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1 Introduction
We study the flow of a viscous incompressible fluid through a long and narrow elastic

tube whose walls are modeled by the Navier equations for a curved, linearly elastic
membrane.

radial displacement

viscous, Newtonian fluid Z
linearly elastic membrane
Fig. 1. Domain Sketch
The flow takes place in2. = {x e Rz = (rcosd,rsind, z), r <

R+ 1n°(2,t), 0 < z < L} and is governed by a given time dependent pressure
drop between the inlet and the outlet boundary, giving rise to a non-stationary in-
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compressible flow modeled by the Navier-Stokes equations. The aspeet mt%
is”small " (=~ 3-10732).

We suppose that the lateral boundary of the cylinfler= {r = R + 7} x
(0, L) behaves as a linearly elastic membrane of thickiegbat the longitudinal
displacement is zero, and that the radial displacement satisfies Navier's equation

h(e)E(e) n° n° O*n°

1— o2 22 " Prefp h(E)G@)k(E)W + pwh(e)

82 775
ot2’

In (1), »° is the radial displacement from the reference state in Lagrangian coor-
dinates (see Figure 1}, = h(e) is the membrane thickness,, the wall volu-
metric mass F = E(e¢) is the Young modulus) < o < 1 is the Poisson ratio,

G = G(e) is the shear modulus arkd= k() is Timoshenko shear correction factor
(see [QTV:00Q]).F, is the radial component of the external forces, coming from the
stresses induced by the fluid, given by

—-F, =

1)

2
n° on®
—F. = ((p® — pres)I — 2uD(v°® P 1+ = 1 — | . 2
(0 =)t 200 )me, (145 )14 (5) . @
whereD(v?) is the rate of strain tensor. Equation (2) is validBn At the wall X.
we require continuity of velocity: the fluid velocity is linked with the velocity of
the lateral wall¥. by
g £ 8775 g g
vi(R+n ,z,t):E; and vi(R+1n%,z2,t)=0Vte R,. 3)
A time-dependent pressure head data at the inlet and at the outlet boundary drive the
problem and we assume the following initial and boundary conditions

p° + p(v9)?/2 = P;i(t) + pres, With j =1 for z=0, j =2 for z = L, Vt (4)
V5 |z=0 =0, n°=0 for z=0, n° =0 for z =L, Vt. (5)

We will assume that the pressure drdfx) = P (t) — P2 (t) € C§°(0, +0).
The Eulerian formulation of an incompressible viscous flow is given by the axi-
ally symmetric Navier-Stokes equations ot = (v, v<) andp®:

T2

15

5 .
P{ (;; + (VEV)VE} — pAVE+Vp =0 in 2. x Ry, ©)

Initially, the cylinder is filled with fluid and the entire structure is in an equilibrium.
The equilibrium state has an initial reference pressdye= p,.; and the initial
velocity zero. Furthermore, the initial data are given by

_ o
ot

We study the behavior of this coupled fluid-structure system (1)-(7) in the limit when
¢ — 0. We derive the asymptotic equations that describe: (a) the flow occurring at

g

=0 on X.(0) x {0}. @)
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the leading order time scale and (b) the oscillations of the membrane caused by a re-
sponse of the elastic material. Since they occur at different time scales we introduce
the scalingg = w°t. Classical 1D models lead to the variants of the shallow water
model and require aad hocclosure assumption. In this paper we will present effec-
tive equations which are obtained using homogenization, from the system (1)-(7), in
the limite — 0, without making anyad hocassumptions.

2 Uniform a priori estimates

First we note that existence of solutions to the system (1)-(7) is an open problem.
Recent references, containing existence results for the short time/small data can be
found in [DEGLT:01] and [BdV:04].
We suppose existence of a smooth solution and study the energy estimate. The
energy estimate, containing precise dependence @ obtained in [CMT:05]. In
order to capture the waves of the coupled fluid-structure response to the outside forc-
ing, the authors introduced the new tihe: w*t. The characteristic frequency is
calculated in [CLMT:05] by requiring that the effects of both the pressure head data,
Py (t) and P»(t), as well as the pressure drop datd¢), are seen in the solution. It
was found that
T RC
t = wt; w—L 2 (8)
Notice thatc = Lw* is the characteristic wave speed (the local pulse wave velocity
or sound speed). Expression (8) leads to the same characteristic wave speed as in
[Fung:93].
We start by introducing the norms that will be used to measure the size of the
inlet and the outlet boundary data. Define

h(e)E ref R A At
C= RQ((?_%(H Z(f )(1702)); p= #le(t) ©)
P2 —sup|P| + sup/ |—P| dr) +T/ |A(T (10)

