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1 Introduction

We study the flow of a viscous incompressible fluid through a long and narrow elastic
tube whose walls are modeled by the Navier equations for a curved, linearly elastic
membrane.

z

radial displacement 

viscous, Newtonian fluid

linearly elastic membrane

Fig. 1. Domain Sketch

The flow takes place inΩε =
{
x ∈ IR3; x = (r cos ϑ, r sin ϑ, z), r <

R + ηε(z, t), 0 < z < L
}

and is governed by a given time dependent pressure
drop between the inlet and the outlet boundary, giving rise to a non-stationary in-
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compressible flow modeled by the Navier-Stokes equations. The aspect ratioε = R
L

is ” small ” (≈ 3 · 10−2).
We suppose that the lateral boundary of the cylinderΣε = {r = R + ηε} ×

(0, L) behaves as a linearly elastic membrane of thicknessh, that the longitudinal
displacement is zero, and that the radial displacement satisfies Navier’s equation

−Fr =
h(ε)E(ε)
1− σ2

ηε

ε2R2
+ pref

ηε

R
− h(ε)G(ε)k(ε)

∂2ηε

∂z2
+ ρwh(ε)

∂2ηε

∂t2
, (1)

In (1), ηε is the radial displacement from the reference state in Lagrangian coor-
dinates (see Figure 1),h = h(ε) is the membrane thickness,ρw the wall volu-
metric mass ,E = E(ε) is the Young modulus,0 < σ < 1 is the Poisson ratio,
G = G(ε) is the shear modulus andk = k(ε) is Timoshenko shear correction factor
(see [QTV:00]).Fr is the radial component of the external forces, coming from the
stresses induced by the fluid, given by

−Fr =
(
(pε − pref )I − 2µD(vε)

)
ner

(
1 +

ηε

R

) √
1 +

(
∂ηε

∂z

)2

. (2)

whereD(vε) is the rate of strain tensor. Equation (2) is valid onΣε. At the wallΣε

we require continuity of velocity: the fluid velocityvε is linked with the velocity of
the lateral wallΣε by

vε
r(R + ηε, z, t) =

∂ηε

∂t
; and vε

z(R + ηε, z, t) = 0 ∀t ∈ IR+. (3)

A time-dependent pressure head data at the inlet and at the outlet boundary drive the
problem and we assume the following initial and boundary conditions

pε + ρ(vε
z)

2/2 = Pj(t) + pref , with j = 1 for z = 0, j = 2 for z = L, ∀t (4)

vε
r |z=0,L = 0, ηε = 0 for z = 0, ηε = 0 for z = L, ∀t. (5)

We will assume that the pressure dropA(t) = P1(t)− P2(t) ∈ C∞0 (0, +∞).
The Eulerian formulation of an incompressible viscous flow is given by the axi-

ally symmetric Navier-Stokes equations forvε = (vε
r , v

ε
z) andpε:

ρ
{∂vε

∂t
+ (vε∇)vε

}
− µ∆vε +∇pε = 0 in Ωε × IR+, (6)

Initially, the cylinder is filled with fluid and the entire structure is in an equilibrium.
The equilibrium state has an initial reference pressureP0 = pref and the initial
velocity zero. Furthermore, the initial data are given by

ηε =
∂ηε

∂t
= 0 on Σε(0)× {0}. (7)

We study the behavior of this coupled fluid-structure system (1)-(7) in the limit when
ε → 0. We derive the asymptotic equations that describe: (a) the flow occurring at
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the leading order time scale and (b) the oscillations of the membrane caused by a re-
sponse of the elastic material. Since they occur at different time scales we introduce
the scaling̃t = ωεt. Classical 1D models lead to the variants of the shallow water
model and require anad hocclosure assumption. In this paper we will present effec-
tive equations which are obtained using homogenization, from the system (1)-(7), in
the limit ε → 0, without making anyad hocassumptions.

2 Uniform a priori estimates

First we note that existence of solutions to the system (1)-(7) is an open problem.
Recent references, containing existence results for the short time/small data can be
found in [DEGLT:01] and [BdV:04].

