this limit the micro-structure
(generating the high-frequency oscillations) will ” average out ”, and there will be a
simple ” averaged ” or ”” homogenized ”” PDE, which will represent a filtration law.

As even the simple example of Darcy’s law confirms, the homogenized PDE can
differ much from the original one. In overcoming this fundamental difficulty it is
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useful to use formal multiscale expansions in €, containing behavior on different
length scales.

The idea is to suppose u® has the following expansion:
uezsﬁ{uo(x,z)—ksu](x,z)—kszuz(x,z)—o—...} (1)

Two-scale expansion (1) is plugged into the PDE and we search for a scale of
equations determining the functions u;,i = 1,.... Nevertheless, before plugging ex-
pansion (1) into the PDE, we should somehow determine f3.

In order to answer all those questions, we establish the following strategy, which
we are going to apply in the sections which follow:

A) Adescription of the geometry of the heterogeneous medium is given. It can be
periodic, statistically homogeneous etc.

B) A continuum physics model valid at the pore scale is written up. The model can
come either from the well-established textbook modeling or from the molecular
dynamics calculations
allowing to go from the molecular structure to the continuum mechanics at
micro/nano-metric scale.

C) The a priori estimates for solutions of the PDE, uniform with respect to €, are
established. For the flow problems we usually need:

C1) A priori estimates for the velocity.
C2) A priori estimates for the pressure.

D) Having obtained a priori estimates, a formal multiscale expansion is set up in
the form (1). We shall see that for the linear and monotone problems it corre-
sponds to passing to the homogenization limit in the sense of the 2-scale conver-
gence.

E) The upscaled problem is studied. We prove uniqueness and regularity and un-
dertake separation of the fast and slow scales. A numerical method for calculating
the effective coefficients is proposed.

This short chapter will try to initiate the reader to the applications of the 2-scale con-
vergence technique in the homogenization of complex flow through porous media.
We present three examples of complex flows through a porous medium: the first is
homogenization of a quasi-Newtonian flow, the second is homogenization of a Bing-
ham flow and the third is a derivation of the Onsager relations for the electrokinetic
flows.

In connection with the homogenization in porous media, we recommend to the
reader the book edited by U. Hornung [38]. It contains number of contributed chap-
ters, and we mention the chapters on the 2-scale convergence and on the derivation
of Darcy’s law by homogenization by G. Allaire, which we are going to quote fre-
quently in this text. Also there is a chapter on the filtration of non-Newtonian fluids
(see [55]).
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As general references on homogenization we recommend the classic text by E.
Sanchez-Palencia [71] and the recent engineering textbook by Mei and Vernescu
[52]. More recent mathematical references are the books by Jikov, Kozlov and
Oleinik [39], Cioranescu and Donato [28] and Pavliotis [66].

Classical references on 2-scale convergence are papers by G. Allaire [5] and by
G. Nguetseng [62].

2 Models for quasi-Newtonian fluids and a derivation of the
filtration laws by a two-scale expansion

In this section we first present models of quasi-Newtonian fluids. Then we discuss
their well-posedness and particularities of the geometry. After obtaining a priori esti-
mates, we propose two-scale expansions. They allow achieving our goal of deriving
formally equations describing filtration of a quasi-Newtonian fluid.

2.1 Continuum physics models for quasi-Newtonian fluids

We first recall the fluid mechanics equations at the pore level.

The incompressible quasi-Newtonian fluids are characterized by the viscosity
depending on the principal invariants of the symmetric stretching tensor D(v). In
our notation, v is the velocity, p the pressure, Vv the gradient velocity tensor and
D(v) = (Vv + Vv')/2 will denote the rate-of-strain or the symmetric stretching)
tensor. The principal invariants of D(v) are

1
I(D)=tr D= divyv, bUﬁ==§«dWVV—4rD5 and L(D)=detD.

o is the stress tensor ¢ = —pl + 21,.D(v). The viscosity 7, is constant for a
Newtonian fluid but dependent on the shear rate Y= 1/|D(v)|2/2 = \/L(D(v), i.e.

N = N,(7), for viscous non-Newtonian fluids. The deviatoric stress tensor 7, i.e. the
part of the total stress tensor that is zero at equilibrium, is then a nonlinear function
of the symmetric stretching tensor D(v),

T=n,(")D(v).

Two most widely used laws in engineering practice are the power law and the
Carreau-Yasuda law. For more constitutive laws for the viscosity, we refer to [17]
and [18].

The first most popular empiricism is the “power law” or Ostwald-de Waele
model, where the expression for the shear rate dependent viscosity is
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(&) =%l 2 =Ml V2 =1]Y" LR’ 2)

where n = r — 1 is the power-law exponent and A, is the consistency of the fluid.
For 1 < r < 2 the fluid is a shear thinning and for » > 2 a shear-thickening.

The simple power-law model (equation(2)) has a well-known singularity at
zero shear rate, which must be carefully accounted for in kinematic analyses. The
Carreau- Yasuda equation is an alternate generalized Newtonian model that enables
the description of the plateaus in viscosity that are expected when the shear rate is
very small or very large. The empiricism for the viscosity 7, used in the Carreau-
Yasuda law is

N:(E) = (Mo— 1) (1+AIEP) 2 410, EER, 3)

with 19 > N > 0,4 > 0, where 7 is the zero-shear-rate viscosity, N is the infinite-
shear-rate viscosity, A is a time constant being the inverse of a characteristic shear
rate at which shear thinning becomes important and » — 1 is a dimensionless constant
describing the slope in the “power law region” of log 1, versus log 7.

The incompressible quasi-Newtonian Navier-Stokes system is given by

=V-An,(V)D(v)} +p(VV)v+Vp =pf inQp, “)
V-v=0 in Q,, 5)
v=0 on 00, (6)

where 2, is the pore space of the porous medium.
The corresponding functional space for the velocity is

Vo(Q,) ={zeW,"(2,)>: V-2=0in Q,},

where 1 < r < 4o and Wol'r(Q,,) ={z€L’(R,) |Vz€ L'(2,)*}. Q, is a bounded
open set with a smooth boundary and f is a smooth function.

In two and three dimensions the classical theory from Lions, Cattabriga and
Temam (see [43], [25] and [79]), and newly developed techniques from [24] give
the existence of at least one weak solution (v, p) € V,(£2,) x L(’)/ (£2p) for (2),(4)—(6)
(i.e. the power law) under assumption, r > 2d/(d +2) (i.e. r > 1 in the two dimen-
sional case and r > 6/5 in three dimension), with ¥ = r/(r —1). For system (3)—(6)
(i.e. for the case of Carreau-Yasuda law) we have existence of at least one weak
solution (v, p) € Va(2,) x L3(Q,) for 1 < r <2and (v, p) € V,(L,) x L} (2,) for
r>2.

In order to make modeling more precise, we define the dimensionless geomet-
rical structure of the porous medium. We will divide £2,, which is a subset of
Q = (0,L)*, by the characteristic length Lo and obtain .
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2.2 The geometry of a periodic porous medium and a priori
estimates

Now we consider a periodic porous medium = (0,L/Lo)? in R?® with a periodic
arrangement of the pores. The formal description goes along the following lines:
First we define the geometrical structure inside the unit cell ¥ = (0,1)3. Let ¥; (the
solid part) be a closed subset of ¥ and Yz = Y\Y; (the fluid part). The liquid/solid
interface is S = dY; \ dY. See Fig. 1 for a typical unit cell.

Solid part Fluid part

Fig. 1 Periodic cell with connected solid and liquid parts in three dimensions

We make the periodic repetition of Y all over R® and set YX = Y, 4k, k € Z3.
Obviously the set Es = (73 YX is a closed subset of R* and Er = R3\Eg is an
open set in R, The following assumptions on Y and Er have been made:
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(i) Yr is an open connected set of strictly positive measure, with a C»! boundary
and Y; has strictly positive measure in ¥ as well.

(i) EFr and the interior of Eg are open sets with the boundary of class C L1 which
are locally located on one side of their boundary. Moreover Er is connected and
the solid part, Es, is supposed connected in R* as well (in two dimensions this
hypothesis is not realistic).

Now we see that Q = (0,L/Lo)? is covered with a regular mesh of size &, each
cell being a cube Y = (Y +i), with 1 <i < N(g) = |Q[e3[1 +0(1)]. We define
Yy =Yy +i) and Y = €(Yr +i). For sufficiently small € > 0 we consider T; =
{keZ’|YE c Q} and define

=Y, I*=099f, Q:=2\f
keTy

Obviously, Q, = dQ UI®. The domains QF and €, represent, respectively, the
solid and fluid parts of a porous medium €.

For simplicity, we will suppose that L/(Lo€) is an integer.

Remark 1. A two-dimensional porous medium could be seen as a section of a bundle
of parallel fibers. Possible geometries are shown on figures 2.
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Fig. 2 Examples of two-dimensional porous media

The no-slip condition on the pore boundaries is at the origin of velocity os-
cillations. They are precisely described by the following, pore-size dependent,
Poincaré’s inequality in a porous medium
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Lemma 1. (see [71]) For each w € Wol’q(98)3, the inequality

[WllLa(e)s < CENDW)|a(appe: 1< g <o, (N
holds true.

The equivalence between the norms [[D(W)||,q(q,)9 and [[VW[[i4(q,)0 is due to
Korn’s inequality in porous media

Proposition 1. (see [64] and references therein) For each w € WO1 Qe 1<g<
+o0, we have the inequality

VW[ La(@)0 < CIID(W) | a0 0- ®)
Next we test equation (4) with the solution and obtain
[Vl + el D)y < Ce/ Y ©
in the case of the power law and
V]| +€[|D)[[ir < CeP, B =min{r/(r—1),2} (10)

in the case of the Carreau-Yosuda law.

Hence the characteristic velocity U is of order O(SB) and the Reynolds num-
ber Re=pLoU /1 is small. Therefore, it is enough to consider the quasi-Newtonian
Stokes equations.

Consequently, in the case of power law (2) we consider the dimensionless system

—V-A{IDV)|"2D(VE)Y +VpE =f  inQ, an
V-v¢=0 in Qg, (12)
ve=0 on 902. (13)

Problem (11)—(13) is equivalent to the minimization problem

1 g g
min J(¢)= min 7/ D rdx—/ f-pdxt. 14
ponin J(g)= min {_ | ID(@) o fredx) (14)
For 1 < r < 400, J is strictly convex, proper, continuous and coercive, which give
the existence and the uniqueness of the minimizer

vEé € V,(£2¢) (see [33]). The pressure field is recovered using the De Rham or
Tartar’s constructions (see [79]).
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2.3 The filtration laws via two-scale asymptotic expansions: the
power-law

The conclusion of the previous subsection is that we can take dimensionless problem
(11)—(13) as the starting point for the asymptotic analysis.

v¥ satisfies a priori estimate (9). Obtaining the a priori estimate for the pressure
field p® is more involved and we address the question in the next section. Moti-
vated by the classical Darcy law, we expect that there would be a term f — V,p in
the filtration law. Hence we expect to have the pressure p? uniformly bounded in
L ().

After having obtained the a priori estimates, we can proceed with formal two-
scale asymptotic expansions. We will use the two-scale asymptotic expansion (1)
to perform the formal homogenization of the system (11)—(13). Introducing the fast
variable y = x/¢&, we assume that the solution of (11)-(13) can be developed in the
following way

{Ve(x) =D (e y) +ev! (x,y) + ... ),
pE(x) =p°(x,y) +ep' (x,y)+ ...