Using the precise energy inequality, in [CMT:05] the following a priori estimates
were obtained:

Proposition 1. Solution(v, v<, n°) of problem (1)-(7) satisfies the followigpriori
estimates

1 32
ZHU D720,y < CQP (11)

TR _ 32
Trea 1V e < Jge

Eooue e ATR? [2
/0 {||WH%2(Q£(E)) + ||EH%2(QE({))}CZT < T RCPQ (13)

P2 (12)
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N vE e AR [2 _,
/0{||WHL2(Q€)+||7||L2(ns(f))+HEHLz(nE)}dTSTy/pﬁp (14)

The a priori estimates (11)-(14) provide a basis for asymptotic analysis in terms of
the parameters of the problem.

Table 1. Table with parameter values

PARAMETERS AORTAV/ILIACS LATEX TUBE

Char. radiusk(m) 0.006-0.012 0.011

Dyn. viscosityu(£2)  3.5x10°°  3.5x 107
Young'’s modulus E(Pa) 10° — 10° 1.0587 x 10°
Wall thickness h(m) 1 —2x 10~° 0.0009

Wall densityps (kg/m?) 1.1, 1.1

Fluid densityp(kg/m?®) 1050 1000

3 From Asymptotic Expansions to Reduced Equations

3.1 Asymptotic expansion
Introduce the non-dimensional independent variablasd z
r = Rr, z =1Lz, (15)

and recall that the time scale for the problem is determineﬁdﬂayﬁ{. Based on the
a priori estimates, we introduce the following asymptotic expansions

e __ ~0 ~1 _ -
v —V{v + v +...},V— RpCP (16)
1
n:E{ﬁ0+gﬁ1+...},E:E7> 17)
p=pV*{p’ +ep' +..}. (18)

The approximate values of the scaling parameters, based on our parameters with
E =6 x10° Paarel/ = 0.5 m/s,w = 113 and= = 0.00025 m.

After ignoring the terms of ordes> and smaller, the leading-order asymptotic
equations describing the conservation of axial and radial momentum, and the incom-
pressibility condition in non-dimensional variables read

0v, _ 00, _ 00, Op 1 (10 (.00, _
sy e vags o (P ) p =0 6o
op 0 . 9 .
% = 0, E (’I"’UT) + g (TUZ) = O, (20)



5

Homogenization Closure For Blood Flow Equations

where?? = 0 and

Lw® V R?

Shi= =2 Re:=T0 0 5 =l e b, = 00 +ebl, o= +ept (21)
\%4 uL

Using our values we see th&e = 35 and so the viscous coefficient is of order

1/Re = 0.03 = ¢/2. The Strouhal number iSh = 61.
Using (2) the asymptotic form of the contact force becomes

((ps - pT'ef)I - QMD(UE))neT = pV2 (ﬁ - ﬁref + 0(52)) <1 + ;%77) .
In non-dimensional variables the deformed interface is defined by the eqaation

1+ %ﬁ(i, t). The leading-order equation for the coupling across the deformed lateral
boundary describing continuity of forces and the continuity of velocity become

LVQ(N—ﬁ +0(e?)) 1+27) =i+ 0@)
P ref R
17,«(2,1—#%77(2,75),{):8—?7 b, =

3.2 The reduced two-dimensional coupled problem
We summarize here the two-dimensional reduced coupled problem in non-dimensional

variables. Define the scaled domain
Q) = {(3,7) € RYF <1+ %ﬁ(z,f),o <z<1}
and the lateral bounday(f) = {7 = 1 + Z7(2,1)} x (0,1). The problem consist
of finding a(%., #,, 7)) such that in2(#) x IR™ the following is satisfied
ov, . 0v, _0v, Op 1 (10 (.00,
Shﬁﬂzﬁ UT(W—’—@Z_Re{faf (787:)}7 (22)
9 . 0, .
o (7o) + FF (r0,) =0, (23)
P 1 .
== (24)
)
(25)