We suppose existence of a smooth solution and study the energy estimate. The
energy estimate, containing precise dependence onε, is obtained in [CMT:05]. In
order to capture the waves of the coupled fluid-structure response to the outside forc-
ing, the authors introduced the new timet̃ = ωεt. The characteristic frequencyωε is
calculated in [CLMT:05] by requiring that the effects of both the pressure head data,
P1(t) andP2(t), as well as the pressure drop data,A(t), are seen in the solution. It
was found that

t̃ = ωεt; ωε =
1
L

√
RC
2ρ

(8)

Notice thatc = Lωε is the characteristic wave speed (the local pulse wave velocity
or sound speed). Expression (8) leads to the same characteristic wave speed as in
[Fung:93].

We start by introducing the norms that will be used to measure the size of the
inlet and the outlet boundary data. Define

C =
h(ε)E(ε)

R2(1− σ2)
(
1 +

pref

R(ε)
R

h(ε)
(1− σ2)

)
; P̂ =

A(t)
L

z + P1(t) (9)

P2 ≡ sup
z,t
|P̃ |2 + (sup

z

∫ t

0

| ∂
∂t

P̂ | dτ)2 + T

∫ t

0

|A(τ)|2 (10)

Using the precise energy inequality, in [CMT:05] the following a priori estimates
were obtained:

Proposition 1. Solution(vε
r , v

ε
z, η

ε) of problem (1)-(7) satisfies the followinga priori
estimates

1
L
‖ηε(t̃)‖2L2(0,L) ≤

32
C2
P2 (11)

1
LR2π

‖vε‖2L2(Ωε(t̃)) ≤
32

ρRCP
2 (12)

∫ t̃

0

{‖∂vε
r

∂r
‖2L2(Ωε(t̃)) + ‖∂vε

z

∂z
‖2L2(Ωε(t̃))

}
dτ ≤ 4πR2

µ

√
2

ρRCP
2 (13)
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∫ t̃

0

{
‖∂vε

z

∂r
‖2L2(Ωε) + ‖vε

r

r
‖2L2(Ωε(t̃)) + ‖∂vε

r

∂z
‖2L2(Ωε)

}
dτ ≤ 4R2

µ

√
2

ρRCP
2 (14)

The a priori estimates (11)-(14) provide a basis for asymptotic analysis in terms of
the parameters of the problem.

Table 1.Table with parameter values

PARAMETERS AORTA/ILIACS LATEX TUBE

Char. radiusR(m) 0.006-0.012 0.011
Dyn. viscosityµ( kg

ms
) 3.5× 10−3 3.5× 10−3

Young’s modulus E(Pa) 105 − 106 1.0587× 106

Wall thickness h(m) 1− 2× 10−3 0.0009
Wall densityρS(kg/m2) 1.1, 1.1

Fluid densityρ(kg/m3) 1050 1000

3 From Asymptotic Expansions to Reduced Equations

3.1 Asymptotic expansion

Introduce the non-dimensional independent variablesr̃ andz̃

r = Rr̃, z = Lz̃, (15)

and recall that the time scale for the problem is determined byt = 1
ωε t̃. Based on the

a priori estimates, we introduce the following asymptotic expansions

vε = V
{
ṽ0 + εṽ1 + ...

}
, V =

√
1

RρCP (16)

η = Ξ
{
η̃0 + εη̃1 + ...

}
, Ξ =

1
CP (17)

p = ρV 2
{
p̃0 + εp̃1 + ...

}
. (18)

The approximate values of the scaling parameters, based on our parameters with
E = 6× 105 Pa areV = 0.5 m/s,ω = 113 andΞ = 0.00025 m.