The above two-scale expansion can be considered as a special case of the general ex-
pansions of this type from the monographs by Sanchez-Palencia [71] and Hornung
[38]. In particular, a derivation of Darcy’s law, for a Newtonian fluid, by formal
two-scale expansions goes back to the seminal article by Ene and Sanchez-Palencia
[34]. The differential operators transform as follows

1 1
Vo=V, 4Vei D= _Dy+Dy
€ €

V=lu, v D) = e D) 4 o).

Insertion of the two-scale asymptotic expansion into the incompressibility con-
dition (12) yields

éVy~VO—|—Vx-VO+Vy~V1:0(8).
Hence at order O(1/€) we have
Vy-VO:O in Yp; vV=0 on S (15)
and at order O(1)
VevV'4+V, v =0 in ¥ vI=0 on S (16)

Integration of equation (16) over Yr yields the macroscopic mass conservation equa-
tion
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Vx~(/YFv0(x,y) dy) =0 in Q. (17)
Insertion of the two-scale expansion into the momentum equation (11) yields
{2V 4V HEDy () + 0(0) Dy () + 0(e))} +
éV),pO—i—VXpO—I—Vypl—I—O(S) =f (18)
Atorder O(1/¢€), equation (18) yields
V,p'=0 = p’=p°(x). (19)
At order O(1) equation (18) yields
Vyp' =V {|Dy(¥0) 72Dy (v0) } = £(x) = V. pO(x) in Yp. (20)

Now we are able to write the resulting homogenized two-scale system.

V,pl -V, {|Dy(v0)\’_2Dy(VO)} =f(x)-V,p°(x) in YrxQ, (21

V,v'=0 in YrxQ; v'=0 on SxQ, (22)
{(v*,p'} are Y —periodic, (23)
Vx-(/ V() dy) =0 in Q, (24)
Yr
n-/ v'(x,y)dy=0 on 9Q. (25)
Yp

System (21)-(25) is called the two-pressures quasi-Newtonian Stokes problem.
Let

V={weL (QWL(Yr)?) | ysatisfies conditions (22) — (25) }.

per

Then the variational form of system (21)-(25) is
Find v° € V such that

/ / IDy(v0) 2D, (v0) : Dy() dydx = / / f-wdydry, YyeV. (26)
Q JYp Q JYp

After [16] and [33], the strict monotonicity, continuity and coercivity of the operator
yields existence of a unique solution for problem (26).
Similar to the Newtonian case,

_VY'{|D)>(VO)|r72Dy(VO)}—f=O in V'

means that —Vy - {|Dy(v%)|"72Dy(v®) } —f is an element of the subspace
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V={Vip+V,y, 0 e W/=D(Q) and yeL0D(Q,L " (vp)/R)}

OfLr/(r_l)(.Q,W_l"r/(r_l)(YF)S).
The uniqueness of the pressure field is linked to the following surjectivity prop-
erty:

Lemma 2. (see [5]) For any function 8 € L1(Q)3, 1 < q < oo, there exists Gg €
Lq(.Q;Wplg’? (Yr)?) such that

Vy-09g=0 inYr; 09=0 onS;| ocgdy=20(x) 27
Yrp

and [|oo|| ) <6l (@)

1,
LA(Q3Wpet (Yr )3

In the uniqueness proof, we get for the pressures differences p = p? — p9 and 7 =
P{ - Pé, Vip+V,m = 0. Consequently,

—pr-/y E(r,y)dy =0 V& e Wpde(Yr)?,
JIF
Vi-E=0inYrxQ,E=00nSxQ.
Now using the above result we get V,p = 0 which implies p = 0 in L(r)/ (r_l)(.Q):
{zeL/U=D(Q) | [ozdx=0}.Finally, Vyr =0 and 7 = 0.

Remark 2. After the discussion in [73] and [74], the filtration laws of the form
Ufi/t = M(’}',Eflvaa (p)Vp

are usually used in applications. Uy;, is the filtration velocity and M is the effective
mobility, defined as the ratio of the permeability to the effective viscosity and de-
pending on the effective shear rate ¥, rf» permeability K and porosity ¢. After our

two-scale expansions, it makes sense to link the effective shear rate .77 to Vp°.

The obtained two-scale filtration law (21)-(23) is not of Darcy law type and gen-
erally does not lead to the usual filtration law used in standard engineering treatment
(e.g. as in [27], [80] and [67]):

K ap] 1/(r—1)

v=(——[— (28)
Hefs  0x

The above filtration law is obtained by modelling a porous medium as a collection
of long capillary tubes through which the fully developed laminar flow occurs.

If we suppose the flow only in the x| direction then the variables x and y in two
pressures quasi-Newtonian Stokes system (21)-(25) can be separated. Then solving
(21)-(25) leads to a non-linear one dimensional power-like law, identical to the one
used in the engineering literature. In our notation it reads

[ vway=1r- L1202 [ uta

Yr d)C1 d)C1
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where u is the solution of two pressures quasi-Newtonian Stokes system (21)-
(25) for the right hand side of (21) being e! = (1,0,0).

However, it should be noticed that this argument holds only in the one dimen-
sional case. Our laws, except for a tubular porous medium, are nonlocal and they
cannot be reduced to a multi-dimensional variant of (28), connecting the Darcy ve-
locity v and some power of V p. Most laboratory experiments are performed for one-
dimensional flows, which makes difficult observing any dimensional effect. From
the engineering point of view, it is important to have not only a good laboratory
prediction, but also the filtration laws for the oil fields.

In the case of tube flows, a detailed study of the filtration laws is in [20] and [54].

Remark 3. For more details on the formal two-scale expansions presented above we
refer to [72] and [65].

Remark 4. The impossibility to separate slow scale x and the fast scale y in the ho-
mogenized momentum equation (21)-(23) has consequences to the numerical simu-
lations. A numerical method of a good performance was introduced in [36]. A study
of the analytic properties of the homogenized law was undertaken in [22].

2.4 The filtration laws via two-scale asymptotic expansions:
Carreau law

The analogous procedure applies to the case of the Carreau-Yasuda law.

We start with the a priori estimate pour Carreau law. As before, we use Poincaré’s
inequality in a porous medium (7). In the Carreau-Yosuda law 1., =~ 0 and we ne-
glect it. Furthermore, we suppose A = Ao /€ and 1 < r < 2. Then, after testing equa-
tion (4) with the solution we obtain

|Iv][zr +€[|D(v)||r < CE?, (29)

in the case of Carreau’s law.

Hence the characteristic velocity U is of order O(¢?) and the Reynolds num-
ber Re=pLoU /1 is small. Therefore, it is enough to consider the quasi-Newtonian
Stokes equations.

Consequently, in the case of Carreau law (3), with 1., = 0, we consider the di-
mensionless system

22 ,
V. {(1+8—3|D(v8)\2)f/2*11)(v8)}+vp€ =f  inQe, (30)
V-ve=0 in Qe, (31)
ve=0 on 9. (32)

Problem (30)—(32) is equivalent to the minimization problem
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g2 A2
in J(@)= min {— 1—0082’/2d—/f-d.33
o8O o (7 o 1+ PO [ o).

For 1 < r < 400, J is strictly convex, proper, continuous and coercive, which yields
the existence and the uniqueness of the minimizer v¢ € V,(¢) . The pressure field
is (again) recovered using the De Rham or Tartar’s constructions.

v¢ satisfies a priori estimate (29) and we make a hypothesis that p*

is uniformly bounded in L” ().

We will use the two-scale asymptotic expansion (1) to perform the formal ho-
mogenization of the system (30)—(32). Introducing the fast variable y = x/¢g, we
assume that the solution of (30)—(32) can be developed in the following way

{ ve(x) =e2{V(x,y) +ev' (x,y) +... },
pE(x) = p°(x,y) +ep' (x,y) + ...

As before, the differential operators transform as follows

1 1 1
Vi==-V,-+Vys D=-Dy+D,; V==V, +Vy
€ &€ g -

(1+ D)1 = |1+ 231D, + 0(e) .

In the case of Carreau’s law, the formal asymptotic expansion for the mass con-
servation equation is identical to the case of the power law:
Insertion of the 2-scale expansion into the incompressibility condition (31) yields

évy.v°+vx-v°+vy-v1:0(8).
Hence at order O(1/€) we have
Vy-v'=0 in Yp; v'=0 on S (34)
and at order O(1)
VoV 4+Vyvi =0 in ¥p; vi=0 on S. (35)

Integration of equation (35) over Yr yields the macroscopic mass conservation equa-
tion
Vx~(/ Vi) dy) =0 in Q. (36)
Yr

Insertion of the two-scale expansion into the momentum equation (30) is slightly
different and yields
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LV 4} (el RIDL () +0(e) P17 (D, () + 0(e)
+évyp0 + V. " +Vypl 4 0(e) = . (37)
At order O(1/¢), equation (37) yields
V,p’=0 = p’=p). (38)
At order O(1) equation (37) yields
V! =V, {1+ AZIDy (V) 2) 2Dy (v0) } = £(x) = Vi pP(x) in Yp. (39)

Now we are able to write the resulting homogenized two-scale system.

Vyp' =¥y {(14+251D,(v) ) 27Dy (v) } = £(x) = Vip° ()

in YrxQ, (40)
Vy-v'=0 in YpxQ; v'=0 on SxQ, 41)
{v*.p'} are Y —periodic (42)
VX-(/ V) dy) =0 in @, (43)

Yp
n-/ v'(x,y)dy=0 on 0Q. (44)

Yr

System (40)-(44) is called the two-pressures Carreau-Stokes problem.
Let

V={ye L’(Q;Wpl(;f(YF)3) | wsatisfies conditions (41) — (44) }.

Then the variational form of system (40)-(44) is
Find v¥ € V such that

| ] 231D, 0) )72, () : D, (w) dydx =

:
/ f-ydydx, Yyev. (45)
Q JYrp

After [16] and [33], the strict monotonicity, continuity and coercivity of the operator
yields existence of a unique solution for problem (26).
Similar to the Newtonian case,

—V, {1+ Dy (V)Y IDy(v0)} —£=0 in V/

means that —Vy - {|Dy(v*)|"2Dy(v®) } — f is an element of the subspace
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V=1{Vip+Vyy, 9 e W/ and ye /0@, Ly (vr) /R))

OfLr/(r_l)(.Q,W_l"r/(r_l)(YF)S).
The uniqueness of the pressure field is proved similarly like to the power law
case.

Remark 5. Finding the filtration laws of the form
Ufilt = M(,yéfvav (p)vp

is even more complicated in this case. The consideration from [22] apply to the
Carreau law case as well.

2.5 The filtration laws via two-scale asymptotic expansions:
Bingham fluid case

In this subsection we discuss briefly the filtration laws for a Bingham fluid (a visco-
plastic fluid) in a porous medium.

As in subsection 2.3 let v be the velocity, p the pressure and D(v) = (Vv +
Vv')/2 the rate-of-strain tensor. In the case of the Bingham fluid, the stress tensor
O is given by

o = —pl + (2n0+ %)D(v» (46)

where 1 is the viscosity and Y= y/|D(v)|2/2 is the shear
rate. The deviatoric stress tensor 7, i.e. the part of the total stress tensor that is
zero at equilibrium, is then a nonlinear function of the shear rate D(v),

T=(2m0+ %)D(v).

