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Abstract

We consider the immiscible two phase mixture of water and hydrogen in a porous medium. The water phase is
incompressible and the hydrogen phase is compressible. The hydrogen dissolves in the water. The flow is described
by the system of non-linear evolution equations for the water saturation and the hydrogen pressure. Under non-
degeneracy and slow oscillation assumptions on the diagonal coefficients and with small data for the hydrogen, we
establish the existence of a weak solution. To cite this article: A. Namel, A. Name2, C. R. Mecanique 333 (2005).

Résumé

Un résultat d’existence pour les équations décrivant un écoulement diphasique gaz —liquide.

Nous considérons le mélange diphasique immiscible de I’eau et de I’hydrogéne dans un milieu poreux. L’eau est
incompressible et ’hydrogene est compressible. L’hydrogene se dissout dans I’eau. L’écoulement est décrit par le
systeme des équations non linéaires d’évolution pour la saturation de l’eau et la pression d’hydrogene. Sous les
conditions de la non-dégénérescence et des petites oscillations des coefficients diagonaux et avec de petites données
pour ’hydrogeéne, nous établissons 'existence d’une solution faible. Pour citer cet article : A. Namel, A. Name?2,
C. R. Mecanique 333 (2005).
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1. Introduction to the model

In the context of a deep geological radioactive waste repository, it is expected that significant quantities
of hydrogen will be generated mostly by the corrosion of metal components.

The impact of gas transfers on the evolution of the repository is a major concern for the French national
radioactive waste management agency Andra and it launched the Couplex-Gaz exercise as a benchmark
to simulate hydrogen transfers in porous media.
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This important problem renews the mathematical interest in the equations describing multiphase/mul-
ticomponent flows through porous media. It turns out that there is a satisfactory mathematical theory
for the two-phase incompressible immiscible flows and for more details we refer to the books [1], [2] and
[3], articles [4] and [5] and to subsequent publications. In the case of two-phase flows with one (or more)
compressible phases, there are practically no mathematical results. Namely, in the case of two-phase
incompressible flows equations could be reduced to a parabolic-elliptic system using ”global pressure”
introduced by G. Chavent. The system is "weakly” coupled and the sophisticated theory, developed
for the scalar degenerate parabolic equations could be applied. If one of the phases is compressible, this
transformation does not help any more. Consequently one has to deal with a degenerate parabolic system.
We note here that if the thermodynamical variables are supposed to depend not on the physical pressure,
but on Chavent’s ”global pressure”, then it is possible to extend the known results to the compressible
case. For more details we refer to [6]. It is difficult to justify such approach from physical point of view
and we prefer keep the modeling from fundamental references.

For general modeling of multiphase/multicomponent flows through porous media we refer to the book
[7] and to the article [8]. Here we deal with 2 phases: water (liquid phase) and hydrogen (gas phase). We
suppose that both phases satisfy Darcy’s law:

K K
ol = _M(vpé _ ngsz) and 19 = — kirg(Sq)

VP, —p9gVxa); Se+S,=1. (1
” Mg(gpg2)€g (1)

The indices ¢ and g relate to the liquid and to the gas phase, respectively. S;,i = £, g stands for the
saturation, P; for the pressure, K for the absolute permeability, k,; for the relative permeability, u; for
the viscosity and p’ for the density. g is the gravity acceleration and for simplicity we suppose a 2D
situation.

In our particular simplified model, we suppose that water vapor is not present in the gas phase. Then
the continuity equation for the gas phase reads

8t(¢SgpeX£[2 + ¢Syp?) + div (pZXf;sz + p2v9) — div (peDfi{zVXf;z) =Ty, (2)

where ¢ is the porosity, X fﬁb is the mass fraction of the hydrogen in the gas phase and ngz is the
corresponding diffusion coefficient.
The continuity equation for the liquid phase is

0e(¢Sep" Xiy,0) + div (p'Xpp,ov") =765 Xp,o + Xy, = 1. (3)

System (1)-(3) is not complet and we add (i) the capillary pressure relation, (ii) the constitutive law for
the gas, and (iii) Henry’s law:

Xilgpw

Py = Py = Peg(Se); p? = R'Pyi plyy = 75
Hy>

:KI*JPQ? (4)

where p,, is the standard pure water density, Peey(Se) is the capillary pressure, being a monotone de-
creasing function of the saturation Sy, and K7, and R* are (small) positive constants. For the detailed
presentation of the model we refer to the presentation of the benchmark Couplex-Gaz by J. Talandier and
the corresponding Web pages in [9]. For more general modeling of the two-phase two-component flows
through porous media one could consult the recent article [10] by A. Bourgeat and M. Jurak.