After ignoring the terms of orderε2 and smaller, the leading-order asymptotic
equations describing the conservation of axial and radial momentum, and the incom-
pressibility condition in non-dimensional variables read

Sh
∂ṽz

∂t̃
+ ṽz

∂ṽz

∂z̃
+ ṽr

∂ṽz

∂r̃
+

∂p̃

∂z̃
− 1

Re

{
1
r̃

∂

∂r̃

(
r̃
∂ṽz

∂r̃

)}
= 0, (19)

∂p̃

∂r̃
= 0,

∂

∂r̃
(r̃ṽr) +

∂

∂z̃
(r̃ṽz) = 0, (20)
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whereṽ0
r = 0 and

Sh :=
Lωε

V
, Re :=

ρV R2

µL
; ṽr = ṽ1

r +εṽ2
r , ṽz = ṽ0

z +εṽ1
z , p̃ := p̃0 +εp̃1. (21)

Using our values we see thatRe = 35 and so the viscous coefficient is of order
1/Re = 0.03 = ε/2. The Strouhal number isSh = 61.

Using (2) the asymptotic form of the contact force becomes

(
(pε − pref )I − 2µD(vε)

)
ner = ρV 2

(
p̃− p̃ref +O(ε2)

)(
1 +

Ξ

R
η̃

)
.

In non-dimensional variables the deformed interface is defined by the equationr̃ =
1+ Ξ

R η̃(z̃, t̃). The leading-order equation for the coupling across the deformed lateral
boundary describing continuity of forces and the continuity of velocity become

ρV 2

P
(
p̃− p̃ref +O(ε2)

) (
1 +

Ξ

R
η̃

)
= η̃ +O(ε2)

ṽr(z̃, 1 +
Ξ

R
η̃(z, t), t̃) =

∂η̃

∂t̃
, ṽz = 0.

3.2 The reduced two-dimensional coupled problem

We summarize here the two-dimensional reduced coupled problem in non-dimensional
variables. Define the scaled domain

Ω̃(t̃) = {(z̃, r̃) ∈ IR2|r̃ < 1 +
Ξ

R
η̃(z̃, t̃), 0 < z̃ < 1},

and the lateral boundarỹΣ(t̃) = {r̃ = 1 + Ξ
R η̃(z̃, t̃)} × (0, 1). The problem consist

of finding a(ṽz, ṽr, η̃) such that inΩ̃(t̃)× IR+ the following is satisfied

Sh
∂ṽz

∂t̃
+ ṽz

∂ṽz

∂z̃
+ ṽr

∂ṽz

∂r̃
+

∂p̃

∂z̃
=

1
Re

{
1
r̃

∂

∂r̃

(
r̃
∂ṽz

∂r̃

)}
, (22)

∂

∂r̃
(r̃ṽr) +

∂

∂z̃
(r̃ṽz) = 0, (23)

p̃(z̃, t̃)− p̃ref =
P

ρV 2

1(
1 + Ξ

R η̃
) η̃, (24)

ṽr(z̃, 1 +
Ξ

R
η̃(z, t), t̃) =

∂η̃

∂t̃
, ṽz(z̃, 1 +

Ξ

R
η̃(z, t), t̃) = 0, (25)

with the initial and boundary conditions given by

ṽr = 0 and p̃ = (P1(t̃) + pref )/(ρV 2) on (∂Ω̃(t̃) ∩ {z̃ = 0})× IR+, (26)

ṽr = 0 andp̃ = (P2(t̃) + pref )/(ρV 2) on (∂Ω̃(t̃) ∩ {z̃ = 1})× IR+, (27)

η̃|t̃=0 =
∂η̃

∂t̃
|t̃=0 = 0; η̃|z̃=0 = 0, and η̃|z̃=1 = 0, ∀t̃ ∈ IR+. (28)
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This is a closed, free-boundary problem for a two-dimensional degenerate hyper-
bolic system with a parabolic regularization. As in the simpler case of the rigid walls
(see [Bre:99])we see that̃vr depends non-locally oñvz and solving system (22)-
(28) is difficult both theoretically and numerically. Since our system generalizes the
shallow water equations, it is customary to use a similar approach.