Constitutive law (46) is valid only if Y% 0.
In [32], Duvaut and Lions have shown that this constitutive law is equivalent with
the following one:

{ [tP/2 < g = D(¥) w

0,
[7?/2> g = D(v) = (1—g/ 7)7/(21M0).
This is a threshold law: as long as the shear stress is below g, the fluid behaves as a
rigid solid. When the value of the shear stress exceeds g, the fluid flows and obeys a

nonlinear constitutive law. Moreover, the fluid is incompressible.
We will deal with the variational formulation of the problem. Let

V(Q,) ={vly e Hy(2,)*,V-y =0 inQ,}.
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Then the variational problem reads as follows:
Find v € V(£2) such that

2m0 [ D) D(y—v) dr+2¢ [ (7 (y)=7(¥)) dx >

Léf(w—ﬂdnwVeWQﬂ. (48)

Problem (48) was studied in [32] and existence and uniqueness were proved. Fur-
thermore, the corresponding differential interpretation result was established:

Proposition 2. Let v be the solution for (48). Then there exist a matrix # (x) and a
function p € L}(R,) such that

Mij € L™(Qp)s Mij = M, Vi, s Tr( M) = 0;
|| <1a.e.onQp; A :D(v)=|D(V)| a.e. on Q,;
—N0AV—gV2V - M =f—Vp.

Following [44] we will study the following dimensionless Bingham flow model in
a porous medium
Find v¢ € V(£¢) such that

2moe” [ DO): Dy —v¥) du2ge [ (7(w)= 7 (v)) dr >
Q¢ Q¢

A f-(y—v) dx,Vy e V(). 49)
and study the behavior of the problem in the limit € — 0. The corresponding two-
scale asymptotic expansion was developed in [44] and a detailed study of the ho-
mogenized problem undertaken. The computations are involved and the interested
reader can consult article [44].

We will see that for variational inequality (49) direct use of the two-scale con-
vergence is rigorous and shorter than using formal asymptotic expansions.

3 An introduction to the 2-scale convergence with special
attention to the two-scale lower semi-continuity

We start with recalling basic facts from functional analysis. Let ¥ = (0,1)¢, d =
1,2,3, be the unit cube in R? and Q a bounded open set in RY.
Definition 1. A sequence {u®} in L7(Q), 1 < g < 4o is said to converge weakly to

u € LI(Q) if

li[I(l) uf (x)v(x) dx z/ u(x)v(x) dx, Ywel?(Q); ¢ =q/(g—1).
E— Q Q
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The notation is u® — u. If g = +oo, then ¢g* = 1 and we have the weak™ convergence

in L=(Q).

After [23], the weak topology on a Banach space E is the coarsest topology in
which the linear forms are continuous.

Lemma 3. (a property of the mean value — see e.g. [39]) Let f be a Y —periodic
function. Then

1
f(z)—\m/yf(y)dy weakly in L1(Q) forl <gq < oo

and weak™ in L™ (Q), as € — 0. (50)

Example 1. sin¥ — 0 weakly in L] (R?) for 1 < g < +eo and weak* in L*(Q), as
e—0.

Our difficulty is that in the homogenization problems we will have to calculate
limits of the type
lim [ A(C)Vufy dx,
e-0Jg €
with weakly converging Vu® and A(% ). Their product will not converge in general
to the product of the weak limits.

Example 2. sing — 0 weakly, as € — 0, but sin? % — 1/2 weakly and not to 0.

Therefore the weak convergence is not well adapted to our needs and the strong
convergence is out of reach for problems with oscillations.

There are several methods to pass to the limit in such products, like Tartar’s
energy method and the compensated compactness (see e.g. [39]).

Here we will present the two-scale convergence method, which involves a con-
vergence which is weaker than the strong convergence but stronger than the weak
convergence. We will see that it captures successfully the oscillations. It was intro-
duced by Nguetseng in [62] and developed by Allaire in [5].

Definition 2. The bounded sequence {w®} C L7(Q), 1 < g < oo, is said to two-scale
converge to a limit w € L9(Q x Y) if and only if for any £ € L"/<q’1)(Q;Cf,°er(Y))

(’per” denotes Y -periodicity) one has

lim wa(x)é(xé)dxa/Q [ weenEy) ayas.

We note that for £ the values on the diagonal y = x/¢& have to make sense and for
& € L*(Q x Y) it is not the case.

(Admissible functions) A function f belongs to LY(Q,Cper(Y)), 1 < g < +oo if
and only if there exists a subset E of measure zero in Q such that

a  For any x € Q\E, the function y — f(x,y) is continuous and Y — periodic.
b Forany y €Y, the function x — f(x,y) is measurable.
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¢ The function x — sup,.cy | f(x,y)| has finite L¢(Q) norm.

Furthermore, the function x — f(x, 3) is measurable and

X
17 G Do) < A1l2(0:cper v (D

tim [\ 5P dv= [ [ 170 dady. (52)
e=0J0 £ 0JYy

The spaces LI(Q,Cper(Y)), ZOL(Y C(0)) and C(Q,Cper(Y)), 1 < g < +oo, are all
separable Banach spaces, dense in L7(Q X Y). We refer to [48] for more details
about the notion of the two-scale convergence in L?-setting and the admissibility
conditions for the test functions.

Example 3. sing — 0 weakly but sinz — siny in two-scales, thus retaining the in-
formation on the shape of oscillations present in the sequence. Note that the two-
scale convergence will not see the oscillations which are not in resonance with those
of test functions: u(x,x/€2) — [, u(x,y) dy in two-scales, as & — 0.

The basic Compactness Theorem for the two-scale convergence: With the
weak convergence/topology, we have less open sets than when using the strong
topology but more compact sets. The situation is similar with the two-scale con-
vergence. Boundedness of a sequence will be sufficient for relative two-scale com-
pactness. The proof is based on

The sequential Banach-Alaoglu theorem (see [23]): Let X be a separable Banach
space. Then every bounded sequence in X* has a weak* convergent subsequence.

Theorem 1. Let {u®} be a bounded sequence in L1(Q), 1 < g < +oo. Then there

exists a subsequence, denoted by the same subscripts, and u® € L9(Q x Y) such that

{uf} two-scales converges to u°.

Proof. Step 1. Let y € L9/4~1)(Q,Cpr(Y)) . We define a sequence of functionals
{ue} on L9/(a~1) (chper( )) by

<ue,w>=/u€(x)w(x,f)dx-
0 €
It is easy to see that
[<sew > <] [ w @yl ) dl <y Dl g
<Clly(x, y)”m/(q )(Q,Cper(Y))*

Hence the sequence { i, } is bounded in (L9/(4~1)(Q,C,,(Y)))*.

Step 2. L1/\91)(Q,Cp,(Y)) is separable and by the sequential Banach-Alaoglu
theorem, there is a subsequence of {pte} and a p € (L9~ (Q, Cper(Y)))* such that
e — W in the weak® topology in (L9/(9=1)(Q,Cpe,(Y)))*. Thus
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< e,y >—< Ly >, Yy € L4 (0,Cpen(Y)).

Step 3. Obviously
1-1
<> <c(f 1w e an)' < el vgan- 63

Since LY/@1(Q,Cpe,(Y)) is dense in L9/4~D(Q x ¥), we can extend p to a
bounded linear functional on L%/(¢~1)(Q x Y). The extension is denoted fi.

[ satisfies estimate (53) and by the Riesz representation theorem fi can be iden-
tified with an element u® € L9(Q x ). Then we have

lim [ u®(x)w(x, f)dx—11m</.1£7q/> < U, ¥ >

e=0.JQ
—// (x,y)o(x,y) dy dx ,

for every y € L9/~ (Q,C,,,(Y)). This completes the proof.[]

It is well-known that for PDEs the weak compactness in Sobolev spaces is of im-
portance. It is the same with the two-scale compactness. We follow the approach of
Allaire from [5]. Applying the basic compactness theorem for the two-scale conver-
gence first to the functions and then to their derivatives, and then simply comparing
the limits yields

Proposition 3. (see [5])

(a) Let w& and eVw® be bounded sequences in L1(Q), 1 < g < +oo. Then there
exists a function w € L1(Q; W[;eq,( )) and a subsequence such that both w® and
eVwE two-scale converge to w and Vyw, resp.

(b) Let w& and Vw® be bounded sequences in L1(Q), 1 < q < +oo. Then there
exists functions w € W4 (Q) and w) € Lq(Q;W];’eqr(Y )) and a subsequence such
that both w® and Vw?® two-scale converge to w and V.w+ Vywy, resp.

(c) Let 6 € L}er(Y), define 6¢(x) = 6(2), and let the sequence {w®} C L1(Q)
two-scale converges to a limitw € LY(Q X Y). Then {o¢w*®} two-scale converges
to a limit ow.

(d) Let V¢ be a divergence-free bounded sequence in L1(Q)?, 1 < q < oo, which
two-scale convergences to v° € L1(Q x Y)?. then, the two-scale limit satisfies
divyV0(x,y) =0 a.e. in Q x Y and [, div,v°(x,y) dy = 0.

Remark 6. Strong Convergence = Two-scale Convergence = Weak convergence
Weak Convergence # Two-scale Convergence - Strong convergence

After recalling these basic properties we give a sequential lower semicontinuity re-
sult for two-scale convergence in L7, 1 < g < +oo.
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Proposition 4. (see [5]) Let @ : R" — R be a continuous function satisfying 0 <
P () forall A € R", 6 € CF(Q;Cper(Y))", and 6°(x) = o(x, 3). Then

. o
lim | @(o )dx—/Q/YtD(cr) dy dx. (54)

Furthermore, let ® in addition be strictly convex and C" in R”z, satisfying
A < D(A) < C(1+]|Al9), VA ERY 1< g< +oo.

Then, if v€ is a bounded sequence from L1(Q)" which two-scale converges towards
v, we have

liminf [ ®(v®) dxz//qb(v) dy dx. (55)
=0 Jo 0Jy

Remark 7. In fact the two scale semi-continuity result is not directly stated in [5],
but it is contained in the proof of Theorem 3.3, pages 1500-1503. For g = 2 the
result is stated in [7] as theorem 3.7 on page 243. For the confort of the reader we
recall the argument from [5]:

Since @ is convex and C!, we have

x x x
P(v) = P(y(x, )+ Vo (wlx )V = wlx ),
for every y € C3(Q:Csr,, (Y))“, implying

liminf [ &(v¢) dx > liminf / D(y(x,>) dt
e=0 Jo =0 Jo t4

X

liminf /Q VLB (y(x, ) (v — Wl 3)) dx = /Q [ @wy)) dydrt

|, @) v(e) ~ w(ey) ddy (56)
Next, we take for y a sequence of smooth functions y; € Ci’ (Q;C;"e,(Y))d which
converges to v strongly in L(Q x Y)?. Due to the growth conditions on & and
smoothness, inequality (56) holds also in the limit y; — v in the two-scale sense
and
we obtain the inequality (55). Note that the coercivity is not required for the
lower semi-continuity.

In several applications (Bingham flows, friction, ...) the functional
v | lwlds

arises. We have

Proposition 5. Let {v®} be a bounded sequence from (L1(Q))", 1 < g < oo,
which two-scale converges towards v, we have
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liminf \v (x )|dx2/Q/I/|v(x7y)|dy dx. (57)

£—0

0
Proof. The functions f5 = +/|x|2+ 62 — & are C! with partial derivatives fs _

8xj
xj/\/m,j: 1,...,n. We have
[ I¥ 1= g5 dx < 8
Q0

and

VIV 482 =82 | Iyl 2) +82 - 5+Z (05 = (x.2))

Iw\2 )+ 6?2
for every smooth y(x,y). Hence we have

timinf [ (1/ve[2+ 82 - dx>// lW2(x,y) + 62 — §) dxdy+
0

e—0

Z/Q J e vt sy

Now we take a sequence of smooth functions y, periodic in y, which strongly con-
verges to v. It yields

timinf [ (y/ve? + 82— dx>// VIVE(y) + 82— 8) dxdy =
o

£—0

liminf [ |v
=0 Jo

//(1/|v|2(x,y)+62—5)dxdy—C52//|V|dx—C5, V8 >0
QJY oJy

8(x)|dx21iminf/( VE[2 4 62— 8) dx— C§ >
=0 Jo

and the proposition is proved.[]

Remark 8. Tt is important to note that two-scale convergence is a tool adapted to the
particular problem one wants to solve. Consequently, other two-scale convergences
can be introduced. An example are the problems with chemical reactions/biological
processes on surfaces I"¢. Then the appropriate tool is the two-scale convergence on
the surfaces developed in [61], [6] and [49]. Another example is the two-scale con-
vergence with drift, designed to handle homogenization of reaction-diffusion equa-
tions with large Péclet and Damkohler’s numbers. For details we refer to [53], [8]
and [9].
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4 The a priori estimates for the pressure and the two-scale limits
in the case of the power law viscosity

In order to use the two-scale convergence, we first need a priori estimates. We sup-
pose d = 3 and all result also hold

ford =2.