D ~,£ - ~- — T 5 —
p(z ) Dref pV2 (1 Z 5
(3,1 4+ Zii(z, 1) ):—ﬁ’ 5.(2,1+ =ij(z,),0) =0
T ) R77 i ) 957 z ) RT] ) ) )

with the initial and boundary conditions given by
i, =0 and p = (Py(f) (092(8) N {z = 0}) x Ry, (26)
3 (00() N {z = 1}) x Ry, (27)
and ’Iﬂg:l = 0, Vf € B+. (28)
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This is a closed, free-boundary problem for a two-dimensional degenerate hyper-
bolic system with a parabolic regularization. As in the simpler case of the rigid walls
(see [Bre:99])we see that. depends non-locally of, and solving system (22)-
(28) is difficult both theoretically and numerically. Since our system generalizes the
shallow water equations, it is customary to use a similar approach.

3.3 The Reduced Equations with the Closure Hypothesis

To simplify the problem even further and obtain the effective equations in one space
dimension we use a typical approach of averaging the two-dimensional equations
across the vessel cross-section. Introduce

o]

EVIH]

7] 7

1+ 2 1+
1+ %12 Jo (1+ RU) U?Jo

el

ﬁ:

[N}
|

A=1+25?2 @=AU.
1+ ) m

We integrate the incompressibility condition and the axial momentum equations with

respect ta* from 0 to 1 + 57 and obtain, after taking into account the no-slip con-

dition at the lateral boundary,

o ) S o
or,=0m_y, Sh%}+a(d"?)+A8”=2\/Z{a”Z]

9 ROz of 9z \" 4 97  Re oF

X

In the above system the Coriolis factodepends om, and the interface shear stress

{a;f] is unknown. A typical way of handling this problem in the theory of shallow
rls

water equation is to choose a closure, giving the dependericarnd P&Uf] onA
rls
andm. The usual choice in the literature is
- v+2 - T
=100 (). (29)
g L+ 50

(see [QTV:00]), withy = 9. We refer to [RobSeq:05] for the review of the closure
formulas for the axial velocity,. Now the term on the right hand-side of the momen-
. 2 7 . . .
tum equation becomesR—(v + 2)%. After inserting the expression (24) for the
(&

pressure and returning to dimensional variables, we obtain the following quasilinear
hyperbolic system

oA om _, (30)

ot 0z
om 0, m? é 0

AQ A o 2/J, m
Gl S 05 - - o e
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whereAd, = R?. Itis known that shocks do not form in system (30)-(31) for the real-
istic physiological parameters corresponding to a healthy human (see [CaKim:03]).
Nevertheless, the weak point of the model is the closure hypothesis (2Z@ult
introduce an error of order O(1) in the approximation and the parametes cho-

sen to fit the experimental data. Moreover, the important Womersley flow could not
be handled through (29). Our conclusion is that it would bergfortance to get a
closed model giving an approximation of orderO(s?).

4 An e2-approximation without the ad hoc closure assumption

In order to find a closure for the reduced problem, we are going to use homoge-
nization theory. Homogenization theory is used to find effective equations for non-
homogeneous flows. For porous media problems it can be applied when (a) the pore
size (characteristic size of the fluid region free of another phase) is smaller than a
characteristic length of the macroscopic problem (here, vessel diameter) and (b) the
pore includes a large number of molecules to be considered as continuum.

At a first glance using it in our setting is pointless. One should rather do a simple
averaging of the equations for the fluid phase over the cross-section of the vessel.
This approach is classical and we presented it in Section 3. It leads &)
approximation, but the resulting system (22)-(28) is very difficult to solve and its
complexity was the reason for imposing ah hoc velocity profile for the effective
axial velocity.

