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Abstract

It is generally accepted that the effective velocity of a viscous flow over a porous
bed satisfies the Beavers-Joseph slip law. To the contrary, in the case of a forced
infiltration of a viscous fluid into a porous medium the interface law has been a
subject of controversy. In this paper, we prove rigorously that the effective interface
conditions are: (i) the continuity of the normal effective velocities; (ii) zero Darcy’s
pressure and (iii) a given slip velocity.  The effective tangential slip velocity is
calculated from the boundary layer and depends only on the pore geometry. In
the next order of approximation, we derive a pressure slip law. An independent
confirmation of the analytical results using direct numerical simulation of the flow at
the microscopic level is given, as well.
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1. Introduction

The aim of this paper is to derive rigorously interface conditions governing the
infiltration of a viscous fluid into a porous medium.

We start from an incompressible 2D flow of a Newtonian fluid penetrating a porous
medium. At the pore scale, the flow is described by the stationary Stokes system,
both, in the unconstrained fluid part and in the pore space. Upscaling of the Stokes
system in a porous medium yields Darcy’s law as the effective momentum equation,
valid at every point of the porous medium. The two models, Stokes system and the
Darcy equation, are partial differential equations of different order and need to be
coupled at the interface of the fluid and the porous medium. The resulting system
should provide an approximation of the starting first principles with error estimate
in the term of the dimensionless pore size £, being the ratio of the characteristic pore
size and the macroscopic domain length.

The main result of this paper is a rigorous derivation of the effective filtration
equation and the interface condition from the pore scale level description based on
first principles, supported by a direct pore scale simulation of the Stokes equations.

The resulting interface conditions take the form:

(i)
u" =uP and PP =0 on {z,=0}, (1)

where {u?, PP} are the Darcy velocity and the pressure and u®// is the uncon-
fined fluid velocity.

(ii)
apP

uil = Cf’bla—m on {zy =0}, (2)

where 012 bis a boundary layer stabilization constant given by 1) Note that
in general 012 :bl # Ki5 K being the permeability tensor, and there is a jump of
the effective tangential velocities.

There is vast literature on modeling interface conditions between a free flow and
a porous medium. Most of the references focus on flows which are tangential to



the porous medium. In such situation, the free fluid velocity is much larger than
the Darcy velocity in the porous medium. The corresponding interface condition
is the slip law by Beavers and Joseph. It was deduced from the experiment in [3],
then discussed and simplified into a generally used form in [30] and justified through
numerical simulations of pore level Navier-Stokes equations in [31], [20] and [7]. A
rigorous justification of the slip law by Beavers and Joseph, starting from the pore
level first principles, was provided by Jéger and Mikeli¢ in [I7], using a combination
of homogenization and boundary layers techniques. The slip law is supplemented by
the pressure jump law, what was noticed in [18] and rigorously derived in [25]. A
corresponding numerical validation by solving the Stokes equation at the pore scale
has been recently presented in [7].

Infiltration into a porous medium corresponds to a different situation, in which
the free fluid velocity and the Darcy velocity are of the same order. We refer to the
article by Levy and Sanchez-Palencia [23]. They classify the physical situation as
”Case B: The pressure gradient on the side of the porous body at the interface is
normal to it”. In the ”Case B” the pressure gradient in the porous medium is much
larger than in the free fluid. Using an order-of-magnitude analysis, in [23] it was
concluded that the effective interface conditions have to satisfy conditions . Note
that the interface conditions were obtained for low Reynolds number flows.

In order to close the system, one more condition is needed. In [23] an intermedi-
ate boundary layer was introduced and existence of an effective slip velocity at the
interface was postulated. However, the article [23] did not provide the slip velocity.
It was limited to a model of macroscopic isotropy, where the slip is equal to zero.
Therefore, zero tangential velocity was assumed.

A rigorous mathematical study of the interface conditions between a free fluid and
a porous medium was initiated in [16]. Our analysis reposes on the boundary layers
constructed there. For reviews of the models and techniques we refer to [I1] and [19].

We note that in a number of articles devoted to numerical simulations, the porous
part was modeled using the Brinkman-extended Darcy law. We refer to [10], [13], [14],
[26], [35] and references therein. In such setting, the authors used general interface
conditions introduced by Ochoa-Tapia and Whitaker in [28]. They consist of (i)
continuity of the velocity and (ii) complex jump relations for the stresses, containing
several parameters to be fitted. We recall that the viscosity in the Brinkman equation
is not known and the use of it seems to be justified only in the case of a high porosity
(see the discussion in [27]). Furthermore, Larson and Higdon undertook a detailed
numerical simulation of two configurations (axial and transverse) of a shear flow over
a porous medium in [21]. Their conclusion was that a macroscopic model based on
Brinkman’s equation gives “reasonable predictions for the rate of decay of the mean
velocity for certain simple geometries, but fails for to predict the correct behavior



for media anisotropic in the plane normal to the flow direction”. An approach using
the thermodynamically constrained averaging theory was presented in [I5]. Darcy-
Navier-Stokes coupling yields also interesting numerical problems, see [22], [29] and
[11] and references therein.

In our work we use a finite element method to obtain a numerical confirmation of
the analytical results. Numerical study of the convergence rates of the macroscopic
problems and effective interface conditions is a challenging task. The first difficulty
is to find a numerical solution of the microscopic problem used as a reference. The
geometry of the porous part has to be resolved with high accuracy. In addition, the
microscopic solution in the vicinity of the surface of the porous medium has large
gradients that can be approximated only by a boundary layer, as shown in this work.
The accuracy needed by the resolution of the interface and porous part requires high
performance computing. In our test cases, we reduce the computational costs by con-
sidering a problem with periodic geometry and periodic boundary conditions. Thus,
we reduce the computations to one column of inclusions in the porous part. Neverthe-
less, even in the simplified example problem all the computations must be performed
with high accuracy. The reason is that the homogenization errors, especially in the
estimates based on correction terms, are small in comparison with numerical errors
even for simulations with millions of degrees of freedom. A further difficulty is that
to check the estimates numerically, we have to solve several auxiliary problems which
are coupled. Therefore the numerical precision of one problem influences the precision
of the other ones. Due to the complexity of the microscopic flow and the boundary
layers, strategies for local mesh adaptivity to reduce the computations of the norms
in the estimates are not effective. We nevertheless apply a goal oriented adaptive
method, based on the dual weighted residual (DWR) method [4], to calculate some
constants needed for the estimates, increasing the overall accuracy of our numerical
tests.

The paper is organized as follows: In Section [2] we formulate the microscopic
problem and the resulting effective equations. We provide theorems on error estimates
of the model approximation. In Section |3| we give a numerical confirmation of the
analytical results based on finite element computations. Sections contain the
corresponding proofs.  The necessary results on boundary layers and very weak
solutions to the Stokes system will be recalled in the proofs of the main results.