We recall the estimate (9), valid in the case of the power-law viscosity:

1Vl + &l D(v®) | < e/,

In order to investigate the behavior of solutions to (11)-(13), as € — 0, we need
to extend v¢ and p® to the whole of Q. We extend v® by zero in Q\Q,. It is well
known that extension by zero preserves L7 and WOl “ norms for 1 < g < oo,

Extending the pressure is a much more difficult task. The extension is closely
related to the construction of the restriction operator R, € & (W'4(Y ), WS1 4Yp)m),
d =2,3, where W/ (Yr) = {z € W"4(Yr) : z=0on §}.

A priori estimates for the pressure are derived using the a priori estimates for the
velocity and the equation:

Vpt =+ V- {|D(v*)]" *D(v*)} =

<V = [ (D)D) DY) ) de Yy € W) (@) (58)

Hence the pressure p? satisfies the inequality

vaus—l‘r/(_Qe)S <Ce. (59)
The functional space wLr (2¢)* changes with & and estimate (59) is difficult to
use. Our strategy is to extend the pressure to the solid part of the porous medium.

Following the idea of Lipton, Avellaneda [45] and using the constructions by
Tartar and Allaire (see [4], [7] and the Appendix of [71]) we define the extension of
pressure p* by

2 in 'Q£7
P = 1 (60)
—_— p®, inthe Y¢ foreach i,
le(Yr +i)| Jvg :
where Y;?i is the fluid part of the cell Y?. Note that solid part of the porous medium

is an union of all Y{. We have
1

Proposition 6. (see [7] ) The pressure extension p¢ € L{;(.Q) of the function pf,
defined by (60) satisfies the estimate

17N 1 @) H IV -1 @p <€, n=2,3. (61)
() ()
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Furthermore for arbitrary sequence {w¢} C L(2)* which converges weakly to
0, we have

/ﬁswE -0 ase—0. (62)
Ja

Proposition 7. Ler {v®,pt} be corresponding solutions of the power-law system
(11)—(13). Then there exist subsequences of {v¢} and {p*} (again denoted by the

same symbols) and functions vy € L'(Q x Y )3, p* € Lg/(r_l) (2)and Vyvi e L (L x
Y)? such that
g /=Nye Vo in the two-scale sense in L, (63)

g V/=Dyye Vv € L'(Q xY)? in the two-scale sense in L', (64)

e /=)y o :/ vi dy weakly in L'(Q)3, (65)
Yr
€ * . r/(r—1)
pe—p"in L (Q), (66)

as € — 0.

Proof. Proof of Proposition 7 follows directly from (9) and (61), through the com-
pactness results stated in Proposition 3. The pressure convergence (66) follows the
formal two-scale expansion:

Let v € Cy (2;Cx: (YF))3 such that y(x,y) =0 on S for (a.e.) x € 2 and set

per

vé(x) = w(x, 7). We test equation (21) with ey®. It yields

=0

0= lim/ PV -y dx :/ /p*Vy “y(x,y)dxdy =< Vyp*, W >a.y .
Q QJy
Hence p* is independent of y. The information is enough for passing to the limit
in the terms containing the pressure, but after [71], (62) implies also the strong

convergence of p¢. (.

Using the incompressibility and the weak convergence (65), we find out that the
average v* satisfies the equations

Ve-vi=01in 2, v'-n=0 on JQ. 67)
Lemma 4. v}, GU(.Q;WSI”(YF)3) and Vy-vi=0in Yp.

Proof. Let v be a smooth function. Then
0= _/ e/ =UyE eVy(x, ) dx — — / / V5 -V dydx = 0.
Qe € Jao Jyp

=>Vy'VE§=0inYF.|:|
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Proposition 8.  The functions v and p* defined, respectively, by (63) and (66)
satisfy the two-pressures quasi-Newtonian Stokes problem (21)-(25).

Proof. It remains only to justify the momentum equation (21):
VA{Dy (V)| 2Dy (v§) } + Vym(x,y) =f— Vip*(x) in Yp x Q.

We use equation
/Q D) 2D(v) : D(W) dxt < Vot —£,y >=0, Yy e W (Qe).  (68)

2

Using Minty’s lemma =~ we write it in as a minimization problem with a given pres-

sure:

/l|£D(l//)|’dx—/ l\sD(sﬁ’/(’*')vs)|’dx2
Qr Qr
—(f=VpE y—e UV o Yy e Wy (Q)°. (69)

per (Y ))3 such that y(x,y) =0 on S for (a.e.) x €
Q,V,-y=0inYr and set y&(x) = y(x, ).

7€
We insert ¥ = y# as a test function in (69). It yields

Next we choose y € CJ (2;C3

_<VP~E,W8>Q:/ p”gvx.llls—>/ /p*Vx.lI/(-x7y)d-Xdy7 as € — 0.
Q QJy

The above limit and Proposition 4 imply

/ /yf|D )| dxdy — / / \(vo)|"dxdy >
t=Vp' ). [ (w=v5)dy)a. (70)
Using again Minty’s lemma and de Rham’s formula yield
=Vy {IDy (Vo) Dy (vg)} + Vym(x,y) = £~ Vp*(x) in Yr

Vy-vg=0in Yr, vg=0on S

and (21) is justified.0]

2 Minty’s lemma (see [33])) Let F be a convex lower semi-continuous and proper functional on
a reflexive Banach space B. Then for u € B the following three conditions are equivalent to each
other:

a)  u solves the problem inlfg F(v).
ve

b) <F'(u),yv—u>>0, VveEB.
¢) <F(@),v-—u>>0, VveB.
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Therefore we justified rigorously the two-pressures quasi-Newtonian Stokes prob-
lem. The uniqueness theorem from subsection 2.1 implies that the whole sequence
converges towards {v§, p*} = {v°, p°}.

4.1 A priori estimates and the two-scale convergence for the case
of the law of Carreau

We recall the Carreau-Stokes system, corresponding to Carreau law (3):

/12
=VA{1+ ?2|D(V8)\2)r/2_lD(VS)} +Vp© =1 in Q, (71)
V-v¢=0 in Qg, (72)
ve=0 on 0. (73)

We also recall the a priori estimate (10) for the velocity:
[IV¥|ler +€lID(v) |2 < Ce?.

In order to investigate the behavior of solutions to (71)—(73), as € — 0, we need to
extend v¢ and p® to the whole of Q2. We extend v¢ by zero in 2\ Q. It is well known
that extension by zero preserves L? and WOl “ norms for 1 < g < oo,

Extending the pressure is a much more difficult task. A priori estimates for the
pressure are derived using the a priori estimates for the velocity and the momentum
equation (30):

A2
Vpt =1+ V- {(1+ 3 D)) 2 D)} =

<V y = [ (0 iRy D) Dy ) a
e
Yy e W (Qe). (74)
Hence the pressure p€ satisfies the inequality
HVP£||W4~/(_Q£)3 <Ce, r=r/(r-1). (75)

Extension of the pressure to the solid part of the porous medium is done again using
formula (60) and estimate (61) is valid again.

Furthermore for arbitrary sequence {w®} C Lj;(2)* which converges weakly to
0, we have

/ pEwf — 0 ase—0. (76)
Q
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Proposition 9. Let {v®, pt} be the corresponding solutions of the Carreau-Stokes
system (71)—(73). Then there exist subsequences of {v¢} and {p*} (again denoted
by the same symbols) and functions v € L"(Q x Y)3 p* e L(’)I(Q) and Vv €
L'(Q xY)? such that

e2v¢ =5  inthe two-scale sense in L, (77)
e lyvE Vyvg e L"(2 xY)? in the two-scale sense in L', (78)
e vC = [ vEdy weakly in'(2)°, 79

Yp

P — pC in LY (Q), (80)
as € — 0.

Derivation of the macro and micro level mass conservation laws in the case of
Carreau law is exactly the same as in the case of the power law. Only the momentum
equations differs slightly.

Proposition 10. The functions VOC and p€ defined, respectively, by (77) and (80)
satisfy the two-pressures Carreau-Stokes problem (40)-(44).

Proof. It remains only to justify the momentum equation (40):

Vyp! =V, {14 R3ID, (V) P)/> Dy (v6) } = () — VpC(x)
in YFX.Q.

We use the variational equation

},2
/ (1+ 28 DO 2 D(V) : D) dxt < VpE £,y >=0,
Qe
Yy e W, ()3, (81
and write it in as a minimization problem for a given pressure:
1 1
| o 4+231eDw) Py dx— [ = (14231 D) Py 2 dr >
Q rA; QrA;

—(f =V, w—e)a, VyeWy (Q). (82)
per(YF))3, such that y(x,y) =0 on S for (a.e.)

x€Q,V, - y=0inYp, and define y*(x) = y(x, %).
We insert y = y€ in (82). Then

Now we choose y € Cf (.Q;Coo

—(VP%,¥%)a =/_Qﬁ8Vx~l/I£—>/-Q/YPCVX-t//(x,y)dxdy as € = 0.

The above limit and Proposition 4 imply
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! I
L pswrraxay= [ 2D, dxdy >
<f—VpC(x)7/Y(w—v8)dy>Q. 83)

After recalling Minty’s lemma, using de Rham’s formula yields
—Vy AL+ 43Iy (v6) )27 Dy (v6)} + Vym(x,y) = £ = VpC(a) in Y

Vy-v$=0in Yr, v$=0on$S
and (40) is justified.l]

Therefore we justified rigorously the two-pressures Carreau-Newtonian Stokes prob-
lem. The uniqueness theorem from subsection 2.1 implies that the whole sequence
converges towards {v§,p¢} = {v°, p°}.

Remark 9. We note that other scalings are discussed in [21] . In other cases, depend-
ing on the scaling of A, the limit could be either the classical Darcy law or the power
law.

4.2 A priori estimates and the two-scale convergence for the case
of the Bingham flow

In the case of the Bingham flow through a porous medium we study variational
problem (49). The proofs follow reference [19].
Find u, € V(£,) such that

2moe” [ Dlue) : Dy —ue) dr+2ge [ (¥(y)= 7 (we)) dx >

€

f-(l[/—llg) dx, VWGV(QS). (84)
Q¢

and study the behavior of the solution u; to problem (84) in the limit € — 0.

We start with estimates for the velocity ug, then we obtain a priori estimates for
the pressure and extend the pressure to the solid part of the porous medium.