In this short note our goal is to establish an existence result in a simple case when (i) the evaporation
is neglected; (ii) degeneracy is avoided , (iii) the permeability K is supposed to be a scalar and (iv) the
boundary conditions are simplified. We choose as unknowns the saturation of the liquid phase S = Sy
and the rescaled hydrogen mass density U = m(S )Pi% in the liquid phase. We have
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— ~50; m(S) =S +a(l - 9); kre(S) | krg(S)
KH

m
=1—-a<0; b5 = +a
ds (5) 1224 Hg

a= ;07 = apl,. (5)

Henry’s law from (4) is generalized to large values of P, by setting pf% =1 — e MuKuPy Gince we are
going to establish the existence for small hydrogen density, the fact that we know the constitutive laws
only for small values of it does not pose problems.

With notations

K-35 b(S) , Dy P
A (S,U) = ¢ 2 N S,U) = Kp b(S)gV 6
11( ; ) dpfqz PH, m(S) + m(S) oo+ m[(]S) ) 4101( ) ) PH, ( )g L2, ( )

A5, 0)= S (G ) + pf_%:({”a Jog - = @)
(S0~ diZ R T e ©
(5, 1) =KL 0 0T RS s, 0) = KE 4 Ujm()g ¥, 0

the system (1)-(3), (4)-(5) becomes
0,(6U) — div {AH(S, U)VU + Apa(S, U)VS} +div (91(5,0)) =1y (10)
8y (¢S) — div <A21(S, U)VU + Ay (S, U)VS) + div <<,02(S, U)> - % (11)

Through the paper we suppose the following 2 hypothesis

(H1) Let limg_,1 P.(S)kry(S) exist and let they be different from zero.

(H2) Let there be a constant 5 > 0 such that 8k, (S) < —P.(S) on [0, 1].

Now for the coefficients we have

Lemma 1.1 Ay, As and Age are C*° functions of S and U on [0,1] x [0, 400[), taking values in the
intervals (a11,m,a11,m), (0,a21,0) and (age,m, ase.n), respectively. A1z = Uai2(S,U), where a1z is a C™
function of S and U on [0,1] x [0,400[), taking values between 2 positive constants, aiom, and ai12,m-
01(S,U) = x(U)¥1(S)gVxa, where ¥y is a bounded C* function and x is a C* bounded function of U
on [0, 4+00(), behaving as U for small values of the variable. w3(S,U) is a bounded C* function.

2. Existence of a solution

(S,U) = A;;(1,U) for S > 1

We start by defining the coefficients for S outside the interval [0, 1] : A;;
,U) = A;;(S,Us). We make the

and A;;(S,U) = A;;(S4+,U) for S < 0. Next, for U < 0, we set A;;(S
following assumptions on the data:
(i) © c R? is open, bounded and connected with smooth boundary. Let V = L%(0,T; H!(Q2)), 0 < T <
+oo and Qr = Q x (0,7).
(ii) For the data we assume Sy € Wh3(Q), Uy € W13(Q), ry, 74 € L*(Qr) and 1y, 7y > 0. ¢ is a
positive constant.
Définition 2.1 We call {S,U} a weak solution of the system (10)-(11) if the following properties are
fulfilled: {S,U} € V2N L>®(Qr)?, 0,{S,U} € (V*)? and for all {wy,ws} € V? we have
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T T
< 8t ¢)U wy > dt-l-// {AHVU-‘FAHVS QDl(S U)}ledxd //rgwldxdt (12)
Q 0 Q

L wydxdt (13)

w

/
/

0
T

< O (,Z5S w2 > dt+//{A21 VU+AQQVS QDQ(S U)}ngd:cdt
0

St~
o

and for all w; € VNWLY0,T; L*°(Q)), i = 1,2, with w;(T) = 0,
T T T

/ < 6tU, wy > dt + // U U() 8tw1dxdt =0 / < 8153 wo > dt+// S So)atwgdl‘dt =0. (14)
0 0 Q 0