2. Problem setting and main results

2.1. Definition of the geometry

Let L, h and H be positive real numbers. We consider a two dimensional periodic
porous medium {2, = (0, L) x (—H,0) with a periodic arrangement of the pores. The
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Figure 1: Sketch of the geometry |(a)| the periodicity cell Y |(b)

formal description goes along the following lines:

First, we define the geometrical structure inside the unit cell Y = (0,1)?. Let Y,
(the solid part) be a closed strictly included subset of Y, and Yz = Y'\Y, (the fluid
part). Now we make a periodic repetition of Y; all over R? and set Y* = Y, + k,
k € Z*. Obviously, the resulting set £, = Urez Y is a closed subset of R? and
Er = R?\E, in an open set in R?. We suppose that Y; has a boundary of class C°°,
which is locally located on one side of their boundary. Obviously, Fr is connected
and FE, is not.

Now we notice that (2, is covered with a regular mesh of size ¢, each cell being a
cube Y7, with 1 <4 < N(g) = |£25|e72[1 + o(1)]. Each cube Y;° is homeomorphic to
Y, by linear homeomorphism /77, being composed of translation and a homothety of
ratio 1/e.

We define Y§ = (1I7) ' (Yy) and Yy = (II;)"'(Yr). For sufficiently small

e > 0 we consider the set T. = {k € Z*|Y§ C (2} and define

O0.=]JYs, §=00. 025=02\0.=%NcEy

keT:

Obviously, 025 = 02, US®. The domains O, and (25 represent, respectively, the solid
and fluid parts of the porous medium (2. For simplicity, we suppose L/e, H/e, h/e €
N.

We set X' = (0,L) x {0}, £, = (0,L) x (0,h) and 2 = (0, L) x (—H, h). Further-
more, let 2° = 25U X U 2 and 2 = 2, U X U . (See Fig.



2.2. The microscopic model

Having defined the geometrical structure of the porous medium, we precise the
flow problem.

We consider the slow viscous incompressible flow of a single fluid through a porous
medium. The flow is caused by the fluid injection at the boundary {xs = h}. We
suppose the no-slip condition at the boundaries of the pores (i.e. the filtration through
a rigid porous medium). Then, the flow is described by the following non-dimensional
steady Stokes system in {2° (the fluid part of the porous medium {2):

—AVE + VpE = O in QE, (3a>

div vo =0 in  (2°, / p° dz =0, (3b)
[

vi=0 on 02°\ 0, {v®,p°} is L — periodic in 1, (3c)
. . o0V

v |x2=h = VDa U2|:C2=—H =9, a_x;’l?:—H = 0. (3d)

Such flow is possible only under the following compatibility condition

LUB:/OLg(xl) dxlz/OLUQD(xl) da;. (4)

With the assumption on the geometry from section condition (4) and for f €
C>®(2)?, vP € C*®[0,L)? and g € C*[0, L], problem — admits a unique
solution {v¢,pf} € C>(£2¢)3, for all € > 0.

Our goal is to study behavior of solutions to system —, when ¢ — 0. In
such limit the equations in (2; remain unchanged and in (25 the Stokes system is
upscaled to Darcy’s equation posed in §2,. Our contribution is the derivation of the
interface condition, linking these two systems.

2.3. The boundary layers and effective coefficients
Let the permeability tensor K be given by

K;j = Vywi : Vywj dy = / w;- dy, 1 <1,5 <2. (5)

YF YF‘

where for 1 <i <2, {w',n'} € H),.(Yr)*xL*(Yp), fYF 7'(y) dy = 0, are solutions to

AW (y) +V,m(y) =e in Yp
div,w'(y) =0 in Yp (6)
w'(y) =0 on (9Yr\9Y).

6



Yo

A —

‘L‘—»yl
i iYF (0,1)
AN
‘ Yr — (0,2)

Figure 2: The boundary layer geometry

(See Fig. . Obviously, these problems always admit unique solutions and K
is a symmetric positive definite matrix (the dimensionless permeability tensor). In
addition

1
Kjo = Ky; :/0 w%(yhO) dy;. (7)

In order to formulate the result we need the viscous boundary layer problem
connecting free fluid flow and a porous medium flow:

In the Fig. [} the interface is S = (0,1) x {0}, the free fluid slab is ZT =
(0,1) x (0,4+00) and the semi-infinite porous slab is Z= = U2 (Yr — {0, k}) , where
Yr — {0, k} denotes the translation of the pore Yz for k in the negative yy direction.
The flow region is then Zg;, = ZtUSU Z~.

We consider the following problem:



Find {7 w3} j = 1,2, with square-integrable gradients satisfying

— A, B 1V W =0 in ZtuZzZ- (8a)

div , 7 =0 in ZtuZz- (8b)

[67]4(-,0) = Kyje* —w!  on § (8¢)

(V5% — 1)) (,0) = —{T,w —wT}e? on § (54)
)

B =0  on UX, (Y, — {0,k}), {7 WY is 1 — periodic in y;. (8e

By Lax-Milgram’s lemma, there exists a unique 7% € L2 (Zp1)?, V05" € L*(ZTU

. loc
Z7)* satisfying — and w € L2 (Zpr), which is unique up to a constant and
satisfying . After the results from [16], the system - describes a boundary
layer, i.e. (7" and w’® stabilize exponentially towards constants, when |y,| — oo:

There exist 79 > 0 and C** and CY such that

’Bj,bl _ Cj,bl‘ + ‘wj,bl - C%” < Ce 092, Y2 > 0, (9)
e*'yoyzvyﬁj»bl7 e*“/OyZﬁj’bl, e~ 0u2yibl ¢ L2(Zf)a (10)
il = (9, 0) = (/ B (g1, +0) dyy,0), (11)
S
1
C = / W (y1, +0) dys. (12)
0

The case j = 2 is of special importance. If we suppose the mirror symmetry of
the solid obstacle Y, with respect to y;, then it is easy to prove that w? is uneven
in y; with respect to the line {y; = 1/2}, and w3 and 72 are even. Consequently,
Ky = Ky = 0 and the permeability tensor K is diagonal. Next we see that ﬁf b s
uneven in y; with respect to the line {y; = 1/2}, and 3" and w? are even. Using
formula yields 012 P — 0 in the case of the mirror symmetry of the solid obstacle

Y, with respect to y;.

2.4. The macroscopic model

Now we introduce the effective problem in (2. It consists of two problems, which
are to be solved sequentially. The first problem is posed in {2 and reads:
Find a pressure field PP which is the L— periodic in z; function satisfying

u” = —KVP” and div (KVPD) =0 in {2 (13a)
PP=0 on ¥; —KVPP|——m € =g (13b)
We note that the value PP|x of pressure field at the interface X is equal to zero.

8



Problem ([13a))-(|13b)) admits a unique solution {u”, PP} € C>(§2,)%.

Next, we study the situation in the unconfined fluid domain (2;:
Find a velocity field u®’f and a pressure field p*// such that

—Au 4 vptt =0 in (2, (14a)

div u/ =0 in 2, /Q p de =0, (14D)

uf =P on (0,L) x {h}; u®/ and p*/ 1are L — periodic in  z71, (14c)
ut = —KVPP . e = — Ky, or” and uSff =2 or” on Y. (14d)

8562 81:2

The constant C’12 g given by and requires solving problem —.
Again, using the compatibility condition we obtain easily that problem ({14aj)-

(14d) has a unique solution {u¢/’ pe//} € C=(2,)3.