3.3 The Reduced Equations with the Closure Hypothesis

To simplify the problem even further and obtain the effective equations in one space
dimension we use a typical approach of averaging the two-dimensional equations
across the vessel cross-section. Introduce

Ũ =
2

(1 + Ξ
R η̃)2

∫ 1+ Ξ
R η̃

0

ṽz r̃dr̃, α̃ =
2

(1 + Ξ
R η̃)2Ũ2

∫ 1+ Ξ
R η̃

0

ṽ2
z r̃dr̃,

Ã = (1 +
Ξ

R
η̃)2, m̃ = ÃŨ .

We integrate the incompressibility condition and the axial momentum equations with
respect tõr from 0 to 1 + Ξ

R η̃ and obtain, after taking into account the no-slip con-
dition at the lateral boundary,

∂Ã

∂t̃
+

Ξ

R

∂m̃

∂z̃
= 0, Sh

∂m̃

∂t̃
+

∂

∂z̃

(
α̃

m̃2

Ã

)
+ Ã

∂p̃

∂z̃
=

2
Re

√
Ã

[
∂ṽz

∂r̃

]

Σ̃

.

In the above system the Coriolis factorα̃ depends onvz and the interface shear stress[
∂ṽz

∂r̃

]

Σ̃

is unknown. A typical way of handling this problem in the theory of shallow

water equation is to choose a closure, giving the dependence ofα̃ and

[
∂ṽz

∂r̃

]

Σ̃

on Ã

andm̃. The usual choice in the literature is

ṽz =
γ + 2

γ
Ũ

(
1− ( r̃

1 + Ξ
R η̃

)γ)
. (29)

(see [QTV:00]), withγ = 9. We refer to [RobSeq:05] for the review of the closure
formulas for the axial velocitỹvz. Now the term on the right hand-side of the momen-

tum equation becomes− 2
Re

(γ + 2)
m̃

Ã
. After inserting the expression (24) for the

pressure and returning to dimensional variables, we obtain the following quasilinear
hyperbolic system

∂A

∂t
+

∂m

∂z
= 0, (30)

∂m

∂t
+

∂

∂z

(
α

m2

A

)
+

A

ρ

∂

∂z

(
RC

√
A0

A

(√ A

A0
− 1

))
= −2µ

ρ
(γ + 2)

m

A
, (31)
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whereA0 = R2. It is known that shocks do not form in system (30)-(31) for the real-
istic physiological parameters corresponding to a healthy human (see [CaKim:03]).
Nevertheless, the weak point of the model is the closure hypothesis (29). Itcould
introduce an error of order O(1) in the approximation and the parameterγ is cho-
sen to fit the experimental data. Moreover, the important Womersley flow could not
be handled through (29). Our conclusion is that it would be ofimportance to get a
closed model giving an approximation of orderO(ε2).

4 An ε2-approximation without the ad hoc closure assumption

In order to find a closure for the reduced problem, we are going to use homoge-
nization theory. Homogenization theory is used to find effective equations for non-
homogeneous flows. For porous media problems it can be applied when (a) the pore
size (characteristic size of the fluid region free of another phase) is smaller than a
characteristic length of the macroscopic problem (here, vessel diameter) and (b) the
pore includes a large number of molecules to be considered as continuum.

At a first glance using it in our setting is pointless. One should rather do a simple
averaging of the equations for the fluid phase over the cross-section of the vessel.
This approach is classical and we presented it in Section 3. It leads to anO(ε2)
approximation, but the resulting system (22)-(28) is very difficult to solve and its
complexity was the reason for imposing anad hocvelocity profile for the effective
axial velocity.

But we know how to obtain nonlinear filtration laws in rigid periodic porous
media by homogenization. In rigid periodic porous media the expansions are of lower
order of precision, but we got a closed system. In this case it was possible to link the
homogenized equations with the nonlinear algebraic relations between the pressure
gradient and the velocity (Forchheimer’s filtration law), found in experiments. For
more details we refer to [MarMik:00] and [Mik:00]. We note that, in a similar way in
[RobSeq:05], the equation (31) is replaced by a variant of Forchheimer’s law linking
∂p̃

∂z̃
with m̃, m̃2 and

∂m̃

∂t̃
, and optimal approximations are derived for the case of

rigid walls.
How to link the artery flow with the filtration through porous media ? Due to the

uniform bound on the maximal value of the radial displacement, our artery could be
placed into a rectangle with the length of order 1 and of the small width. By repeating
periodically the geometry in the radial direction, we get a network of parallel, long
and narrow tubes. This is one of the simplest porous media which one can imagine.