But we know how to obtain nonlinear filtration laws in rigid periodic porous
media by homogenization. In rigid periodic porous media the expansions are of lower
order of precision, but we got a closed system. In this case it was possible to link the
homogenized equations with the nonlinear algebraic relations between the pressure
gradient and the velocity (Forchheimer’s filtration law), found in experiments. For
more details we refer to [MarMik:00] and [Mik:00]. We note that, in a similar way in
[RobSeq:05], the equation (31) is replaced by a variant of Forchheimer’s law linking

op . . L .
P with m, m? and 37?’ and optimal approximations are derived for the case of

rigid walls.

How to link the artery flow with the filtration through porous media ? Due to the
uniform bound on the maximal value of the radial displacement, our artery could be
placed into a rectangle with the length of order 1 and of the small width. By repeating
periodically the geometry in the radial direction, we get a network of parallel, long
and narrow tubes. This is one of the simplest porous media which one can imagine.

It is not a rigid but adeformable porous medium, as in Biot’s theories of de-
formable porous media. All results which we could obtain for deformable porous
media are also valid in our situation.

Motivated by the results from [MarMik:00] and [Mik:00], where closed effec-
tive porous medium equations were obtained using homogenization techniques, we
would like to set up a problem that would mimic a similar scenario. In this vein,

. 1 S .
we introducey = gé and assume periodicity in of the domain and of the veloc-
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ity and the pressure. Furthermore, recalling that we have a “thin” long tube with
T = %r = %'Z we can assume periodicity in the radial direction thereby forming a
network of a large number of strictly separated, parallel tubes. This now resembles
a porous medium problem but with no flow from one horizontal tube to another. See

Figure 4. We homogenize with respect to all directions. Since there is nothing in the

FLUID

physics of the problem that depends periodicallyyome expect to get the effective
equations and the solution independeny of

More precisely, we start with the following relations between the “slow” vari-
ables ¢ andz (or 2)) and “fast” variables®{ andy)

z = LZ:= Ley = Ry, r = RF. (32)

The equations at zero order read

00 o ap 1 (10 [ 900\ 0%
Sh. z ~0 ; ~0 e - )22 xR z =0
051 T OVR)E Bt T R {f&f (raf)+ 0y } ’
(33)
080 o .o 9 0p 1 (18 [0\ 0%
Sho gy + (@ V"y”r*aﬁaf‘m{mf (’"w)* a2 }—0’
(34)
Vigh =0, (35)
0 o O
57 (707) + oy (72) =0, (36)
70,7° and§' are 1-periodic iny andi® = 7% = 0 at 7 = 1 + %v% (37)
where Ls RV
Sho = gT“’ Reg = 22 (38)

Notice Shy = eSh andRe = € Rey. For our valuesShy is of orderl (Shg € (3,4))
and Rey is around600. We remark that equation (35) corresponds toshéterm.
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Here, a new scaling for the pressure was used to obtain equations (33)-(35). This
“z-blown up” pressure scaling reads
LV2 ~ ]. =~ ~ = ~
p= pr =pViop=pV?p, so p=cp. (39)
The leading order Navier equations for the membrane force are unchanged.
We now focus on the case corresponding to the magnitude of the paraiegers
andReg which is of interest to us.

4.1 Case withSh > 0 and moderate Re

In this case, for a given pressure gradi%é}ot, the non-stationary, axially symmetric
system (33)-(37) admits a unique unidirectional, but strongly non-stationary solu-
tion. The unidirectional solution refers to tlpedirection. We will write the solution

of system (33)-(37) as a sum of this y-unidirectional solution and a small perturba-
tion of it. This perturbation satisfies a linearized system, see (33)-(37), where the
linearization is calculated around the unidirectional solution. This systefnsed

The zero-th order approximation: theunidirectional flow

For every given smootﬁo, system (33)-(37) has a unique strong solution
O =w(F 2,t), 0 =0, (40)

v, =
wherew satisfies

ow 110 <~6w>_ op-

_ . RCOP
o " Reror \"or ) = 0z 0=

w(0, 2, 1) bounded, w(1 + Z7°(2,1)/R,2,1) =0 and w(F,2,0) =0. (42)

(41)