2.5. The main result

In this section we formulate the approximated model. We expect that the Stokes
system remains valid in §2;.

Since Ug = O(1) # 0, the filtration velocity has to be of order O(1). Therefore,
after [1], [19] and [32], the asymptotic behavior of the velocity and pressure fields in
the porous part {25, in the limit ¢ — 0, is given by the two-scale expansion

ve = u’(z,y) +eu'(z,y) + O(e?), yzg,
£~y 1 D 11 x
PP (x)+gp (z,y) +0O(1), y=g,

2
. OPP(z) apD (z)

0 — _ J ]

W)= =3 wit) =5, = }jw T

The boundary layers given by — will be used to link the above approximation
on Y with the solution of the Stokes system. With such strategy, at the main order



approximation reads

opPP oPP kT
e eff 2,bl N o k(Z
\% H( )( C 8[)3 ’Ze) H< x2) — 8ZL’kW (5)+
8 ‘ 52 bl( )+ O(g) + outer boundary layer, (15)
2
opPP
ﬁ:H@wﬁ”+HF%H5””—‘§]am PG+ A}
Loow @y o or” E
S@M(2) — 2 () G~ + o) + onter boundaury layers,  (16)

8PD
where H(t) is the Heaviside function. We will see that A" =

7'l'

Next we follow references [I] and [24] and extend the pressure p to (2 by
pi(x) for €
1

pi(x) = ~ p°(y) dy  in each e(Y; — (k, k2)). an
e2|Yr| e(Yr—(k1,k2))

w' i = 1,2 and %" are extended by zero to the solid structure Yy and v¢ by zero to

0\ 2.

Theorem 1. Let O be a neighborhood of xo = —H. Let us suppose the geometry and
data smoothness as above and the compatibility condition . Let p° be extended to
{29 by formula .Then we have

Hva_utEffHL2(Ql S C\/E (18)
a D
v + —\E(Kme - p* bl( p 0+ )| 22(x) < CVe (19)
oprP x
W+Z —wh() - !ﬁ%nmmo«k (20)
e 95D C
157 = H(=22)e™ P72y < —- (21)

Inspection of the proof of theorem shows that we can obtain slightly better
estimates by rearranging the term
1

Loop ity 2 PP
S@M(D) - C2H ()

.

We obtain

10



Theorem 2. Let O be a neighborhood of xo = —H. Let us suppose the geometry and
data smoothness as above and the compatibility condition . Let p* be extended to
{29 by formula .Then we have

lve —u®/ + CF Fralb ——I B2 )IIL?(@)SC6 (22)
. opPP T
|[v +(9_x2 ( k(; —-) = 52bl( 0=z =
oPP x
|!V‘5+a—xz|x(Kzze2—52’bl(;l )l < Ce (23)
2
. opPP T
v +Za—%wk<;> O o8 Dllisaner < Ce (24
k=1
20P” 2 7, aPD C
P — H(—mz9)(e7?PP — +) 7 20) < —=. 25
IF; (—2)( Wa 2Iz ; IIL(Q)_\/E (25)

Remark 3. We took as correction to PP the quantity —C?0,,PP|s. In fact the
better choice would be to take a function satisfying equations -, with value
on X being —C20,,PP|x, instead of zero. Since the order of approzimation does not
change, we make the simplest possible choice.

If the effective porous medium pressure is PP/ = PP — ¢C29,,PP|s, then the
requirement that we can only have an O(1) normal stress jump on X yields

PPAIS 4 2C20,, PP = 0() on . (26)

The relation (@) indicates presence of an effective pressure slip at the interface .
Since € is related to the square root of the permeability, in the dimensional formulation,
our result compares to the numerical experiments by Sahraoui and Kaviany in [20]
and [31)]. They found it being small for parallel flows. We find it small but of order
of the corrections in the law by Beavers and Joseph in the case of the transverse flow.

Remark 4. We obtain an expression for the tangential slip velocity. Since it is zero
in the isotropic case, we do not confirm formulas like (86), page 2645, from [28] or
like formula (31) for oblique flows from [31)], which generalize the law by Beavers and
Joseph.

In [28], formula (71), page 2643, expresses the continuity of the averaged velocities.
By construction, we have the trace continuity for our approrimation. Nevertheless,
one usually does not keep the boundary layers in the macroscopic model. If we elimi-
nate the boundary layers and all low order terms, the effective velocity at the interface

11
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opP opP
eff — 02 ,bl o K 2
" Y
(see ) and from the porous media side
opPP opPP
D o2,
=-K — K
12 0%y e' 22 0x2

Therefore we find out that there is an effective tangential velocity jump at the interface.

3. Numerical confirmation of the effective interface conditions

This section is dedicated to the numerical confirmation of the analytical results
shown above. We solve the problems needed to numerically compare the microscopic
with the macroscopic problem by the finite element method (FEM). For the FEM
theory we refer to standard literature, e.g., [8] or [5].

For the discretization of the Stokes system we use the Taylor-Hood element, which
is inf-sup stable [6], therefore it does not need stabilization terms. In particular, since
the homogenization error in some of the proposed estimates is small in comparison
with the discretization error even for meshes with a number of elements in the order
of millions, we have used higher order finite elements (polynomial of third degree
for the velocity components and of second degree for the pressure) to reduce the
discretization error.

The flow properties depend on the geometry of the pores. In particular there is
a substantial difference between the case with symmetric inclusions with respect to
the axis orthogonal to the interface and the case with asymmetric inclusions. We
use therefore two different types of inclusion in the porous part, circles and rotated
ellipses, i.e. ellipses with the major principal axis non parallel to the flow. The
increased accuracy using higher order finite elements in the numerical solutions was
necessary, as shown later, especially for the case with symmetric inclusions. The
geometries of the unit cells Y = (0.1)?, see Figure , for these two cases are as
follows:

1. the solid part of the cell Y, is formed by a circle with radius 0.25 and center
(0.5,0.5).

2. Y consists of an ellipse with center (0.5,0.5) and semi-axes a = 0.4 and b = 0.2,
which are rotated anti-clockwise by 45°.

In addition, since the considered domains have curved boundaries we use cells of the
FEM mesh with curved boundaries (a mapping with polynomial of second degree was
used for the geometry) to obtain a better approximation.

All computations are done using the toolkit DOpE1ib ([12]) based upon the C++-
library deal.II ([2]).

12



(a) Circle (b) Ellipse

Figure 3: Mesh of the fluid part of the unit cell for the two types of inclusions: circles and ellipses

3.1. Numerical setting

In this subsection we describe the setting for the numerical test. To confirm the
estimates of Theorem |1 and [2[ we have to solve the microscopic problem to get
v® and p°, the macroscopic problems and (| . ) to get u¢f pff and PP, the
cell problem (@ to calculate the permeablhty tensor K, the velocity vector w and
pressure 7, and the boundary layer (8| for the velocity ,Bbl and pressure w®.