Proposition 11. Let (ug, pe) be a solution for (49). Then we have

||u€||L2(QS)3 <C, (85)
&[[Vuell 20,0 <C, (86)
”VPSHH*I(QgP <Ce. 87)

Proof. Proof of the estimates (85) and (86) is obtained by taking the solution u, as
a test function in (49). Next, from (49)) we get the inequality
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< Ve >ac| I(F)al+ Roe? [ Dwe): D(w) dvl +gv2e [ D)) d
(88)

and (87) follows.[]

We extend velocity u, by zero to the Q \ €, and denote the extension by the
same symbol. Obviously estimates (85) and (86) remain valid and the extension is
divergence free too. The extension of the pressure p. is constructed as before and
we summarize its properties in the following lemma:

Proposition 12. The pressure extension p¢ € L3(Q) of the function pe, defined by
(60) satisfies the estimate

1Pell2 (@) + IV Pell 1@ < C. (89)

Furthermore for arbitrary sequence {w*®} C L%(.Q)3, which converges weakly to 0,
we have

/Qﬁgwg —0 ase—0. (90)

Proposition 13. Let {u,, p; } be the corresponding solutions of the Bingham system
(49). Then there exist subsequences of {ug} and {pPe} (again denoted by the same
symbols) and functions u € L*(Q xY)3, p? € 13(Q) and Vyub € L*(Q xY)? such
that

u; — ug in the two-scale sense in L27 1)
eVue — Vyul € L'(2 xY)? in the two-scale sense in L?, (92)
u, —u? :/ ub dy weakly in L*(Q)3, (93)
Yp
Pe— p¥ in L§(Q), 94)

as € — 0.

Derivation of the macro and micro level mass conservation laws in the case of
the Bingham flow is exactly the same as before. Only passing to the limit in the
momentum equation is different.

Proposition 14. Let
V(Yr)={y |y eH., (¥, y=00n S, Vy y=0in Y},
v ={9| ¢6L2(Q;V(YF)),VX-/ $dy=0 inQ
Yr

and no/ ¢ dv=0o0ndQ}.
Yr

The functions ug € W and p® defined, respectively, by (91) and (94) satisfy the
following two-pressures Bingham variational inequality
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2m0 | Dy(u): DOy —uf) dy+2g [ (%, (¥)= 7, (uf) dr >
F F

/Y (f—VipP)-(w—ub) dx, VyeV(¥p). 95)
F

Proof. We choose y € CJ (Q;C;)Zr(YF))3 such that y(x,y) = 0 on S for (a.e.) x €

Q,V,-y=0inYr and define y*(x) = y(x, 7).
Then we write (49) in the form

2moe” [ Dlue) : DY) it [ (gv2elD(Y)| = peVs- yF —£-y) dr >

/Q (2n0€*|D(ue)* + gV2€|D(ug)| — £ ug) dx, (96)

€

Next as € — 0 we get
L vt = [ p"0ve wieydxay, ©7)
Q JQJY
| eepv)ax— [ [ g, (w) ay ©8)
Qe QJye
Next
2moe? [ Dlwe): D(y) dx— [ [ 2mD,(uf) Dy (y) dydx,  (99)
€ F

| @noetiD(ue) P+ gv2e|D(ue) ) dr >

€

| | molDy )P+ ¢v2ID, (uh)) dvdx as & 0. (100)
Yr

Hence we passed to the limit in all terms and the Proposition is proved.[]

Therefore we justified rigorously the two-pressures Bingham-Stokes problem (95),
(41)-(44). The uniqueness theorem from [44] implies that the whole sequence con-
verges towards {ug PP}

4.3 Concluding remarks on filtration laws for non-Newtonian
[fluids

(a) Solving cell problems in the case of the quasi-Newtonian and Bingham flows
poses numerical difficulties. See [36] for an efficient numerical method and [22]
for an analytic study of the filtration laws, corresponding to the power and Car-
reau law viscosities.

(b)  For the (formal) homogenization of a linear Oldroyd fluid in a bundle of cap-
illary tubes at low Reynolds and Deborah numbers see [42] . Very little is known
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concerning filtration laws for non-Newtonian fluids, which are more complicated
than the quasi-Newtonian ones discussed in this chapter.

(c) Homogenization in Orlicz spaces of the quasi-Newtonian flow equations with
more general viscosity laws, was undertaken in [40]. Some viscosity laws, as e.g.
Ellis’ law

Mo

T )]

enter into the implicit constitutive laws considered in [24].
(d)  Aninteresting open question is to get a corrector result of the type £ /(" Dy¢
—v9(x,x/€) — 0in L"(2)3, as € — 0. For the Newtonian case we refer to [7].

n,(7) (101)

5 Homogenization of the linearized ionic transport equations in
rigid periodic porous media

The quasi-static transport of an electrolyte through an electrically charged porous
medium is an important and well-known multiscale problem in geosciences and
porous materials modeling. An N-component electrolyte is a dilute solution of N
species of charged particles, or ions, in a fluid which saturates a charged porous
medium. The porous medium can be either rigid or deformable.

The overall behavior of such a system is controlled by several phenomena. First
there is an effective filtration. It is caused by the hydrodynamic flow in the pore
space, heavily influenced by the charge distributions of the system. Second, there is
a migration of ions because of an electric field. Third, the diffusive transport of the
ions takes place. Finally, we have to take into account electrokinetic phenomena due
to the electric double layer (EDL) which is formed as a result of the interaction of
the electrolyte solution neutralizing the charge of the solid phase at the pore solid-
liquid interface.

The EDL can be split into several parts, depending on the strength of the electro-
static coupling. There is a condensed layer of heavily adsorbed ions depending on
the molecular nature of the interface. It is generally known as the Stern layer and
its characteristic width (the Gouy length) is typically less than one nanometer. Ad-
jacent to the Stern layer the electrostatic diffuse layer or Debye’s layer is formed,
where the ion density varies. The EDL is the union of Stern and diffuse layers. The
thickness of the diffuse layer is predicted by the Debye length A which depends
on the electrolyte concentration. For low to moderate electrolyte concentrations Ap
is in the nanometric range. Outside Debye’s layer, in the remaining bulk fluid, the
solvent can be considered as electrically neutral.

A detailed, mathematically oriented, presentation of the fundamental concepts of
electroosmotic flow in nanochannels can be found in the book [41] by Karniadakis
et al., pages 447-470, from which we borrow the notations and definitions.

In the case of porous media with large pores, the electro-osmotic effects are mod-
eled by introducing an effective slip velocity (the Smoluchowski slip) at the solid-
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liquid interfaces. Such models are not valid for numerous systems, such as clays
because the characteristic pore size is also of the order of the EDL size (a few hun-
dreds of nanometers or even less). Therefore the Debye’s layer fills largely the pores
and its effect cannot anymore be modeled by an effective slip boundary condition at
the liquid-solid interface.

In this section, we consider continuum physics equations as the right model for
the description of porous media at the pore scale where the EDL phenomena and the
pore geometry interact and will search to upscale them. It would allow to derive and
validate the macroscopic models used for engineering simulations (see the works
of Adler and collaborators [2], [3], [15], [29], [37], [50], [70]). The typical length
scale for which the continuum mechanics equations are valid is confirmed to be
both experimentally (see e.g. [26]) and theoretically [51, 31] close to 1 nanometer.
Therefore, at the microscopic level we couple the incompressible Stokes equations
for the fluid with the electrokinetic model made of a global electrostatic equation
and one convection-diffusion equation for each type of ions of an N-component
electrolyte in a dilute Newtonian solvent.

We start with the following mass conservation laws

div (j,-+vni>_0 in Q, i=1,. N, (102)

where €2, is the pore space of the porous medium, i denotes the solute species, v is
the hydrodynamic velocity and n; is the ith species concentration. For each species
i, vn; is its convective flux and j; its migration-diffusion flux.

The solute velocity satisfies the incompressible Stokes equations with a forcing
term consisting of an exterior hydrodynamical force f and of the electric force

N
nAV:f+Vp+esznjV‘I’ in  Qp, (103)

=1
divv=0 in £, and v=0 on d9,\09, (104)

where 11 > 0 is the shear viscosity, f is the external body force, p is the pressure,
e is the elementary charge, z; is the charge number of the species i and ¥ is the
electrostatic potential.

We assume that all valencies z; are different integers. If not, we lump together
different ions with the same valency. We rank them by increasing order and we as-
sume that they are both anions and cations, namely positive and negative valencies,

n<n<..<zy, 21 <0<z, (105)

and we denote by jT and j~ the sets of positive and negative valencies.
The migration-diffusion flux j; is given by the following semi-linear relationship

N
ji:fZL,'.,-(nl,...,nN)(V/.LjJrzjeV'P), i=1,....,N, (106)
=1



32 Andro Mikelié

where L;;(ni,...,ny) is the Onsager coefficient between i and j and p; is the chem-
ical potential of the species j given by

1 =pY +kgTlnnj+kgTny;(my,...,ny), j=1,...,N, (107)
with ¥; being the activity coefficient of the species j, kg is the Boltzmann con-

stant, ,u? is the standard chemical potential expressed at infinite dilution and T is

the absolute temperature. The Onsager tensor [L,- j] consists of the linear Onsager
coefficients describing interactions between the species i and j. It is symmetric and
positive definite. Furthermore, on the fluid/solid interfaces the no-flux condition is
imposed

ji-v=0 on 9Q,\0Q,

i=1,...,N. (108)

The electrostatic potential is calculated from Poisson equation with the electric
charge density as the bulk source term

N
EAY =—¢) zin; in Q) (109)
=1

J

where & is the dielectric constant of the solvent. The surface charge X is assumed
to be given at the pores boundaries and the boundary condition reads

EVY.-v=-X on 09Q,\dQ, (110)
where V is the unit exterior normal to £2,,.

The various parameters appearing in (102)-(110) are defined in Table 1.

QUANTITY CHARACTERISTIC VALUE
e |electron charge 1.6e—19 C (Coulomb)
DY|diffusivity of the ith species DY € (1.333,2.032)e—09m?/s
kg |Boltzmann constant 1.38¢—23J/K
n. |characteristic concentration (6.0210%*,6.0210%°) particles/m’
T |temperature 293°K (Kelvin)
& |dielectric constant 6.93e—10C/(mV)
N |dynamic viscosity le—3kg/(ms)
¢ |pore size 5e—9m
Ap|Debye’s length \/ngT/(ean) € (0.042,0.42) nm
z; |j-th electrolyte valence given integer
XY |surface charge density 0.129C/m? (clays)
f |[given applied force N/m’
0; | j-th hard sphere diameter 2e—10m
W, |characteristic electrokinetic potential|0.02527 V (Volt)
Lg |Bjerrum length 7.3e—10m

Table 1 Data description
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The activity coefficients ¥; and the Onsager coefficients L;; depend on the elec-
trolyte. The large majority of theoretical works are concerned with a simple (so-
called ideal) descriptions of charged porous media. It is based on the Poisson-
Nernst-Planck formalism for which the local activity coefficients of ions are ne-
glected and the transport properties are modeled solely from the mobility at infinite
dilution. In the ideal description we have

=1 and L;=&;mD?/(ksT),

where D? > 0 is the diffusion coefficient of species i at infinite dilution.

In this section we will suppose that we have an infinite dilution, i.e. an ideal
description.