The system (10)-(11) could loose parabolicity for large values of U. Let Aﬁ (S,U) = Ai; (S, sup{R, Uy }).
Theorem 2.1 There exist R > 0 such that for 0 < R <R, the system (12)-(14), with the matriz [A;;]
replaced by [Afl], has at least one weak solution {S®, U}

Proof: We use the general theory of quasilinear elliptic-parabolic differential equations from the article
[11]. It is enough to check the ellipticity. It is equivalent to the positive definiteness of the quadratic form

For U = 0 the sufficient and necessary conditions for the quadratic form (15) to be positive definite are (i)
AR (S,0) > 0, AL(S,0) > 0 and (ii) (A% (S,0) + AL (S,0))? < 4AE (S,0) AR (S, 0). The former conditions
are consequence of the hypothesis that limg_.g1 P.(S)k,(S) exist and is different from zero. The later
condition reads

(Kkr(9))/ (M1, K1) p) < (D, (—P2(S))/(m(S))  on [0,1]. (16)

Under hypothesis (H2) , (16) is achieved by multiplying the 2nd equation by (Mp, K H)QDfi{2 B divided
by Kmaxm(S). By continuity, there is a constant R > 0 such that the quadratic form (15) remains
positive definite for |U| < R. This proves the theorem. O
Lemma 2.2 Let vy, > 0, kpy(0) = 0, let the initial values be non-negatives and let the assumptions
of theorem 2.1 be fulfilled. Then solutions are non-negatives.
Proof: We note that k,,(0) = 0 implies A12(0,U) = 0. Furthermore, A2;(S5,0) = 0. Now we test the
system (10)-(11) by the negative parts of a solution and obtain the result. O

It remains to prove that for small data the L°°-norm of U is small.

Let b > 0 be a given constant. Then for the problem

ou
on
the theory of parabolic potential (see e.g. [12], pages 271-276) gives

1
g@u—Au:f—!— div F' in Qr; +F-n=0 on 02 x(0,T); wu=wuy on . (17)

IVullLa(@r) < Alb, q){Co(b)lluOllwm(m + ||F||L‘1(QT)2} + A, ) ([ fllza@r) + luollwraw), (18)

where A(b, q) is a continuous function of ¢, equal to 1 for g = 2.
Proposition 2.3 Let g € (2,+00) be such that

A22 ((E, y)
a22 M

All(xv y) o
ai1,m

-1 ) A(all,Maq) sup

z€[0,1],y>0

£(q) = max{A(az2.r,9) sup
z€[0,1],y>0

1‘}< 1. (19)

Then we have



A(azz,m: ) [ || Azl
1955 20@n) < 2505 ey e IVU M lzr@n) + Coi + CollSollwrae)  + Cillrullzony  (20)
A(a/ll M,4q ) ||A12||oo
IVU | La(or) < 1= ((q) PR R|IVS®| La(@r) + RCp1 + [Uollwra(2)Cs ¢ + CallrgllLo(or)(21)
Proof: Applying (18) to (11) yields

A22(xa y) o

IVSF|| La(gqr) < A(azz,M,q){ sup
a22 M

z€[0,1],y>0

[ A21]ls0
11955 2r0p) + 22 R g +
22,M

)

||802|Lq(QT)} + CollSollwrae) + CillrwllLa(@r)- (22)

Next we apply (18) to (10) and get

Aqq(x,
|VUR||Lq<QT>SA<au,M,q>{ sup ””’)—1]||VUR|Lq(@ﬂﬂmnm@m
ze€l0,1],y>0 | G11,M
lla2|lo
s IVSE a@m lU | e @z ¢ + CollUollwracay + CillrgliLa(q)- (23)

After inserting (23) into (22) and using (19) we obtain (20)-(21).0
Corollary 2.4 Under conditions of Proposition 2.8, there are constants I% and I%, depending only on
1Sollw.a() and on bornes on coefficients, such that

R Alai,m, @) Alaze, v, q) azi,m Alaza n,q) (1 2
175 e @m (1 A—0@)  amn DS 1-0g (e mrz). @9