To reduce the discretization errors we consider a test case, described below, for
which it is easy to derive the exact form of the macroscopic solution. As we will show
below, the analytical solution of the macroscopic problem can be expressed in terms
of the solution of the cell and boundary layer problems. The discretization error of the
macroscopic problem in this case depends on the discretization error of the cell and
boundary layer problems and does not imply therefore an additional discretization
error.

We consider the following domains (2 = [0, 1] x[—1, 1] and §2° = 2\ ‘the obstacles’,
where the obstacles are either circles or ellipses as described in the subsection above.
In our example we consider the in- and outflow condition

=(0,—1) and g = —1. (27)

in the microscopic problem (3]

13



The macroscopic solution in this setting is

Cz,bl
eff 1
= 1— 28
1 K22 ( -TQ), ( a’)
ut = —1, (28b)
peff - 07 (280)
1
PP = ——u,. 28d
Koy T2 (28d)

The macroscopic solution depends on the solution of the cell problem though the
permeability K, see expressions and . Furthermore it depends on the
solution of the boundary layer though the constant C’12 P The macroscopic problems
and are therefore not numerically solved.

The microscopic problem is solved with around 10-15 million degrees of free-
dom, the cell problem uses around 7 million degrees of freedom. The permeability
constant has been precisely calculated using the goal oriented strategy for mesh adap-
tivity described in [7].

In the boundary layer problem, due to the interface condition , the velocity as
well as the pressure is discontinuous on the interface S. Since with the H' conform
finite elements chosen for the discretization the discontinuity cannot be properly
approximated, we have decided to transform the problem so that the solution variables
are continuous across S. The values of 8" and 7% needed to check the estimates are
recovered by post-processing. For the numerical solution, as explained in detail in the
appendix of our previous work [7], we use a cut-off domain, which is justified by the
exponential decaying of the boundary layer solution. The solution of the boundary
layer problem is obtained with a mesh of around 4 million degrees of freedom and
the constants Cf’bl and CP are calculated by the goal oriented strategy for mesh
adaptivity described in [7] where we have made sure that the cut-off error is smaller
than the discretization error. We note that in the computation of C? we do not use
the formula given in but the equivalent one

1
| ) dy, (29)
0
as this proved to be advantageous numerically.

In table [1|the computed constants K, C; M and CY for the two different inclusions
are listed. As the permeability tensor K has for the given cases the form

K Ky
K =
(K12 Ku) ’

14



‘ circular inclusions oval inclusions

Ky | 0.0199014353519271 +2 - 10712 0.0122773324576884 +2 - 1013
Ky | 0 0.00268891986291451 +£2 - 10~13
CPM 10 -0.003336740001686 +4 - 1010
CP | 0.025777570627281 £3- 108 -0.004429782196436 +£1 - 108

™

Table 1: Computed constants for the computations in the example.

i.e. it holds K11 = Ky and Ki5 = K1, we state only Ki; and Kp,. Additionally, we
give an estimation of the discretization error.

3.2. Numerical results

In this section we present the numerical confirmation of the convergence rates of
the homogenization errors and (22H25]).

For our test we set {25 \ O = [0,1] x [-0.6,0], and we use a computation of
the boundary layer on a cut-off domain ranging from —4 to 4. This means that to
compute the norms we evaluate the terms involving the boundary layer only for z € 2
with —4e < x5 < 4e. Outside of this region we assume the difference between the
boundary layer components and their respective asymptotic values to be sufficiently
small.

In the case of inclusions symmetric in the sense explained above, e.g. circles,
the homogenization errors are much smaller than the numerical error even for large
epsilon such as 0.1 as can be observed in Figure [dl The lines with markers represent
the results of the computations for € € {1, %, 0.1, 3—11, 0.01}, the solid lines are reference
values for various convergence rates and are plotted only to compare the respective
slopes.

The case of circles is shown in Figure [l For the velocity in the fluid part of
the domain the estimate can be verified. For the better estimate , that
uses correction terms to improve the estimation, the homogenization error is so small
that the curve shows only the numerical error, that in our case is only due to the
discretization error since the quadrature error and the tolerance of the solver are
smaller. In Figure 4b| we can confirm only for values of epsilon not bigger than
3%, for ¢ = 0.01 the numerical error dominates the homogenization error. In the
estimates for circles on the interface (Figure we can observe only the numerical
error for the same reason explained above. Notice that the error for circles shown in
Figure [4 is much smaller than the error for ellipses shown in Figure [f] In addition,

we could verify both estimates for the pressure and as shown in Figure .
Note that the pressure estimates have been scaled multiplying by €2.
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Figure 4: Convergence results for circles.

The case of ellipses is shown in Figure As it can be observed, all estimates
could be numerically verified, since the discretization error in this case was smaller
than the homogenization error. Also in this case the pressure estimates have been
scaled multiplied by €2. Note, that we observe for the velocity in the porous domain a
convergence rate of 1.5 instead of the predicted first order convergence, see Figure [5b]

In conclusion, we show in Figure [f] and Figure [7] pictures of the flow for the
case € = % Since we use periodic boundary conditions in the z;-direction, constant
in- and outflow data as well as a periodic geometry, the computations have been
performed on a stripe of one column of inclusions to reduce the computational effort.
In Figure [6a] and [6c] we see streamline plots of the velocity, Figure [6b] and [6d] show
the corresponding pressures. Both pressures are nearly constant in the fluid part and
show then a linear descent to the outflow boundary, similar to the effective pressure
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Figure 5: Convergence results for elliptical inclusions.

Figure [7] shows only the values of the tangential velocity component. In the case
of circular inclusions (figure , the velocity is nearly zero throughout the fluid
region and shows some oscillations around the mean value zero on the position of the
interface. Note that the effective model prescribes here a no slip condition because it
holds 012 P — 0. In Figure we see the corresponding solution for oval inclusions.
We notice a linear descent from the inflow boundary (which lies in this picture on the
left hand side) to the interface, which leads to the slip condition for the tangential
velocity component of the effective flow in this case. Both behaviors are predicted
from the effective interface condition for this velocity component, see (14d)).
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Figure 6: Visualization of the solution to the microscopic problem for € = % Subfigures nd
show the results for circular inclusions, nd @ for elliptical inclusions.
4. Proof of Theorem [1] via incremental accuracy correction
In the proofs which follow we will frequently use the space
Voer(°) ={z € H'(£°)* : 2=0 on 02°\ 902, z=0 on {xy=h},
20=0 on {xe=—H} andz is L-periodic in x; variable }. (30)

We will follow the strategy from [I6], write a variational equation for the errors
in velocity and in pressure and reduce the forcing term in several steps. We will
frequently use the notation

Wi () =Wj(§) and < (z) :ﬂ(%), (31)

where {w’, 77} is given by ().
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(a) Circular inclusions. (b) Elliptical inclusions.

Figure 7: Visualization of v{ for € = 1.