It is not a rigid but adeformable porous medium, as in Biot’s theories of de-
formable porous media. All results which we could obtain for deformable porous
media are also valid in our situation.

Motivated by the results from [MarMik:00] and [Mik:00], where closed effec-
tive porous medium equations were obtained using homogenization techniques, we
would like to set up a problem that would mimic a similar scenario. In this vein,

we introducey =
1
ε
z̃ and assume periodicity iny of the domain and of the veloc-
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ity and the pressure. Furthermore, recalling that we have a “thin” long tube with
r̃ = 1

Rr = 1
ε

r
L , we can assume periodicity in the radial direction thereby forming a

network of a large number of strictly separated, parallel tubes. This now resembles
a porous medium problem but with no flow from one horizontal tube to another. See
Figure 4. We homogenize with respect to all directions. Since there is nothing in the
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physics of the problem that depends periodically ony we expect to get the effective
equations and the solution independent ofy.

More precisely, we start with the following relations between the “slow” vari-
ables (r andz (or z̃)) and “fast” variables (̃r andy)

z = Lz̃ := Lεy = Ry, r = Rr̃. (32)

The equations at zero order read

Sh0
∂ṽ0

z

∂t̃
+ (ṽ0∇r̃,y)ṽ0

z +
∂ ˜̃p

0

∂z̃
+

∂ ˜̃p
1

∂y
− 1

Re0

{
1
r̃

∂

∂r̃

(
r̃
∂ṽ0

z

∂r̃

)
+

∂2ṽ0
z

∂y2

}
= 0,

(33)

Sh0
∂ṽ0

r

∂t̃
+ (ṽ0∇r̃,y)ṽ0

r +
∂ ˜̃p

0

∂r
+

∂ ˜̃p
1

∂r̃
− 1

Re0

{
1
r̃

∂

∂r̃

(
r̃
∂ṽ0

r

∂r̃

)
+

∂2ṽ0
r

∂y2

}
= 0,

(34)

∇r̃,y
˜̃p
0

= 0, (35)

∂

∂r̃

(
r̃ṽ0

r

)
+

∂

∂y

(
r̃ṽ0

z

)
= 0, (36)

ṽ0
r , ṽ0

z and ˜̃p
1

are 1-periodic iny andṽ0
r = ṽ0

z = 0 at r̃ = 1 +
Ξ

R
η̃, (37)

where

Sh0 :=
εLωε

V
, Re0 :=

ρRV

µ
. (38)

NoticeSh0 = εSh andRe = εRe0. For our values,Sh0 is of order1 (Sh0 ∈ (3, 4))
andRe0 is around600. We remark that equation (35) corresponds to theε−1 term.
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Here, a new scaling for the pressure was used to obtain equations (33)-(35). This
“z-blown up” pressure scaling reads

p =
ρLV 2

R
˜̃p = ρV 2 1

ε
˜̃p = ρV 2p̃, so ˜̃p = εp̃. (39)

The leading order Navier equations for the membrane force are unchanged.
We now focus on the case corresponding to the magnitude of the parametersSh0

andRe0 which is of interest to us.

4.1 Case withSh > 0 and moderateRe

In this case, for a given pressure gradient∂ ˜̃p
0

∂z̃ , the non-stationary, axially symmetric
system (33)-(37) admits a unique unidirectional, but strongly non-stationary solu-
tion. The unidirectional solution refers to they direction. We will write the solution
of system (33)-(37) as a sum of this y-unidirectional solution and a small perturba-
tion of it. This perturbation satisfies a linearized system, see (33)-(37), where the
linearization is calculated around the unidirectional solution. This system isclosed.