Furthermore, solutioqﬁ1 is a linear function ofy, independent of*. Due to 1-
periodicity with respect tg we getﬁ1 = ﬁl(é, t). Then the next order in Laplace’s

law impliesp~~1 = 0. This is a free-boundary problem because the condition at the
lateral boundary depends on the solution. For a known pressure or the radial dis-

placement (or the cross-sectional area) this is well-posed. We can elirﬁ?mamd
use the definitions ot andm to write this in terms ofv and A as

% + %% O\/def — 0, (43)
sio2e 4 (B) BOVA_ 110 (0u) "
ot ) L 0z Reg 7 OT or
w(0,3,7) bounded, w(V'A,7,7) =0, A(Z,0) = 0, w(7, 2,0) =0
A(0,1) = A(L, 1) = 0w(7,0,7) = wo(t), w(7, L, 1) = w(t). (45)

This is a two-dimensional, free-boundary problem of mixed, hyperbolic-parabolic
type. It has a simpler form than system (19)-(20).
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The first-order correction: perturbation of theunidirectional flow

We will be using the zero-th order approximation to the solution consisting of the

velocity (w, 0) and displacemeni® (or, equivalently, the pressuﬁé)) to find ane-
correction by solving (19)-(20), linearized around the zero-th order approximation:

~1 ~1 ~0 ~0 =2 ~1 2~1
Shoavz Jrf}(z){@vz n 8“2}+§1‘%Z +8i 1 {1 0 (~8’l}z) N 0 UZ}

ot y | 0z "9F ' 8y  Rey \FOF \ oF B2
(46)
o5l o 9p 1 (19 (.9} 9%}
roogo% o0 1 J1O (00 : 47
Shogr Ty T or Reo{faf<raf)+8y2} (7)
I R
% (TUT) + aiy (Tvz) + 95 0, (48)
. 70 =
z%ﬁi,ﬁz are 1-periodic iny; o} = 8{;; L0 =0at7=1+ ﬁﬁo' (49)

This is an Oseen’s system and it hag'as uniquely determined. We searéh =
oL(7, z,1). Then

75L(7,2,7) = (1+ Si°/R) aa”; 4 /:H? " %”5 €50 ¢ede. (50)
Furthermore
Shoaa—”{i = R%O%% (f%f) n %(y,i,f) - —ﬁ,}.a;f - % <(”g)2 +ﬁ1>
(51)
91(0,%,1) isbounded ol(1+ Z7°(2,1)/R,2,1) =0 (52)
517, 5,0)=0 and p =5 (753 7) (53)

This solution also satisfies problem (22)-(48}teorder. More precisely, siané) =

ep and due to the boundary conditions for the pressure, we havéothabf ordere.
Consequently, both? and@; are of ordeke. We have

Proposition 2. The velocity field?? + ¢3!) and the pressure fiel§g§0 satisfy equa-
tions(22)(24)to O(?) .

5 Conclusion: The problem with nonlinear coupling in

dimensional form

Using the homogenization approach we obtained a closed "one-and-a-half-dimensional”
effective model, which approximates the system (1)-(7), in the kmit 0. We did
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not need anyd hoc closure assumptions. Our limit system could be classified as
a special case of the diphasic Biot's system (see [Biot:56]. Its numerical solution is
much simpler than that of the shallow water systems. For detailed presentation of
the numerical simulations we refer to [CLMT:05] and to [CMT:05]. We repeat once
more our construction, but this time in dimensional form.

The zero-th order approximation
Look for v? = v(r, z,t) andn® = n°(z,t) and then recovep® = p°(z,t) by

solving the following free-boundary problem defined on the donfain =z < L,
0<r<R+n°z1)

3(R—|— ,'70)2 9 /R+7IO 04
— + 2 ), 2rvydr = 0, (54)
oY op 10 [ 9
f’aﬁa;;“m(’“ar)v (°5)

v2(0, z,t) bounded, vY(R +n°(z,t),2,t) =0, v2(r,2,0) =0 (56)

with the following inlet and outlet boundary conditiovis € IR,

n’ =0 for z=0,n" =0 for z=1L, (57)
p=Pi(t)+prepfor z=0,0<r <R, (58)
p=Po(t)+presfor z=L, 0<r <R, (59)

with the pressure
0
n
t) = pref + RC———. 60
p(z,t) Pref + R+10 (60)