4.1. Incremental accuracy correction, the 1st part

Pr0p051t10n 5. Let PP given by (15a —(-) {u¢/’ pef7} be the solution for —
and {w’<, 77} defined by (31). Let {v°,p°} be the solution for (3d|)-(5d). Then
for every ¢ € Vier(£2°) we have

(L5 @) =1 [ {VVv"— H(z)Vu'l+
e

2
.opPP
9 S w0 de [ H -
i=1 ! -

8PD
)901 as
Oz,

H(—x5)(e2PP — _IZHE } div o dz + 28@

{wo=—H}

, __.opP
— /;(0'0%0 + Z(VW]’E - 5_171']’6])%@2@) dS| S C||VSO||L2(Q$)4, (32)

j=1 J

where oy = (Vu¢!l — pfi1)e? on X.
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Proof of proposition [5| We start with the weak formulation corresponding to

Ba)-Bd):

/ VvV —/ p° div o =0, Vo e V., ().
QS 5

(33)

As a first step we eliminate the boundary conditions. The weak formulation corre-

sponding to system ({14al)-(|14d)) is

L0

VueffV¢—/ p div o = —/ oop dS, Vo € Ve (£27).
o) b

(34)

Next the weak formulation corresponding to the correction in the pore space (25 is

2 D opP

oP
/ (—vzwﬂva—%ﬂ e2PPI + e*lzwﬂfax NV dx—/ (WA
£ J J E

2 j=1

-~ _9pDb -~ 9pDb 2 . OP
VWV o — el ey ). o dy — / { Vwic — e lpie )

8[Ej
opPP

020

We observe that difference between and — is equivalent to

o0*pP

2 2
L5 p) = / Al +/ wle < dS,
e) 2 i ; b JZ:; 020 ;

where quantities A7 are given by

) D ) D ) PD
Al = L S e i
8:1:j a.’IJ]’ 8.%'j
- 0pPP - _opPP opP ,
PEA—— gty —— —2 di Pl g =1,2.
W o, +e 'tV o, iv {V oz, R w’} g ,

We note that

@ oPP @) OPP N OPP .

sax

20

82PD ) 2 0 .
w“‘} -~ dS +/{ . Z 8—@(111{’8 o Y1 dS, Yo € Vier(£2°).
To= J

(35)

(36)

(37)



and a straightforward calculation yields

EsoZAQ < Ol Vel g (38)
J; o?pP
'/ Z g ¢ 451 < CVEIV el (39)

|
Remark 6. Now we see why it is necessary to impose PP = 0 at the mteriace .

Without it there would be a term / e2PPy, dS at the right hand side of (3
b

Remark 7. The candidate for the approximation of {ve,p°} is
2
QPP
€ H eff _ Hg(— el .
v (z2)u (—2) ZW oz,

=1

(40)
ff 2 pD 1 . ,.0PP
=~ H(xg)p®™! + H(—x9)(e “P” — &~ IE——)).
p (z2)p (—22)( ZW 8xj)
Unfortunately, with such approrimation we do not have continuity of the trace of the
velocity approximation on the interface X .

4.2. Incremental accuracy correction, the 2nd part

The idea is to insert the correction to v¢ as the test function ¢ in equation (36]).
Therefore the correction should be an element of V., (£2°) and in this step we eliminate
the trace jump on Y. As in [16], fixing the traces on X requires using the boundary
layers defined by (Ba))-(8¢). At this stage we introduce the error functions

pP
U® = v° — H(zy) () —elC? woP” — )+

(9x2
oPP
s 2bl5 .
33'2 E W] —axz |2, (41)
2, ._0PP
e __ & eff —2pD —1 i€
P =p° — H(x2)p™ — H(—x)(e"P" — ¢ jgle a—xj)
oPP
—e ( 2,bl,e 02)6 |Z> (42)
X2

where {20 w2t} (z) = {20, wP}(Z) are defined by — and (C%% C?) by
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Proposition 8. U® € H'(£2°)? and for all ¢ € Ve, (£2°) we have

aPD
VUVpdr— [ P + § w}e ds| <
| . UV dz /s div ¢ dx ram ) ? 83:'2 oz, ~)¢1 dS|

ClIVell 250 + ||s0||H1<91>2-

Proof of proposition (8. We have the following variational equation for {U¢,

for all v € V., (£29),:
2
/ VUV dx — / Pe div ¢ dx = / (00 + ZBg)ezw dS—
€ € Z ]:1

2
/ Cly1 dS +/ SD(Z AL — AZ) dx — 2/ APV do
{QZQZ—H} _QS j=1 5

- [ a2 4 e
(7]
where
D
SR
aﬂfj
d oPP
A12 — 2,ble H O2,bl
€ dl‘l( O To |2) (6 (‘T?) )7
oPP sse oy d OPP

A2 _ 2,bl,e . bl O — 1
2= g d$1< ) = 7 (@ = Ol (el

0xy
AB2 — _(g2hhe _ oMl d22(%|2)’
AL = (e 02)di1 (aaij‘z) ’
|{x2_ H} = Z 836 xj MNizs=—my + exponentially small terms.

Then we have

2
| / S Biep < CeV2| Vil 1oy
>

22

(43)

P},

(44)

(51)



Now we turn to the volume terms. We have

| / S ARV d [< CeV2 Vgl 3 ey (52)
¢ .
Vi
[ 3 42 o)< O Vel (53
255
| /Q S A% dr |< CVElpl e (54)
1

Finally, we estimate the term involving A%, Let Q? be defined by

LQ? = w? —C2 on (0,1) x (0, +00);
3%/1 T ) ) ) (55)
Q is y; — periodic.
By definition of C2, the function
Y1
@) = [ Hli= . g0 x 04%0) (0
0

is a solution for and, using the results from [16], page 459, there exists a constant
Yo > 0 such that 2@’ € L*(Z7).
We set Q*¢(x) = eQ?*(x/¢), x € ;. Then we obtain

0Q** 2,bl 2
_— 00,E —C M
81,1 w (l') ) (57)
1Q% |20y < C¥2.
Therefore we have
d?> oPP oo, 0 OPP
A42 d _ —12,e . _rr-_ -
[ Afpari=l | QMo (Gln) + g g (Gl
< C'2(lol 2. (58)

Now the estimates - show that the right hand side in is bounded by
CHVSOHLQ(QS)‘l + 051/2”@”]{1(91)2.

Remark 9. We would like to use U® as a test function in the variational equation
(4)). The difficulty with U® is that the boundary condition at {xs = —H} is not
satisfied. Hence we have to adjust its values at that boundary.
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4.3. Incremental accuracy correction, the 3rd part: correction of the outer boundary

effects
First we calculate values of U5 and a—@Uf at the lower outer boundary {xs =
—H}. We have
2 9pP 2 9PP X
Uz (@1, —H) = vy(a1, —H) + ; oz, (w1, —H)Ky; + Z_; oz, (21, —H)(wy(—, 0) = K3)
s o j= j=
FO(eCo2/e) = ; o, (21, —H)( (? 0) — K5;) + exponentially small terms
D it =13 P 2 Z o1, ~H)wi(2,0)
0xo S Ox; ox 8 2

+ exponentially small terms.