Next, we will need the De Giorgi-Nash-Moser L*-estimate for the equation (11). Unfortunately the

classical result establishes the bound, but without really caring how the constants depend on data. We

have to establish that for small data the L°°-norm is small. We use the result proved in the Appendix A

(see also [14]), which applied to the equation (11) reads

Lemma 2.5 Let q € (4,+00) satisfies (19), let A € (0,1) and let 8 = 26:(Q) + (|Q|)1/4 be the imbedding

constant of Vy"°(Qr) in L*(Qr). Let us suppose that 32(|QT)4~9/29 < min{1, a1y, }A2/4. Then we
have

10l o@r) < 65A(2||Uo|\Loo<m +lrgllzarz@r) + 1412V S Laor) + llerllaen))  (25)

(1-¢(q))*
2 Alay1,m,q)Aas2, . q)’

estimate ||VS™|z4(qr) by the inequality (24) and get as the upper bound Ig =

4
Va11,m

The upper bound for R is equal or smaller than mm{

R}. Consequently, we

2

Alazz,ur,q) Ié +
1—£(q)

RI%) ,with R replaced by the above value.

Theorem 2.6 Let us suppose (19) with ¢ > 4 and the hypothesis of Lemmas 1.1, 2.2 and 2.5 and

Theorem 2.1. Let {S%, UR} be a weak solution for the truncated coefficients A;j, constructed in Theorem

(1-4(q))? Vatm -
1, and let R = d Ay = I Vay=1_
2.1, and let R = mm{ZA(an M,Q)A(a22,M7Q)’R} and Ao 1 (a12,m1s + Cp1|Qr]'9) e

suppose the following conditions on the data

1
52(|Q|T)(Q74)/(2‘1) < min{1, all’m}Ag/él and 130A (2||r9||L‘?/2(QT) + ||U0||Loo(Q)> < R. (26)
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Then |[UR|| Lo (qr) < R and {S®,UR} is a weak solution for the system (12)-(14).

Proof: It is a direct consequence of the preceding Lemmas, of the choice of R and Ay and the conditions
(26). O

Remark 1 We note that (19) holds if the oscillation of coefficients A11 and Asg, given by (6) and (9),

P
is not large. Physically, under the hypothesis (H1)-(H2) it reduces to the smalness of 7 Zg . Assumptions

P,

of Lemma 2.5 are always fulfied if the length of the time interval is not too large.

Acknowledgments

Research of the author was supported in part by the GDR MOMAS (Modélisation Mathématique et
Simulations numériques liées aux probléemes de gestion des déchets nucléaires: 2439 - ANDRA, BRGM,
CEA, EDF, CNRS) .

References
[1] Antontsev, S. N. ; Kazhikhov, A. V. ; Monakhov, V. N.; Boundary value problems in mechanics of nonhomogeneous
fluids. Studies in Mathematics and its Applications, 22. North-Holland Publishing Co., Amsterdam, 1990.

[2] G. Chavent, J. Jaffré , Mathematical models and finite elements for reservoir simulation. Single phase, multiphase and
multicomponent flows through porous media, North-Holland, 1986.

[3] Gagneux, G., Madaune-Tort, M., Analyse mathématique de modéles mon linéaires de l’ingénierie pétroliére.
Mathématiques et Applications , Vol. 22. Springer-Verlag, Berlin, 1996.

[4] Kroner, D., Luckhaus, S., Flow of oil and water in a porous medium. J. Differential Equations 55 (1984), no. 2, 276-288.

[5] Alt, H. W., DiBenedetto, E., Nonsteady flow of water and oil through inhomogeneous porous media. Ann. Scuola Norm.
Sup. Pisa CL Sci. (4) 12 (1985), no. 3, 335-392.

[6] Galusinski, C., Saad, M., On a degenerate parabolic system for compressible, immiscible, two-phase flows in porous
media. Adv. Differential Equations 9 (2004), no. 11-12, 1235-1278.

[7] Bird R. B., Stewart W. E. and Lightfoot E. N., Transport Phenomena, Wiley, New York 1960.

[8] Myron B. Allen, Numerical modelling of multiphase flow in porous media, Adv. Water Resources, Vol. 8 (1985), pp.
162-187.