Thee-correction for the velocity

Solve forv! = vl(r, z,t) andv! = vl(r, 2,t) by first recovering;! via

. 0. O1° Rtn" 5,0
rlrat = (R G+ [ GEeanede @

and then solve the following linedixed boundary problem for!, defined on the
domain0 < z < L,0 < r < R+ 1n°(z,1)

ol 10 [ ovl
5% " Unor (T o > = =Sy (r,2,t) (62)
v1(0, z,t) bounded, v:(R+n°(2,t),2,t) =0 (63)
vl (r,0,t) =vl(r,L,t) =0 vl(r,2,0)=0 (64)

whereS,: (r, z,t) contains the already calculated functions and is defined by
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oY oY
Spi(r,z,1) = v} ;: + 00 81;’2. (65)

The result of Proposition 2 implies that the velocity fiéld + sv!) and the pressure
field p represent a second order approximation for the solutions of the equations

@-().

References

[BdV:04] H. Beirao da Veiga : On the existence of a strong solution to a coupled fluid-
structure evolution problem, Journal of Mathematical Fluid Mechanics, Vol. 6
(2004), p. 21-52.

[Biot:56] M.A. Biot. Theory of propagation of elastic waves in a fluid-saturated porous solid.
I. Lower frequency range, and Il. Higher frequency range, J. Acoust. Soc. Am.
28(2) (1956), 168-178 and 179-191.

[Bre:99] Y. Brenier: Homogeneous hydrostatic flows with convex velocity profiles. Nonlin-
earity, Vol. 12 (1999), p. 495-512.

[CaKim:03] S. Cant and E-H. Kim. Mathematical analysis of the quasilinear effects in a
hyperbolic model of blood flow through compliant axi-symmetric vessels. Mathe-
matical Methods in the Applied Sciences, 26(14) (2003), 1161-1186.

[CLMT:05] S.Cank, D. Lamponi, A. Mikelt , J. Tambaa : Self-Consistent Effective Equa-
tions Modeling Blood Flow in Medium-to-Large Compliant Arteries, SIAM Jour-
nal on Multiscale Analysis and Simulation, Vol. 3 (2005), p. 559-596.

[CMT:05] S.Cank, A. Mikeli¢ , J. Tamb&a : A Two-Dimensional Effective Model Describ-
ing Fluid-Structure Interaction in Blood Flow: Analysis, Numerical Simulation and
Experimental Validation, to appear in Comptes Rendé@sahique , 2005.

[DEGLT:01] B. Desjardins, M.J. Esteban, C. Grandmont, P. Le Tallec, Weak solutions for a
fluid-structure interaction model, Rev. Mat. Complut. 14(2001) , p. 523 - 538

[Fung:93] Y.C. Fung. Biomechanics: Circulation. Springer New York (1993). Second Edition.

[MarMik:00] E. Marwsic-Paloka and A. Mikef. The derivation of a nonlinear filtration law
including the inertia effects via homogenization. Nonlinear Analysis 42 (2000),
97-137.

[Mik:00] A. Mikelic. Homogenization theory and applications to filtration through porous
media, chapter in “Filtration in Porous Media and Industrial Applications,” by
M. Espedal, A. Fasano and A. MikéliLecture Notes in Mathematics Vol. 1734,
Springer, 2000, 127-214.

[Nobile:01] F. Nobile: Numerical Approximation of Fluid-Structure Interaction Problems
with Application to Haemodynamics. Ph.D. Thesis, EPFL, Lausanne (2001).

[RobSeq:05]A.M. Robertson, A. Sequeira: A director theory approach for modeling blood
flow in the arterial system: an alternative to classical 1D modefs A : Math.
Models Methods Appl. Sci., Vol. 15 (no. 6)) (2005), p. 871-906.

[QTV:00] A. Quarteroni, M. Tuveri and A. Veneziani. Computational vascular fluid dynam-
ics: problems, models and methods. Survey article, Comput. Visual. Sci. 2 (2000),
163-197.