We follow again [16] and correct the outer boundary effects using the correspond-
ing boundary layer:

~ A+ VA =0 in Z~ (59)
div ¢’ =0 in 7~ (60)
: oq] ow?
G" =Ky —w), and Lt =—=Tons 61
A Yo 83/2 " ( )

=0 on 2 {9Yr\OY —(0,k)}, {a" 2"} is y1 — periodic.  (62)

Following the theory from [16], problem — admits a unique solution g” €
H'(Z7)?, smooth in Z~. Furthermore, there is 7 > 0 such that e2lg?¥ ¢ [?(Z7)?
and, after adjusting a constant, e?¥2|29% ¢ [2(Z~). The new error functions read

T $2+H

=U* § j (=, - 63
+ - 827] Ila q ( c 9 c )7 ( )
oPP o xo+ H
ple — pe —§j _H) 2L 22Ty 64
+ oz, (21, —H)z (8, . ) (64)
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Variational equation becomes

2
VUMV dr — / PYe div ¢ dx = / (00 + Z Bg)e2<p dsS—

0°pPP = 22 12
wy d5+/ Al — AZ dx—Q/ A"V dx
/{;EQ— H} Z ! 9018 81;2 Qg 90(; ) (93 (70

(P8

1>

2
) , +H,_oPP
_ A32 1A% d — / 2: gl L1 T2 “Ho de—
/(‘21(8+ E)gDiL‘ gjlvcl (87 c )vaxj<x17 )901'
2
8PD . T l’g—f-H
§ :A —H)g (=, —
/5 : ( ax] ('Ih )q (8 ) c )+
1 8PD : T 1'2+H
—H)ZM (=, — dx.
el T e I (65)

The form of the right hand side of variational equation (|65)) yields

Proposition 10. We have U € V,,..(£2°) and Vi € Vpe, (£2°) we have

|| VUV dn— [ P div g dal < OOV elotag + el iane) (60

Remark 11. [t remains to estimate the pressure through the velocity and then to
use the velocity error as a test function in equation . However at this stage the

difficulties are coming from the compressibility effects in the term P div U° dx.
e
In fact
2
__opPP d opPP
di Ul,e — H(— ],5v 2,ble H C2,bl v
i () 3wV (B = He) O 2 (G
2
d 8PD 1T ro+ H
B 22
z::d:cl oz, (1, )ai (E’ - )

and the estimate of the divergence is || div U1’8||L2(QE) < C. To solve the problem, we
need to obtain the estimate of order epsilon for div U in L2(£°).
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4.4. Incremental accuracy correction, the 4th step: correction of the compressibility

effects
We start by introducing the compressibility effects correction:
. ) K.
div,y"" =w! — —2- in Yp;
! © | Yr| (67)

=0 on dYp\09Y, 77" is 1 — periodic.

The existence of at least one v € H'(Yy)? N Cp2 (Uren(Yr — (0,k))?), satisfying
(67)) is straightforward.
We introduce ~7%¢ by

V(@) = ey (zfe), we (68)

and extend it by zero to {25\ (25.

~#4¢ is defined only in the porous part £2, and an auxiliary boundary layer velocity
and pressures, correcting its values of on Y, is needed.

First we construct {474 73} satisfying

— A 4 V= in ZtuZz-, (69)

div, """ =0 in ZtuZz-, (70)

[,yj,i,bl} ,5'(.7 0) = /yj’i(W 0) on S? (71)

[{V 7" — Wj’i’bl]}eﬂs(', 0) = V,7""(-,0)e* on S, (72)

A =0 on UX, {0YF\OY — (0,k)}, {4 7P s g — periodic.  (73)

Proposition 3.19 from [16] gives the existence of a solution {y7% g3t} e V

C’f(‘)’c(Z+ UZ)? x C’f(‘)’c(Z+ U Z7) to equations -, where 774% is uniquely

determined and 794 is unique up to a constant. ~?Y(. +£0) € W2 Y99($)? and

{VAd I Y 40)eq € WIY29(S)2 Vg € [1, 00[, but the limits from two sides

of S are in general different. Furthermore, it is proved that there exist constants
Y0 €]0,1[, C%* and a constant vector C¥#* such that

e””'yQ‘Vy’yj’i’bl € LQ(ZJr U Z_)4, eVO‘yQIPyj”Vbl € LQ(Z_)Q, 670‘92|(7rj’i’bl - C’fr’) € L2(Z+)

and y y
| ’Y]"?f’bl(yla y2) — Cj"l,’bl |< Cem %, Y2 > Ys; (74)
‘ WJ,Z’bl(yb y2) - C7Jr7Z |§ Oe_ﬂmya Y2 > Ys.
We define
’Yj’i’bl’s(l‘) —_ g,yj,i,bl(z) and 7_[_j,z‘,bl,e(l,) — 7Tj,z‘,bl(f)) T € an (75>
19 9

26



and extend 174%¢ by zero to 2\ (2°.
Next, we need a correction for the compressibility effects coming from the bound-

2,bl,e aPD |

51 We look for 6% satisfying
8332

ary layer term [

div 0" = g — CP"H(ys) in ZtUZ;

[0"] 5 = / (CY"H(ys) = t") dy)e* on S; (76)
ZBL
" =0 on U2 {0Yr\OY — (0,k)}, 6" isy, — periodic.

After proposition 3.20 from [16], problem has at least one solution #” € H'(Z*U
Z7)?NCR(ZT U Z7)2 Furthermore, 0% € W14((0,1)2)? and 0% € qu(Y —(0,1)),
Vg € [1,00) and there is 7o > 0 such that 2174t ¢ gl(z+ U Z
Let 7€ be defined by (68]) and ~740he rdible i Cit bl by . We modify
{u// pef7} by adding to it e{ub/7 1eff} satlsfymg ) and with (14d)

replaced by

2

; 0*pPP x. d OPP
1’eff — J7k7bl _ E
2 Z ¢ 3x»8xk|2 (5)dx1 0xs [» on ’ (77)
Jk=1 I
2
, 0*pPP x. d OPP
Leff _ _ kb _ ). 78
“ jkzzl L ox 8xk|2 (e)dxl 019 |5 on (78)

The pair {u"//, p¢//} is uniquely defined by (14a)-(14d), ([77)-(78).

Finally we correct the compressibility effects coming from the boundary layer
around {xs = —H}. We introduce Z7", j = 1,2, satisfying

div, 7t = q{"bl in Z7;

(23] = —( / Y dy)e® on S; (79)
) zZ- .

Z'" =0 on U2 {0Yr\OY — (0,k)}, Z" sy, — periodic.