[9] J. Talandier, Présentation d’un benchmark sur la simulation des écoulements biphasiques en milieur poreuz:
application au transfert des gaz autour du stockage de déchets radioactifs. Benchmark presented on the web page
http://www.andra.fr/interne.php37id_article=913&id _rubrique=76

[10] Bourgeat A., Jurak M., Models for Two-phase Partially Miscible Flow, published online in Comput. Geosci. on August
30, 2008.

[11] Alt, H. W., Luckhaus, S., Quasilinear elliptic-parabolic differential equations. Math. Z. 183 (1983), no. 3, 311-341.

[12] Bensoussan, A.; Lions, J.-L.; Papanicolaou, G., Asymptotic analysis for periodic structures. Studies in Mathematics
and its Applications, 5. North-Holland Publishing Co., Amsterdam-New York, 1978.

[13] Ladyzenskaja, O. A.; Solonnikov, V. A.; Ural’ceva, N. N., Linear and quasilinear equations of parabolic type. Translations
of Mathematical Monographs, Vol. 23 American Mathematical Society, Providence, R.I. 1967.

[14] Mikeli¢, A., An ezistence result for the equations describing a gas-liquid two-phase flow, article in preparation.

6



Appendix A. Adapted De Giorgi-Nash-Moser parabolic estimate

In this appendix we establish a variant of the classical De Giorgi-Nash-Moser parabolic estimate, which
gives the precise dependence of the L*-norm of the solution on the data. We repeat, after [13], that
V'Y (Qr) = C([0,T); L*(Q)) N L2(0, T; H'(Q)). Let § be the imbedding constant of V,"(Qr) in L*(Qr).
After [13], page 77, it is given by

5= 23(Q) + (%W‘*. (A1)

Theorem A.1 Let B € (L>(Q))* be a such that BEE > agl€]?,VE € R? and let g, |7>|2 € L1(Qr),
q>2anduy € C(Q). Let u € V;’O(QT) be any weak solution for the boundary/initial value problem

Owu — div (B(z,t)Vu) =g+ div T in Qr (A.2)
Uimo =ug in Q; (BVu+ f)-v=00ndx (0,T). (A.3)

Let A € (0,1) be an arbitrary constant. Furthermore, let us suppose that
A2
B2(1Q|T) e~/ 20 < — min{1, ao}. (A.4)
Then u € C(Qr) and we have

2 ) 1 o
max - u(z,t) < 2A(7H|7|2H2/G(QT) + §||9||LQ(QT) + ||u0||L°°(Q))(1 + 22(a=D/(a=2) ) (A.5)

(z,t)EQr vV Qo

Proof: We follow the proof of the corresponding result from the book [13], pages 181-186. It is the
Theorem 7.1. As there, we test the weak form of the problem (A.2)-(A.3) by u®*) = sup{u — k,0},
k> |luo|| = (q)- Exactly, as in [13], pages 183-184, after straightforward calculations we get

%/(uk(x,t))z d:chao/ / IVl dexg/ / (%|Vu|2+§0|7|2+|g|(ufk)) dudr,(A.6)

Q 0 Agp(r) 0 Ag(r)

where Ay (1) = {z € Q| u(z,t) > k}. The inequality (A.6) implies

t —

L. A1fP 1]l

L (k) (|2 el 119l 212

2m1n{1,a0}\|u HV21‘0 S/ / (ao 2 T35 )((u k) +k ) dzdr, (A7)
0 Ak(T)

2 1
for every 6 > 0 and k > max{|uo|z(a),d}. We choose § = A(ﬁ|||7|2||;QiQT) + 5 l9llza@n) +

lluoll o< (0))- Then using interpolation and embedding inequalities, exactly as in [13], page 185, we obtain
A
o min{L ao}|u|3 10 < B2 CV (k) [uPfF 1o + K2 p@D(R), k> 6, (A.8)
2 2

where p(k) = fg |Ar(7)| dr and 3 is the embedding constant of V,"°(Qr) in L*(Qr), given by (A.1).
Next, the assumption (A.4) implies that (A.8) reduces to

A

1 min{1, a0}||u(k)\|%/1,o < k2pla=V/a), vk > 6. (A.9)
2

Finally we use Theorem 6.1., pages 102-103 form [13], to conclude that (A.9) implies (A.5).0
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