The zero-th order approximation: they-unidirectional flow

For every given smooth̃̃p
0
, system (33)-(37) has a unique strong solution

ṽ0
z = w(r̃, z̃, t), ṽ0

r = 0, (40)

wherew satisfies

Sh0
∂w

∂t̃
− 1

Re0

1
r̃

∂

∂r̃

(
r̃
∂w

∂r̃

)
= −∂ ˜̃p

0

∂z̃
(z̃, t̃) = −RC

P
∂η̃0

∂z̃
(41)

w(0, z̃, t̃) bounded, w(1 + Ξη̃0(z̃, t̃)/R, z̃, t̃) = 0 and w(r̃, z̃, 0) = 0. (42)

Furthermore, solutioñ̃p
1

is a linear function ofy, independent of̃r. Due to 1-

periodicity with respect toy we get ˜̃p
1

= ˜̃p
1
(z̃, t̃). Then the next order in Laplace’s

law implies ˜̃p
1

= 0. This is a free-boundary problem because the condition at the
lateral boundary depends on the solution. For a known pressure or the radial dis-

placement (or the cross-sectional area) this is well-posed. We can eliminate˜̃p
0
, and

use the definitions of̃A andm̃ to write this in terms ofw andÃ as

∂Ã

∂t̃
+

Ξ

R

∂

∂z̃

∫ √
Ã

0

2r̃wdr̃ = 0, (43)

Sh0
∂w

∂t̃
+

(
R

Ξ

)2
R

L

∂
√

Ã

∂z̃
=

1
Re0

1
r̃

∂

∂r̃

(
r̃
∂w

∂r̃

)
, (44)

w(0, z̃, t̃) bounded, w(
√

Ã, z̃, t̃) = 0, Ã(z̃, 0) = 0, w(r̃, z̃, 0) = 0

Ã(0, t̃) = Ã(L, t̃) = 0 w(r̃, 0, t̃) = w0(t), w(r̃, L, t̃) = wL(t). (45)

This is a two-dimensional, free-boundary problem of mixed, hyperbolic-parabolic
type. It has a simpler form than system (19)-(20).
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The first-order correction: perturbation of they-unidirectional flow

We will be using the zero-th order approximation to the solution consisting of the

velocity (w, 0) and displacement̃η0 (or, equivalently, the pressurẽ̃p
0
) to find anε-

correction by solving (19)-(20), linearized around the zero-th order approximation:

Sh0
∂ṽ1

z

∂t̃
+ ṽ0

z

{
∂ṽ1

z

∂y
+

∂ṽ0
z

∂z̃

}
+ ṽ1

r

∂ṽ0
z

∂r̃
+

∂ ˜̃p
2

∂y
=

1
Re0

{
1
r̃

∂

∂r̃

(
r̃
∂ṽ1

z

∂r̃

)
+

∂2ṽ1
z

∂y2

}

(46)

Sh0
∂ṽ1

r

∂t̃
+ ṽ0

z

∂ṽ1
r

∂y
+

∂ ˜̃p
2

∂r̃
=

1
Re0

{
1
r̃

∂

∂r̃

(
r̃
∂ṽ1

r

∂r̃

)
+

∂2ṽ1
r

∂y2

}
(47)

∂

∂r̃

(
r̃ṽ1

r

)
+

∂

∂y

(
r̃ṽ1

z

)
+

∂ṽ0
z

∂z̃
= 0, (48)

ṽ1
r , ṽ1

z , ˜̃p
2

are 1-periodic iny; ṽ1
r =

∂η̃0

∂t̃
, ṽ0

z = 0 at r̃ = 1 +
Ξ

R
η̃0. (49)

This is an Oseen’s system and it has aṽ1 is uniquely determined. We searchṽ1
z =

ṽ1
z(r̃, z̃, t̃). Then

r̃ṽ1
r(r̃, z̃, t̃) = (1 + Ξη̃0/R)

∂η̃0

∂t̃
+

∫ 1+Ξη̃0/R

r̃

∂ṽ0
z

∂z̃
(ξ, z̃, t̃) ξ dξ. (50)