After proposition 3.20 from [I6], problem has at least one solution Z* €
HYZT U Z7)?nCx(ZT U Z7)% Furthermore, Z7%" € W14((0,1)?)? and Z7* €

loc

Whi(Y —(0,1))%, Vg € [1,00). Furthermore, there is 7o > 0 such that e¥21Z7* ¢
HY(Z* U Z7)% Note that [,_ " dy =0, j = 1,2. Next we set

70 () = gzj7bl(ﬂ w3+ H

- . ), x € §F.
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Now we introduce new velocity-pressure error functions by

U =U" — H(—x,) i e Ll 22: (005 eI E (1)) PP .
2 axlal‘J amlaxj

ij=1 ij=1

x. d OPP d opPP ,
) =Y (1, —H)(Z"*
a)dxl Oy > T (w1, —H)( *

([ " dn)R.(e)) (50)

—H(z)eub — c0bY(

2

2 1 Leff i bl ay 0°PP
P> = plcs_H eff _ pible _ gt 81
(e 1 = 3 (@i~ ) s, ()
where R, is Tartar’s restriction operator (see [33]), defined after (106)).
Proposition 12. We have U*€ € V,,..(£2°) and for all ¢ € Ve, (£2°) we have
| ., VU**Vy dx —/ P** div ¢ dz| < C||Vell 205 + el mian2, (82)
"diUU2’E|‘L2(Qe) < Ce. (83)

Proof of proposition [12|: We prove that U?¢ € V)., (£2°) by a direct verification.
Furthermore,

2

div U2€ — —H(—x ) 22: vj”*av o2 pb B Z (/yj}i,bl,a - goj,i,bZH(x ))i o2 PP |
2 8@8% ij ! ! 2 dI‘l 8$Z85L’J >

ij=1 =1
42 9pP 2. & oPP . :

e NT () —H (20 / P ) (R (€ 84

£ 1(E)dx% o, |5 EZl 02 o, (w1, —H)(Zy"" +e( [ a™ dy)(R=(e”))1), (84)

which yields )
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It remains to estimate the right hand side and prove (82):

2
VU*Vp — / P%¢ div ¢ = / ((70 +eo1 + Z Bg)e2go ds—
7S e b

Jj=1

0°pPP = 22 12
g wi€y dS—i—/ E Al — AZ dx—Q/ A"V dx
/{m_ H} ! 18 8@ 2 90( - ) e \
+H. _opPP
A2+ AR d / E SIC ~H)p dr—
/91< ) dx — ] Vq v o, (z1,—H)p dx

8 e
2 j=1

2 D
/ Z<A3P (21, ~H) @22, 720

5 =1 T 9 9
1V8PD(1: _H)Zj,bZ(ﬂ M)) dx+/ EZ:Al,j,iv do+
dx; " e’ € 4 o 5 = V¥

/ ZAQHQOCL%—G—Z/ {A3“+A4“}Vgpdx—2/ (BM" + B27")e*p dS,

Jyi=1 7yi=1 i,7=1
2

d oPP jblie i 2
[, T g Gy e D | e e
J

2 bl 62 D
/ Z (m7ihe — 8:Bi8:1:]| y) div ¢ dz,
1,7=1
where
- - aQPD . aQPD
Al,g,z =_V J14,E _ AJE
c 7 0x;0x; L vaxl(‘)x] ’
y . d? o02pP
AQ,],@ — __(Adble C] ,3,bl o
€ (’y ( ) )dx% axlaxj ’2
y y d 0*°PP
J,i,ble CItH e 1
(4 — O H () e
3,00 J,t,ble 7,2,bl 82PD
A3 = 2 (y eH ()G ) @ Vi \z}
y d PP 52PD
Abdi — _ bl By 4 _ N e v
° (E)dl'l 8:102 |Ee c ( ) ® 0m16x2|2
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0*pP 0*pP

Bl = ¢, —0) @ V — Ve 90
e yE( ) ® 8:@-695]-‘2 g |28xi@xj|2 (90)
N N o2 pP
B?W = _cCH @ v . 91
€ c ®© 8xi8:cj|2 ( )
Then
2
B / ALV @ dz |< Ce? || V| r2(og)s (92)
ji=1"%
2
DY /Q A23iip d | < CEY2| Vil (s (93)
ji=1"v14%
2
> [ a9 do < O P plagony (94
ji=17f
2
by / A9V de |< Ce¥2| Vil ooy (95)
ji=1712¢
2
D /Q ANV |< CeV2||[ V|l 2. (96)
=17 %
and
2
'S / Bliie?p dS |< =V Vg 2o (97)
ji=17%
2
B / B2e*p dS |< Ce*?|| V|| r2(ag)s. (98)
Gi=1v%
Proposition (12| is proved. i
Corollary 13. We have
VU dx < Ce||P*#|| 12002y + ClIVU || 2(05)0 + [[U*|[ i1y, (99)

(o4

Hence at this point we need to estimate the pressure error P*¢ using the velocity
error U?#,
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4.5. Pressure estimates

Following [16] we consider the Stokes system

—Aa® 4+ V(=ML + div M? in (100)
diva®*=0 in (25 (101)
a*=0 on 02°\ 0 andon {zy=h}; (102)
a; =0 and Oa =G° on {zy=—-H}; (103)
8.132
{a®,(°} is L — periodic in xy; (104)
[2°]x =0 and [(Va® —(°1)e’]s = G5. (105)
We have
¢Cdivpdr= | Va'Vodr— [ Mlpde+ | MV dot
0 0° 0 0e

/ G5 dS +/ Gp dS, Vo eV(r),
X {zo=—H}

which yields
’ CE div (Y2 dl” < C{HV&EHL2(95)4 + HM;HLQ((h)Q + gHMiHLQ(Qg)Z + HMEZHLQ(QE)AL
e
+\/E(HGE‘HL2(Z‘) —|— ||G€HL2({12:H})) }HVSOHLQ(Q&)‘L (106)

At this point we need Tartar’s restriction operator R. (see [I], [32] and [33]). It is
constructed for every pore on the following way:

Let v be a smooth curve, strictly contained in the cell Y, and enclosing the solid
part Y;. Let Yy be the domain between v and 9Y;. Then using an intermediary
nonhomogeneous Stokes system in Yy, a linear operator R : H(Y)? — H'(Yr)? is
constructed, such that

Ru(y) =u(y) for yeY\(Y,UYy), Ru(y)=0 for yeY,
u=0onY, =Ru=u on Y, divu=0onY =div(Ru)=0 on Y,
|Rul[m1(vpy2 < Cllul[mipyye, Yaue H(Y)

Next the operator R, : H'(§2)*> — H'(§2°)? is defined by applying the operator R
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to each e(Y + k) cell. After [1], [32] and [33], we have

Ru(x)=0 for z€2\§°, u=0on2\ = Ru=u on
divu=0 on {2 =div(Ru)=0 on (2,
||Reu||L2(Q€)2 S O||U||L2(Q)2 + CEHVUHLZ(Q)AL, Yu S Hl(Q)z, (107)

C
HVREHHLz(_QE)Q < EHUHL2(Q)2 + CHVUHLQ(Q)AL, Yu € Hl(Q)Z. (108)

Next we extend ¢° to (¢ using formula , proposed by Lipton and Avellaneda.
The calculation of Lipton and Avellaneda gives

/ ¢ div ¢ dx = ¢F div (Rep) dz, Vo € V(§2°). (109)
(% ¢
Proposition 14. We have
e C € 1 1 2
¢ 22(2) < - [Va®||z2(0e)r + [IM|[ 200,02 + &l[Mcllz20s)2 + || MZ]] L2 (0
VB (116 s + 167 i) | (110)

1
Proof of proposition Let g € L*(2). We set h = g — m/ g dx.
19
Obviously [,h dx = 0. Let

Vpe,.((z):{zeHl(Q)Q:z:O on {zy=h}, =0 on {z,=-H}

and z is L-periodic in x; variable }. (111)

Then there exists ¢ € V., (§2) such that div ¢ = h in 2 and ||| g1y < C||h]|20),
for all h € LZ(92).