Remark 10. At finite concentration, the non-ideal effects modify the ion transport
and they are to be taken into account if a good quantitative description of the system
is required. Different models can be used and a widely accepted model is the Mean
Spherical Approximation (MSA) in its simplified form from [30]. It is valid if the
diameters of the ions are not too different. The activity coefficients read

Lpl'z:
Iy = ——— +Iny™, j=1,..N, (111)

where 0 is the j-th ion diameter, Lp is the Bjerrum length, 75 is the hard sphere
term defined by (113), and I" is the MSA screening parameter defined by

N 2
ngz
I'’=rnlg ) k

—. 112
=1 (1+F0k)2 ( )

For dilute solutions, i.e., when all n; are small, we have

1 EkpT
Ap e2yN  mzd

where Ap is the Debye length. Thus, 1/2I" generalizes Ap at finite concentration
and it represents the size of the ionic spheres when the ion diameters o; are different
from zero. In (111) yS is the hard sphere term given by

8 —9& +3&2
(1-8)°

where £ is the solute packing fraction.
The Onsager coefficients L;; are given by

Iny"S = p(&)

T 3
& ., with &= < Y o, (113)
k=1

DY
Lij(ni,...,nx) =nl-(k’T ij+@ij) (H%,-), i,j=1,...,N, (114)
B
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where 0;; = Of; + ©/* stands for the hydrodynamic interactions in the MSA for-
malism. It is divided into two terms: the Coulomb part is

0 ——— ATl (115)

g 377 ELBZka 7
(1+Tc)(1+ o)) F+Z M

(1+Toy)?

and the hard sphere part is

ois — _(0it0) 1-V3/5+(%5)?/10
ij

=— I p; = 116
12n Y 1+20; ’ (116)
with
~ T Y, + Y)Y, T d
V5 = ) nT and Yk:gzmcik. (117)

i=1

In (114) Z;; is the electrostatic relaxation term given by

2 ngzziq 1 — ¢~ 2&(0i+0j)
ij = _
35’](37"(6,’4‘0'”( —I—FG,')(] —I—FGJ') zze Kq Ok
K5 +20 K, +2I% —27L e
+ q+ ank(1+rak)
(118)
where K, > 0 is defined by
) et YN nz?D? (119

K =
&kl ¥N DY

Note that when the concentrations 7; are small, all entries L;; are first order pertur-
bations of the ideal values &;n;,D9/(kgT) and thus the Onsager tensor is positive at
first order.

Remark 11. Homogenization of the non-ideal MSA model was undertaken in [13].

At the outer boundary of the porous medium we set
¥ +¥(x),n;,v and p are Q — periodic. (120)

The applied exterior potential ¥ (x) can typically be linear, equal to E - x, where
E is an imposed electrical field. Note that the applied exterior force f in the Stokes
equations (103) can also be interpreted as some imposed pressure drop or gravity
force. Due to the complexity of the geometry and of the equations, it is necessary
for engineering applications to upscale the system (102)-(110), (120) and to replace
the flow equations with a Darcy type law, including electro-osmotic effects.

A representative class of porous media are those having a periodic microstruc-
ture. We suppose the same periodic microstructure as in subsection 2.2. For such
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media, and in the ideal case, formal two-scale asymptotic analysis of system (102)-
(110); (120) has been performed in many previous papers. Many of these works rely
on a preliminary linearization of the problem, introduced by O’Brien et al. [63]. Let
us mention in particular the work of Looker and Carnie in [47], where the formal
two-scale expansions were undertaken and the resulting Onsager relations written
explicitly. We will present the rigorous justification of the homogenization result,
following article [10]. The numerical

experiments are provided in [11]. Other relevant references include [68], [69],
[76],[77] and [78] .

Remark 12. in this review we will consider only rigid porous media. In many im-
portant applications porous media are deformable. Derivations of the homogenized
models for deformable charge porous media were undertaken by Moyne and Murad
in [56], [57], [58], [59], [60]. For a mathematically rigourous analysis we refer to
[14].

The goal of the section is to present the results from [10] and [11], providing the
homogenized system for a semi-linearized version of (102)-(110), (120) in a rigid
periodic porous medium. The semi-linearization means that we study the solutions
being a perturbation of a so-called equilibrium solution which satisfies the full non-
linear system (102)-(110), (120) with vanishing fluxes.

The homogenized system is an elliptic system of (N + 1) equations

—~divetV(p° {ujti<jen) = in Q, (121)

where p? is the pressure, u ; the chemical potential of the j-th species, .# the On-
sager homogenized tensor and .# a source term. Our goal is to derive rigorously
equation (121).

Before studying its homogenization, we need a dimensionless form of the equa-
tions (102)-(110), (120). We follow the same approach as in [10] and [11]. The
known data are listed in Table 1 and concern the characteristic pore size ¢, the
characteristic domain size L, the surface charge density X (having the characteristic
value X,.), the characteristic concentrations 7., the static electrical potential ¥* and
the applied fluid force f. As usual, we introduce a small parameter € which is the
ratio between the pore size and the medium size, € = (/L << 1.

Table 1 permits calculating Debye’s length Ap = \/&kpT /(e2n.). Following
[41], we introduce the characteristic potential { = kgT /e and the parameter 3 re-

7 \2
lated to the Debye-Hiickel parameter k = 1/Ap, is given by 8 = (l) . Next we
D

rescale the space variable by setting x' = x/L (we shall drop the primes for sim-
plicity in the sequel). The pore space becomes £, = ,,/L which is a periodically
perforated domain with period €. Still following [41], we define other characteristic
quantities

_ 82 kB TncL

I.=+vrlgn., pc=nckgT, u, n

9
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where p. is a pressure equilibrating the electrokinetic forces in (103) and u, is the
velocity corresponding to a Poiseuille flow in a tube of diameter ¢, length L and
pressure drop p.. We also introduce adimensionalized forcing terms

ey fL Xz eX t

2*:— N =
T CkgT’

lPexl,* —_
kBT ' Pc ’ Zc ’

and adimensionalized unknowns

ne ncD(} '

The dimensionless equations for hydrodynamical and electrostatic part are thus

N
EAV —Vp' =1+ Y n(x)VP® in Q, (122)

j=1
V=0 on 0Q:\9Q, divv =0 in Q, (123)

N
—e2APE = B Z zjni(x) in Qg, (124)

j=1
EVPE . v = —NyZ* on 0Q,\9Q, (125)
(PE+P*), ni, v® and p® are Q —periodicin x, (126)
div (jf+Pe,- anS) —0 in Qe i=1,...,N, (127)
jv=0o0ndQ:\9Q,i=1,...,N, (128)
j£=-nfVMf and Mf=In (nfezt‘”"’) i=1,...,N, (129)

. . .o ucL
where the Péclet number for the i-th species is Pe; = — = O(1).
D

i
Remark 13. Existence results for a coupled Navier—Stokes—Nernst—Planck— Poisson
system are in [75].

Remark 14. After writing the dimensionless form, we are able to precise in which
sense the non-ideal MSA model from Remark 10 is close to the ideal case. The small
parameter is the characteristic value &, = gnccf of the solute packing fraction,

where o, is the characteristic ion diameter. In [13] it was established that, under the
hypothesis that

L kgT
bi = =2 (Bjerrum’s parameter) and S = BO
O¢ TID ¢ Oc

are O(1), then the ideal case model is the vanishing solute packing fraction &.
limit of our non-ideal MSA model. Note that small & means a low concentration,
weighted by the ion size. Namely, we have
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<£§U+@J(lﬂzo—ajux¢@x and nyf =0(VE). (130)

5.1 Equilibrium solution

The goal of this subsection is to find a so-called equilibrium solution of system
(122)-(129) when the exterior forces are vanishing f = 0 and ¥* = 0. However, the
surface charge density X* is not assumed to vanish or to be small. This equilibrium
solution will be a reference solution around which we shall linearize system (122)-
(129) in the next subsection.

Then we perform the homogenization of the (partially) linearized system. We
denote by n?’s, poe VO*‘E,MiO *#, p%¢ the equilibrium quantities.

In the case f = 0 and ¥** = 0, one can find an equilibrium solution by choosing
a zero fluid velocity and taking all diffusion fluxes equal to zero. More precisely, we
require

vVE=0 and VM)*=0, (131)

which obviously implies that j?’g = 0 and equations (127)-(128) are satisfied. From

VM;)’8 = 0 and relations (129) we deduce that there exists constant n?(oo) > 0 such
that '

)€ () = n(eo) exp{—2, " (1)} (132

The Stokes equation (122) shall give the corresponding value of the pressure satis-
fying

N N
VPO,S ()C) = — Z Zjn(j).’8 (x)VlPO,S ()C) = pO,E (x) _ Z ng)(oo) (x)eizjl[l(),é'(x).
=1

The value n(])» (e0) is the reservoir concentration (also called the infinite dilute concen-
tration) which will be later assumed to satisfy the bulk electroneutrality condition
for zero potential.

Then electrostatic equation (124) reduces to the Poisson-Boltzmann equation
which is a nonlinear partial differential equation for the unknown Y%

N
—2APP* =B Y zind(w)exp{—z;¥*°} in Q,

> (133)
evVple.y = —NGZ*(E) on 90\ 92, ¥** is Q — periodic.

We note that problem (133) is equivalent to the following minimization problem:
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Jnf Je(9), (134)

with Ve = {@ € H'(Q;), ¢ is 2 — periodic} and

JTe( 2/ \V<p|2dx+BZ/ Z’¢dx+£Ng/ = (pdS

The functional J; is strictly convex, which gives the uniqueness of the minimizer.
Nevertheless, for arbitrary non-negative B,n?(oo) and Ny, J. may be not coercive
on Vg if all z;’s have the same sign (take ¢ to be constant, of the same sign as the z;’s
and tending to infinity). Therefore, we must put a condition on the z;’s so that the
minimization problem (134) admits a solution. Following the literature, we impose
the bulk electroneutrality condition

N
Y zinl(e0) =0, (135)
j=1

which guarantees that for £* = 0, the unique solution is ¥%¢ = 0. Under (135) it is
easy to see that Je is coercive on V.

We recall that we suppose a periodic porous medium as introduced in subsec-
tion 2.2. By the uniqueness, ¥%¢(x) = ¥°(x/¢), where ¥°(y) is a solution to the
problem

inf J(9). (136)

with V = {¢ € H'(YF), @ is 1 —periodic} and

1 N .
J(p) = E/Y IVy@()[* dy+ B Z/Y nfexp{—z;Q} dy+No/SE (»)o ds.
JYp j=17YF

Note that J is strictly convex, which gives the uniqueness of the minimizer. Under
condition (135) it is easy to see that J is coercive on V.

Next difficulty is with the continuity of the functional J. In fact it is not defined on
V., but on its proper subspace Vi = {¢ € H' (Yr), exp{max; |z,||¢|} € L' (YF)}. This
situation complicates the solvability of problem (136). The corresponding existence
result was established in [46], using a penalization, with a cut-off of the nonlinear
terms and applying the theory of pseudo-monotone operators. It reads as follows:

Lemma 5 ([46]). Assume that the bulk electroneutrality condition (135) holds true
and £* € L*(S). Then problem (136) has a unique solution ¥° € V such that

N
Zz e e LY(Yr) and ‘POszefzfquGLl(YF).
J=1
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We need that n? =nf exp{—z;¥"} satisfies the lower bound n? (y)>C>0inYr.
It is a consequence of the L*-estimate for ¥° from [12], proved by using elementary
comparison arguments (a similar result is also proved in [35]).

It is based on the comparison with the solution to the following auxiliary Neu-

mann problem
1
fAU:—/Z* dS in Yp,
\Yr| Js

VU-v=-X* on S,
U is 1 —periodic, [y U(y) dy=0.