Furthermore

Sh0
∂ṽ1

z

∂t̃
− 1

Re0

1
r̃

∂

∂r̃

(
r̃
∂ṽ1

z

∂r̃

)
+

∂ϕ

∂y
(y, z̃, t̃) = −ṽ1

r

∂ṽ0
z

∂r̃
− ∂

∂z̃

(
(ṽ0

z)2

2
+ ˜̃p

1
)

(51)

ṽ1
z(0, z̃, t̃) is bounded, ṽ1

z(1 + Ξη̃0(z̃, t̃)/R, z̃, t̃) = 0 (52)

ṽ1
z(r̃, z̃, 0) = 0 and ˜̃p

2
= ˜̃p

2
(r̃, z̃, t̃) (53)

This solution also satisfies problem (22)-(48) toε2-order. More precisely, sincẽ̃p
0

=
εp̃ and due to the boundary conditions for the pressure, we have that˜̃p

0
is of orderε.

Consequently, both̃v0
z andṽ1

r are of orderε. We have

Proposition 2. The velocity field(ṽ0
z + εṽ1

z) and the pressure field1ε
˜̃p
0

satisfy equa-
tions(22)-(24) toO(ε2) .

5 Conclusion: The problem with nonlinear coupling in
dimensional form

Using the homogenization approach we obtained a closed ”one-and-a-half-dimensional”
effective model, which approximates the system (1)-(7), in the limitε → 0. We did
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not need anyad hoc closure assumptions. Our limit system could be classified as
a special case of the diphasic Biot’s system (see [Biot:56]. Its numerical solution is
much simpler than that of the shallow water systems. For detailed presentation of
the numerical simulations we refer to [CLMT:05] and to [CMT:05]. We repeat once
more our construction, but this time in dimensional form.

The zero-th order approximation

Look for v0
z = v0

z(r, z, t) and η0 = η0(z, t) and then recoverp0 = p0(z, t) by
solving the following free-boundary problem defined on the domain0 < z < L,
0 < r < R + η0(z, t)

∂(R + η0)2

∂t
+

∂

∂z

∫ R+η0

0

2rv0
zdr = 0, (54)

ρ
∂v0

z

∂t
+

∂p

∂z
= µ

1
r

∂

∂r

(
r
∂v0

z

∂r

)
, (55)

v0
z(0, z, t) bounded, v0

z(R + η0(z, t), z, t) = 0, v0
z(r, z, 0) = 0 (56)

with the following inlet and outlet boundary conditions∀t ∈ IR+

η0 = 0 for z = 0, η0 = 0 for z = L, (57)

p = P1(t) + pref for z = 0, 0 ≤ r ≤ R, (58)

p = P2(t) + pref for z = L, 0 ≤ r ≤ R, (59)

with the pressure

p(z, t) = pref + RC η0

R + η0
. (60)

Theε-correction for the velocity

Solve forv1
z = v1

z(r, z, t) andv1
r = v1

r(r, z, t) by first recoveringv1
r via

rv1
r(r, z, t) = (R + η0)

∂η0

∂t
+

∫ R+η0

r

∂v0
z

∂z
(ξ, z, t) ξ dξ (61)

and then solve the following linearfixed boundary problem forv1
z , defined on the

domain0 < z < L, 0 < r < R + η0(z, t)

∂v1
z

∂t
− ν

1
r

∂

∂r

(
r
∂v1

z

∂r

)
= −Sv1

z
(r, z, t) (62)

v1
z(0, z, t) bounded, v1

z(R + η0(z, t), z, t) = 0 (63)

v1
z(r, 0, t) = v1

z(r, L, t) = 0 v1
z(r, z, 0) = 0 (64)

whereSv1
z
(r, z, t) contains the already calculated functions and is defined by
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Sv1
z
(r, z, t) = v1

r

∂v0
z

∂r
+ v0

z

∂v0
z

∂z
. (65)

The result of Proposition 2 implies that the velocity field(v0
z + εv1

z) and the pressure
field p represent a second order approximation for the solutions of the equations
(1)-(7).
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