Therefore we have
/ Ch de = / ¢ div ¢ do = ¢° div (R.p) dx
Q 0 IS
and using ([06) and (T07), (T08) yields
re ¢ €
\/QC h dz| < ;{HVa 2005yt + |IMellz2(01)2 + el ML 2(05)2 + || M2]| 220000

+\/g<||G€2HL2(2) + HGE||L2({x2=H})) }HVQOHLQ(Q)“’ (112>
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Since

/g m\/ﬁadygdx—/g ’Q’/Cfdyhdw—/gfhdx

we conclude that (¢ — m/ C* dy satisfies bound (110)).

For the mean we have

Qfad“””:/m 1 [, d“/lmwyg o

| & ol < 6 = o [ & s (113

Estimate (113)) implies bound ((110) for ¢*.

and

4.6. Global energy estimate and proof of theorem
Proof of theorem Now we choose ¢ = U?€ as test function in (85]). Using

estimates - and estimate ((110]) from proposition , we obtain

C v U2
| [ VURVU [< VU |0 + CHI div U205+

0
C||VU2’€||L2(95)4, (114)

which yields
IVU>|| 2050 < C, (115)
| div U¢[ 202y + [[U|| 2052 < Ce (116)
HPQ’EHB(QE) < g (117)

Hence estimates - are proved.
It remains to prove estimates -.

First (115)-(T16) imply

and estimate is proved.

HU27E||L2(2)2 S C\/E (118)
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Next we remark that in 2, the error functions U?¢ and P?¢ satisfy the system

( —AU?** 4+ VP?** = G + div G**  in (X;

div U%f = A°  in (X;

(119)
=& on X; U**=0 on {xs=h};
| {U?¢, P?¢}  is L-periodic in 7,
where, after neglecting the boundary layer tails,
2
i o d o O?PP x d?* PP
Af = — J)i,ble Jiibly . 6 12
”ZI(% ) dramar A Qg (120
Gl = (Q—Zee1 + p2hhe — oFMely — & aPD Z A%, (121)
€ L dx? 7 8:762 —
d ,0PP Q%< 2 y y
GQ,E 1 2) 2,ble 202,bl 1 1 AB,],Z A4,],z ) 1292
(Gl o 25 gt et ¢ 37 (A% 4 AR, (122)

jii=1
The function Q?*¢ is given by and, for 4,5 = 1,2, A% | A3 and A2 by

After , we have |[A%[|120,) < Ce®? . Using the basic theory of the Stokes
system (see e.g. [34]) there exists {b Kk} € HY(21)? x L*(§2y), such that

( —Ab+Vk=0 in {;
divb =A% in (X

(123)
b s given on X=X U{ra=h} and ||b]|gizs)2 < Ce3/2;

| {b,x} is L-periodic in z,

Now we see that the pair {U?¢ — b, P?¢ — k} satisfies system (119) with A° = 0.
Such system admits the notion of a very weak solution, introduced by transposition.
We refer to [9] , pages 61-68, and [25] for the definition and properties of a very weak
solution. Note that [, (&5 — by) dS = 0.

Let HY(4)* = {z € H*(f4)? | z is L-periodic and z =0 on {zy = h} },
k = 1,2. Then the ¢ = r = 2-version of proposition 4.2., page 302, from [25], gives
the estimate

U< — b[|r2(0,)2 < C{HGI’EH(H% y + HG2EH sty + 1€° = b2z} (124)
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Using estimates , and —, choosing Q%€ with zero mean and repeating
calculations analogous to ones from to other terms, yield

1G4 2202y + 11G* ||y 0y < CP/2. (125)
Now we are able to conclude that

10|

2y < CVe (126)

and estimate is proved. I

5. Proof of theorem [2]

The proof is in fact a slight modification of the proof of theorem [I} Our goal is to
gain a /¢ in estimate ([115)).
By inspecting the proof of proposition |5, we find out that the origin of the "bad”

estimate is the term ¢~ '7/*V . So we have to correct it in 25. Next,

d opPP
the same type of difficulty arises with the term ¢ 1C’2 (aa—|g) (—xz3) in .

We handle it by modifying {U¢, P*}. We include into the new velocity-pressure error
pair the correction for the pressure term in (37). The constant C? corresponds to the
behavior of w?? for y, > 0 and we erase it in (25. Erasing it creates a pressure jump
of order O(e7!) and we compensate it by introducing a Darcy pressure field of such
order in (2.

We start by introducing an auxiliary problem correcting the singular pressure in

@7):

—A,wWik(y) + V,kbF (y) = mi(y)e in Yrp
div,wiF(y) =0 in Yp (127)
wik(y) =0 on (9Yr\OY)
where 7 is given by @ and fY (y) dy = 0.
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Modified {U¢, P¢} now read

3 opPP pD
Us = v¢ — H(IQ)(ueff 1C2bl o I5) + H(—2 {ije o
d 8PD 2 .o 82PD aPD
2,6 7 . Gkt  a2ble ) 19
5O7TW dl‘l axz |E 5]%::1 W (5)637]81%} /B 8272 |Ea ( 8)
N D 2 pD
szpE—H(l' )peff—H(—a: ){872PD aP ‘2 Zﬂjga
d OPD 2 T 82PD aPD
2ple k(L _ 2,bl,e 257 ' 19
O s G |2 2 Dy g} = € W = CRH @)l (129

Now all force-type terms are estimated as C'v/e||¢| g1 (oe)2. Furthermore, all normal
stress jumps are of order O(1).

Continuity of traces fails, but we correct it on the same way as in the original
construction in subsection [.2] The correction is of the order O(¢%2) in L? for the
velocity and of order O(4/€) in L? for the pressure and does not contribute to the re-
sult. Next we correct the effects on the boundary {zs = —H } and the compressibility
effects. They are all of the next order and do not contribute to result.

The calculations yield the following estimates

VU2 12000 < OV, (130)
|| div U%*||2(ge1 < Ct (131)
102|120 < C*/? (132)
. C
P> || 12000y < —= 133
1P5[L2(0e) < NG (133)
Now ([130)-(|132) imply _
104 p2(zy2 < Ce (134)

The rest of the proof is identical to the proof of theorem [T Only difference is that
we have gained a /¢ in the estimates. il
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