(137)

Problem (137) admits a unique solution U € Hller(YF) NC(YF). If Z* and S are C*,
then U is C* as well. U achieves its minimum and maximum in Y.
The L*-bound for ¥V reads as follows

Proposition 15. (see [12]) The solution ¥° of problem (136) satisfies the following
bounds

° zjn)(e)

1
U(y) —Up— Zlogmax <1, ﬁzln?(oo) — Z O(oo)> > q/()(y) >

jejt

1 5] zjnY(e0)
Uy —Uy——1 1, ——— — —_— 138
) M o ogmax ( ) BZN”R}(W) jezj” ZNnR,(OO) ) (138)

where the symbols j* and j~ denote the sets of positive and negative valences,
respectively, and

1
6:—/2* dS, Up=minU(y) and Uy =maxU(y).
Yr| Js Very YEYE

By classical regularity theory for elliptic partial differential equations, we easily
deduce that for S € C* and 6 € C,,.(S), ¥° € C=(¥r).

per

Remark 15. In [12] the asymptotic analysis of (136), when  goes to zero, was
undertaken. This case corresponds to very small pores, ¢ << Ap. The asymptotic
regime depends on the sign of the averaged charge [¢X*dS. If it is negative (which
means that the surface is positively charged), then only the anion with the most
negative valence (z1) is important and that the potential behaves as

.PO ~ logﬁ
4|

+ o,

where ¢y is the solution of the reduced system, involving only the species 1,

Ay = —zin)(e0)e 1% in the bulk Y,
V@p-v=—X%(y) on the surfaceS.

As a consequence, the cation concentrations go to zero while the ion concentrations
blow up as n; = O(B~%/4) and ny >> n; for j # 1.
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Remark 16. The opposite situation, when 8 goes to infinity, was also addressed in
[12]. This scaling corresponds to very large pores, £ >> Ap. The Debye’s layer,
describing the behavior of the solution close to the surface, was constructed in a
general geometric setting and a rigorous error estimate was given. If we choose the
characteristic concentration n. = Y1, z2n(0), then Y3 _, z2n) (o) = 1 and locally,
close to the surface, the potential behaves as

*

‘P(y)%?/%em{—d(y)\/ﬁ},

where d(y) is the distance between the point y and the surface. Away from the sur-
face, the concentrations n; are constant and satisfy the so-called bulk electroneutral-
ity condition.

The boundary condition for the electrostatic interaction between the two phases
is very often simplified by replacing surface charge X*, which corresponds to the
chemistry of the system, by a surface potential. Its boundary value at the no slip
plane is known as the zeta potential §. In [12] the asymptotic behavior for large 8
was established. It is again a boundary layer but with a totally different profile. More
precisely we established

W (y) ~ B¢ (\/Bd(y))

where d(y) is the distance between the point y and the surface and ¥ ¢ is the solution
of the nonlinear ordinary differential equation

M=

Yocle—o=¢, C(x) =) nf(oo)e 4"
= (139)

H,; = —2sign(§)4/C (Hc) —€(0).

4
dg
which, starting from the boundary value { on the surface, is exponentially decaying

atinfinity. In many situations, the explicit solutions for ¥, » are known. For example,
in the case —z; = 1 = z, and n9(e0) = nY(e0) = 1/2, we have the following Gouy-

Chapman solution

1+tanh(&/2)e ¢
1 —tanh({/2)e 5"

¥ ¢(q',&)=2In

Hence in the case of given potential at the boundary the normal component of the
electrical field will behave as \/E , which is unrealistic. In fact, it is rather the surface
charge density X, proportional to the

normal derivative of ¥, than {, which is the relevant parameter for the physical
modeling.
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5.2 Linearization and the a priori estimates for the perturbation

We now proceed to the linearization of electrokinetic equations (122)-(129) around
the equilibrium solution computed in subsection 5.1. We therefore assume that the
external forces, namely the static electric potential ¥ (x) and the hydrodynamic
force f(x), are small. Note that the surface charge density Z* on the pore walls I"¢
need not to be small since it is part of the equilibrium problem. Such a linearization
process is classical in the ideal case (see the seminal paper [63] by O’Brien et al.).
For small exterior forces, we write the perturbed electrokinetic unknowns as

nE(x) = () + Snf(x), WE(x) = WO€ (x) + 5P (x),
VE(x) = vsOE (1) + 8VE(x),  pE(x) = p(x) + 8p° (),

where n0 € @0 y0.e 508 are the equilibrium quantities, corresponding to f = 0 and
et — 0 The 5 prefix indicates a perturbatlon Since the equilibrium velocity van-
ishes v0¢ = 0, we identify in the sequel v¢ = §v¢.

Motlvated by the form of the Boltzmann equilibrium distribution and the calcu-
lation of n , we follow the lead of [63] and introduce a so-called ionic potential
®f which is deﬁned in terms of n{ by

nf (x) = n (o0) exp{ —zi (¥ (x) + BF (x) + ¥ (x))}, (140)
After linearization (140) yields
S (x) = —zim}* (x) (8W (x) + BF (x) + P (x)). (141)

Introducing (141) into (122)-(127) and linearizing yields the following equations
for 6%, 8v¢, O p® and Pf

oo

—ﬁ(Zf 02 (x HW“’*)) in Qg, (142)

EVSWE.v =0 on 90\ 9L, (143)
(144)
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SWE (x) +P"*(x) is £ — periodic, (145)

N
2A8VE -V (51}8 +) zjn(;"e((S‘I’g +@f + 'Pex’**)) =
=1

N
£ — Y 2n)(x)(VOE +E") in Q, (146)

j=1
divéve=0 in Qg 6v¥=0 on 0Q.\0Q, (147)
6v® and &p° are Q — periodic. (148)

Note that the perturbed velocity is actually equal to the overall velocity and that it is
convenient to introduce a global pressure P*

N
SVE=VE, PE=8pF+ Y zjn) ¢ (8WF + BF + W), (149)

J=1

A straightforward calculation yields for dbf

P .

div (n?’g(x)(V(PerE*Jrefv‘g)) =0 in Q, (150)
Zj

(VOF+E")-v=0 on 0Q:\9Q, (151)

@f is Q — periodic. (152)

OWE does not enter equations (146)-(148), (150)-(152) and thus is decoupled from
the main unknowns v®, P and &f. The system (132), (133), (146)-(149), (150)-
(152) is the same microscopic linearized system for the ionic transport as in the
work of Looker and Carnie [47].

Next, we establish the variational formulation of system (146)-(148), (150)-(152)
for the unknowns {v®, P®, {®%},_; _n} and prove that it admits a unique solution.
The functional spaces related to the velocity field are

W ={gecH (Q)* g=00ndQ\3dQ, Q —periodic in x}

and
HE={geW?® divg=0 in Q¢}.

The variational formulation of (146)-(152) is:
Find v¢ € H¢ and {@f}jzl‘_._w € H'(Q)V, (Df being Q-periodic, such that, for
any test functions g € H¢ and b € H'(,)", b being Q-periodic,

a((v'.{2j}),(g.b)) = (Z.(g b)),

where the bilinear form a and the linear form % are defined by
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a((ve,{P5}),( =g / Vve ngx—l-z / nEVDE - Vb dx

+Zz,/ (V€ Vb;—g-V&F) dx, (153)

Qe

b)) := Zzi/ n?’gE*~ <g Zdib,-) dx— | f*-vdx, (154)
i=1 /9 Pe;

where, for simplicity, we denote by E* the electric field corresponding to the poten-
tial P*, ie., E*(x) = VP* (x).

Lemma 6. (see [10]) Let E* and £* be given elements of L*(Q)>. The variational
formulation (153)-(154) admits a unique solution (v¢,{®F}) € H® x H'(Q¢)3, such
that P are 1-periodic and [o P75 (x) dx = 0. Furthermore, there exists a positive
constant C, independent of €, such that

£ £ t
IVl 2(0eys +EIVVll2(pyo + lgljagNH‘I’j 1 () <

(1B (@ +1F o ) (155)

Note that the a priori estimates (155) follow by testing the problem (153)-(154)
by the solution, using the L”-estimate for ¥° and using the well-known scaled
Poincaré inequality in Q¢ (7).

In order to use the two-scale convergence from section 3, we need that our un-
knowns are (v¢,P¢,{®$}) are defined on Q. As in section 4, v* is extended by
zero to Q \ Q. The pressure field is reconstructed using de Rham’s theorem and
extended by formula (60) from section 4 to P¢, being uniformly bounded, with re-
spect to €, in L3(Q). For {®f} we use an extension operator from the perforated
domain QF into Q. As was proved in [1], under the assumptions on the geometry
from subsection 2.2, there exists such an extension operator T¢ from H'(Q¢) in
H'(Q) satisfying T¢ ¢|ne = ¢ and the inequalities

IT5012(0) < ClI#ll2 (00, IV(TO)lI2(0) < CIVEl2(q,)

with a constant C independent of ¢, for any ¢ € H' (). We keep for the extended
function T¢ <I>‘S the same notation <I>‘S
Hence the extensmns satisfy est1mates (155).

5.3 Homogenization via the two-scale convergence

The formal two-scale asymptotic expansion method from sections 1 and 2 can be
applied to system (146)-(148), (150)-(152), as in [47] and [10]. Introducing the fast
variable y = x/¢, it assumes that the solution of (146)-(148), (150)-(152) is given by
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vE(x) = VO (x,x/€) +ev! (x,x/e) + ...,
PE(x) = pO(x) +ep' (x,x/€) + ..., (156)
Df(x) = GD?(X) —|—8<15} (x,x/8)+....

We then plug this ansatz in the equations (146)-(148), (150)-(152). In the way anal-
ogous to the calculations in section 2, we identify the various powers of € and obtain
a cascade of equations from which we retain only the leading ones that constitute
the two-scale homogenized problem. For details we refer to [47]. We will present a
rigorous passing to the limit using the two-scale convergence from section 3.
Lemma 6 and the two-scale compactness Proposition 4 from section 3 imply

Theorem 2. (see [10]) Under the assumptions of Lemma 6, there exist
(V. p°) € L(@:H), (Y)) x L3(Q)  and
N
{00, 0)} 01,0 € (H'(Q) x L(2:H), (1))

such that for a subsequence, denoted by the same indices, the solution of (146)-
(148), (150)-(152) converges in the following sense

vé = v0(x,y) in the two-scale sense
eVve = VWO(x,y)  in the two-scale sense
PE— pP(x)  strongly in L*(Q)
F — CDJQ (x)  weakly in H'(Q) and strongly in L*(&2)
Voi — Vx';‘DJQ(x) + Vy(D} (x,y) inthe two-scale sense
0,

nj'E — n?(x,y) and WPO¢ — WO(y)

in the two-scale sense in L9, 1 <q<+e, j=1,...,N.
Next we rewrite the variational problem (153)-(154) in the equivalent form, where

the velocity test function are not divergence-free and the pressure term is explicitly
present:

N
e? VVS:chdx_/ pEdivEdx+ E / Zjn?‘g(_€~v¢f+V8-Vbj) dx+
Q =1/ Q2
e j=1 e

a
N Z2~ N ZZ
y L / nEVDE Vb dx=— )~ / n0E" - Vb, dx
miPejJa. ‘ =RLRC
N .
+Z/ zjn(;’EE*-édx—/ - Edx, (157)
j=174% Qe

for any test functions & € W€ and g € H'(Q¢)V, b; being 1-periodic, 1 < j < N. We
keep the divergence constraint div v = 0 in .. Next we define the two-scale test
functions:
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'x lee]
£ =&(x ), § € Cpor(Q:Hp, (Y)),
E=0on 2x8, divy§(x,y)=0 on 2 x7Y, (158)
X oo )
bi(x) = @;(x) +ey;(x, ), @) € Crn(R), 1€ Coer(Q:Hy, (Yr)).  (159)
We take as test function in equation (157) (£¢,b?). Now we can pass to the limit in
(157), along the same lines as in section 4. For the solution we use the convergences

from Theorem 2. After passing to the two-scale limit in (157) we get that the limit
(v, p°, {d);-), <D} }) satisfy the following two-scale variational formulation:

Theorem 3. Let
(V,p°) € L(Q:HL, (Y)*) X LH(Q)  and
N
(@), @]} j-1...nv € (H' () x L*(Q:H),,(Y)))

be a limit from Theorem 2 . Then it satisfies the two-scale two-pressures homoge-
nized problem

—AVY(x,y) + Vyp' (x,) = =V,p° (x) — £ (x)

+ ilzjn(;(y) (VXCDJQ(x) —|—qu§} (x,y) —|—E*(x)) in Q xYr, (160)

J=
div VO(x,y) =0 in @ xYr, v’(x,y)=00n Q xS, (161)
div, (/Y Vo(x,y)dy) —0inQ, (162)

:
i, (100 (52! () + 9. 8000) + 7+ 2000 )) ) =0
1

in QxYr, i=1,...,N, (163)
(Vy®! + V@) +E*)-v(y) =0 on 2 xS, i=1,...,N, (164)

—div, / n0(3) (V, @} (x,9) + V. B (x) + E (x)+
JYp

P .
ZiV0(x,y)) dy=0 in @, i=1,....N, (165)
Zi
¢',»0 ,/ VOdy and p0 being Q-periodic in x, (166)
Yr

with periodic boundary conditions on the unit cell Yr for all functions depending on
yand S = 0dYs\ dY.

Remark 17. The limit problem features two incompressibility constraints (161) and
(162) which are exactly dual to the two pressures p°(x) and p!(x,y) which are their
corresponding Lagrange multipliers. Remark that equations (160), (161) and (163)
are just the leading order terms in the ansatz of the original equations. On the other
hand, equations (162) and (165) are averages on the unit cell Yr of the next order
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terms in the ansatz. For example, (162) is deduced from
divyv! (x,y) +div,v0(x,y) =0 in Q x Yr

by averaging on Y, recalling that v! (x,y) =0 on  x S.

The detailed proof of convergence and the derivation of the homogenized system
corresponds to Theorem 1 in [10]. The limiting procedure gives us the variational
form of problem (160)-(166) and it deserves to be recalled here in other to prove the
well-posedness of the two-scale homogenized problem.

Following [7], we introduce the functional space for the velocities

V= {vo(x7y) e’

2er (2:H,,.(Yr)?) satisfying (161) — (162)},

which is known to be orthogonal in L2, (Q:H},.(Y, )3) to the space of gra-

dients of the form V.q(x) + Vyqi(x,y) with ¢(x) € H.,.(Q)/R and ¢i(x,y) €

per
pe, (Q,Ll%e,(Yp) /R). We define the functional space

X=VxH, (Q)/RxL?

per

per(“Q H;ier(YF)d/R)

and the variational formulation of (160)-(166) is to find (v0, {®,®]}) € X such
that, for any test functions (v, {(})JQ, q)jl Hex,

a((v (D). ®}}),(v.{9].0,})) = (L. (v.{9].0; 1)), (167)

where the bilinear form a and the linear form .# are defined by
a((v°, {80, ®1}). (v, {69,0!)) : / / VW0 Vydrdy
0 1
+ZPe,//YF (Vo) +V,B/) - (Vi) +V,9/') dxdy (168)

+Zz,// 0. (Vi9?+ V) —v- (V@ +V,®])) dxdy
and

N
Oyp*
v{o)) >=Y ¢z -E-vdd—/ £ vdxd
(o) = Yoy [, [ " visay= [ [ €-vasdy

N2
Y i [ R (9,00 + V0! dxdy,
=i Pei Ja Jyr

We apply the Lax-Milgram lemma to prove the existence and uniqueness of the
solution in X of (167). The only point which requires to be checked is the coercivity
of the bilinear form. We take v = v’ ¢0 <I>O and ¢1 <I>} as the test functions in
(167).
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Using the incompressibility constraints (162) and the anti-symmetry of the third
integral in (168), we obtain the quadratic form

a((V(J’{@;.)’d)}})’(VO’{QS;)’QS}})) :/I.ZXY ‘V}'vo(x7y)|2 d'Xdy+
F

N g2
Jj 0 0 1 2
Y o [, OV + V] () (169)

Recalling from Lemma 5 that n(J)- (y) > C > 0in Yr, it is easy to check that each term
in the sum on the second line of (169) is bounded from below by

c(/ |Vx¢?(x)\2dx+/ |qu>;(x,y)|2dxdy>,
JQ o .QXYF

which proves that our bilinear form is V-elliptic.
Hence we have proved

Theorem 4. Problem (160)-(166) has a unique solution

(Vo,po) € Lz(.Q;H;N(Yf) X L%(.Q) and

(@0, @),y € (H'(Q) x LX(@:HL,, (¥)".

and whole sequence (v, PE, {@5}) converges towards it.

5.4 The separation of the fast and the slow scales and the Onsager
relations

From the point of view of applications, it is important to extract from (160)-(166) the
macroscopic homogenized problem. Obviously, it requires to separate the fast and
slow scale. It was undertaken by Looker and Carnie in [47] and further improved in
[10] and [11].

The main idea is to recognize in the two-scale homogenized problem (160)-
(166) that there are two different macroscopic fluxes, namely (V,p®(x) +£*(x)) and
{VXQ? (x)+E*(x) }1<j<n. Therefore we introduce two families of cell problems, in-
dexed by k € {1,2,3} for each component of these fluxes. We denote by {€*};<1<3
the canonical basis of R>.

The first cell problem, corresponding to the macroscopic pressure gradient, is
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—AV*(y) + V10 (y) = ek + Zz, Y)Vy07(y) in Y, (170)
divyvo'k(y) =0 in YF7 v (y) =0 on S, 171)
—div, () (V, 87 (3) + v (y))) = 0 in ¥, (172)
v,0%%(y)-v=0 onS. (173)

The second cell problem, corresponding to the macroscopic diffusive flux, is for
each species [ € {1,...,N}

—AVK(y) + V,mhE(y Zz, ¥)(85€°+V,07%(y)) in Y, (174)
divyv"*(y) =0 in¥r, v*(y)=0 onsS, (175)

—div, (n0() (8¢ + V,6/4 () + i‘“ﬁ"v’%k(y))):o inYe,  (176)
(8i7¢" +V,07(y)) - v=0 onS$, (177)

where §;; is the Kronecker symbol. As usual the cell problems are complemented
with periodic boundary conditions.
Then, we can decompose the solution of (160)-(166) as

v0<x,y>:§<_v 01 (548 ) 4 L v (5 %ff)m), a78)
p1<x,y>=i<—n 0 (L5 )+ L0 (= %‘ff)w),

i=1
(179)

3 N 0
¢}<x,y>=];<—e;’~k<y>(?+fk)<> ¥ 0/'0) (£ %f;)u)).asm

i=1

We average (178)-(180) in order to get a purely macroscopic homogenized problem.
We define the homogenized quantities: first, the electrochemical potential

1j(x) = —zj(DF(x) + P (x)), (181)
then, the ionic flux of the jth species

1

jj(x)=m YFn?(y)(lfe"j(Vy4>z’<x7y)+vx<PP(x)+E*<x))+v°)dy, (182)

and finally the filtration velocity
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1

=== | v(x)dy. (183)
|YF‘ Yrp

v(x)

From (178)-(180) we deduce the homogenized or upscaled equations for the above
effective fields.

Proposition 16. Introducing the flux 7 (x) = (v,{j;}1<j<n) and the gradient F (x) =
(Vip®, {Viltj}1<j<n), the macroscopic equations are

div, 7 =0 in Q, (184)
S =—MF — {0}, (185)

with a homogenized tensor . defined by

g 3 I

2l N

L Dy Din

el Lt 1)

M= 2 w |, (186)

5 'ID)'

L, Pyt . D

71 N

and complemented with periodic boundary conditions for p® and {@?}1§ j<n- The
matrices J;, K, Dj; and IL; are defined by their entries

1 .
{Jitu = m/y vik(y)-e dy,
F
1
K= /Y vk (y) el dy,
F

1 i Zj i
= [ 00 (004 5L (3¢t +9,67409) )

J
1 Zj
— [ n00) (V) + LV, 004 (y) ) e dy.
‘YF| Y) Pe
F J

{Ljtu=
Furthermore, # is symmetric positive definite, which implies that the homogenized
equations (184)-(185) have a unique solution.

Remark 18. The symmetry of .# is equivalent to the famous Onsager reciprocal
relations. The symmetry of the tensor .# was proved in [47] and its positive defi-
niteness in [10].

Proof. The conservation law (184) is just a rewriting of (162) and (165). The consti-
tutive equation (185) is an immediate consequence of the definitions (182) and (183)
of the homogenized fluxes, taking into account the decomposition (178)-(180).

We now prove that .# is positive definite. For any vectors A%, {1}, <;<y € R?
let us introduce the following linear combinations of the cell solutions
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3 N 3 N
i i, A 0,k inik
:];1<A,?vo,k+2/lkv k), 0/ :kZl </l,?9j +;/1kej ) (187)

which satisfy

—AVM(y) + V7 (y) 7L°+Zz, (/IJ+V (y)) inys  (188)

divyvA () =0 inYr, v*(y)=0 onS, (189)
—divy (n ( (A +V,0k (y ))+Pe,-v*(y))) —0inY (190)
(A'+V,62(y))-v=0 ons. (191)

Multiplying the Stokes equation (188) by v*, the convection-diffusion equation
(190) by 6} and summing up, we obtain

A <|vyv O + X o050 >+w‘>~<vyeﬂ<y>+w'>>d
/ A0y dy—l—Z/ A v dy+2 0(V, 0} +21)-Aldy
YFP

=KAC. 7L°+Z,]M’ A0+ Z Al ]DD,j?Lf—i—Zz,).’ LiA® =

i=1 i,j=1 i=1
M (A0 (A )T (A0 {zid )T

The left hand side of the above equality is positive. This proves the positive definite
character of .Z .
It remains to prove the symmetry of .# . For another set of vectors A0 {l }1< i< N €

R3, we define v* and 97L by (187). Multiplying the Stokes equation for % by vt

and the convection-diffusion equation for 9)“ by 9}” (note the skew-symmetry of this
computation), then adding the two Varlat10nal formulatlons yields

/Vv Vv derZ/ I 09, 04.v,0% dy -
. s 2 s
lo-vxdy—FZ/ zjn?k’-v’ldy—Z/ —’n??t’~Vy6,~’1dy. (192)
Yr j=1 Yr i—1YYF Pei

Therefore, the left hand side of (192) is symmetric in 4, A Exchanging the last term
in (192), we deduce by symmetry
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- N o N 2 _ -
/ A0 vhdy+ Z/ zjn(}lj v dy+Z %n?/’U-V},Oi)L dy
Yr j=1 Yr i=1YYF €;

N N 2
:/ lo-vldy—i—Z/ Zjn?lf-vldy—f—Z/ %n?k’-vyefdy,
Yp =17YF i=1/YrF T€

which is equivalent to the desired symmetry
M Az DT A {zd N = (A {zd 1T (A0 {=A' )T

The norm-closeness of the solution to the homogenized problem, to the solution of
the original problem is given by the following result.

Theorem 5. ([10]) Let (p°, {4’?}1§]§N) be defined by (184)-(185). Let V¥ be given
by (178) and {(15}}1§j§1v by (180). Then in the limit € — 0 we have

Ja
Ja
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V(@) =3 )[4 1P ) — () ) x 0 (193)

and

V(qu(x)—qb?(X)—s@}(x,g))’zdx—>0. (194)
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