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Convergence of iterative coupling for coupled flow and geomechanics
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Abstract In this paper we study solving iteratively the cou-
pling of flow and mechanics. We demonstrate the stability
and convergence of two widely used schemes: the undrained
split method and the fixed stress split method. To our knowl-
edge this is the first time that such results have been rigor-
ously obtained and published in the scientific literature. In
addition, we propose a new stress split method, with faster
convergence rate than known schemes. These results are spe-
cially important today due to the interest in hydraulic frac-
turing ([1], [3], [4] and [5]), in oil and gas shale reservoirs.
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1 Introduction

There are three approaches frequently employed in coupling
flow and mechanics in porous media i.e. in the coupling of
fluid flow and the mechanical response of the reservoir’s
solid structure. They are referred to as fully implicit, loose
or explicit coupling and iterative coupling. The fully im-
plicit involves solving all of the governing equations simul-
taneously and requires complex and expensive solvers. The
loosely or explicitly coupled is less accurate and requires
estimates of when to update the mechanical response. Itera-
tive coupling is a sequential procedure where either the flow
or the mechanics is solved first followed by solving the other
problem using the latest solution information. At each time
step the procedure is iterated until the solution converges
within an acceptable tolerance. There are four well-known
iterative coupling procedures, referred to as the undrained
split, the fixed stress split, the drained split and the fixed
strain split iterative methods. Kim et al have shown using
a von Neumann stability analysis in [2] that the latter two
methods exhibit stability problems, whereas the undrained
split and the fixed stress split method are stable. Their re-
sults does not include convergence estimates nor rates of
convergence.

In this paper we derive stability, convergence and the rate
of convergence for the undrained split and the fixed stress
split. More precisely we prove that the two methods define
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a contraction map with respect to correctly chosen metrics.
The undrained split is shown to have the same contraction
constant as the fixed stress split. In addition, we propose a
new method, with even smaller contraction constant. Con-

vergence of discrete schemes and computational results will
appear in a forthcoming paper.

We study the simplest model of real applied importance:
the quasi-static Biot system. The important parameters and
unknowns are given in the Table 1

SYMBOL QUANTITY UNITY

u displacement m

p fluid pressure Pa

olor total poroelasticity tensor Pa

e(u) = (Vu+V*u)/2 | linearized strain tensor dimensionless
¢ porosity dimensionless
H permeability Darcy

vP Darcy’s velocity m/sec

o Biot’s coefficient dimensionless
Ds solid phase density kg/m?

Pr fluid phase density kg /m?
Pr=¢pr+(1—¢)ps | bulk density kg/m?

n fluid viscosity kg/m sec

M Biot’s modulus Pa

g Gassman rank-4 tensor Pa

m fluid mass per bulk volume | kg/m’

Pro reference state fluid density | kg/m’
Br=pro/py formation volume factor dimensionless

Table 1 Unknowns and

The quasi-static Biot equations ([6]) are an elliptic-parabolic p"+1/2 =p" — oM div (u"“/ 2_ u").
system of PDEs, valid in the poroelastic cube Q = (0,L)

effective coefficients

for every t € (0,T), which reads:

3
s

07" =0y =Ge(u) —o(p — po)l; (M

—div {7} = ppg; 2)
==—(prg—Vp); 3)

B

m=moy+pro0 divu+ %(p—po); 4
1 . .

3,(Mp—|— div (am)) + div {v"} = f; 5)

Pli=0 = po; mli=0 = mo; ul=o = 0; 67”"|;—0 = 00; (6)

{u, p} 1isperiodicin x with period L. )

Obviously, we can suppose without loss in generality that

po=0.

For convenience we have assumed periodic boundary

conditions. Boundary conditions for the general situation in-
volving displacement and traction as well as for pressure and
flux, prescribed on portions of the boundary , respectively
, can be treated by the same analysis as presented here. We
make the following hypothesis on the effective coefficients

(H1) By, n, M, pyo and ps are positive constants.

(H2) % is a symmetric uniformly positive definite matrix,
with the smallest eigenvalue k and largest eigenvalue k*.
Furthermore, for any symmetric matrix B we have

&B:B>alB*+ K, (TrB)?, (®)

where K, is the drained bulk modulus.
(H3) my, po, f and oy are smooth L-periodic function with
respect to x.

Following [2], we further assume
(H4) p;, is independent of time and equal to

prg = — div op. ©)
We will prove the existence and uniqueness for the sys-

tem (1)-(7) using the convenient iterative methods, used in
practice.

2 Convergence of the iterative methods

2.1 ”Undrained Split” iterative method

The undrained split iterative method consists in imposing
constant fluid mass during the structure deformation. This

means that we will calculate two pressures: p”*l/ 2 at the
half-time step and then p"*!. We set

(10)

Then, using the hypothesis (H4), our iterative process reads
as follows

— div {Ze(u"t) + Ma? divu" I} =

—V{ap"+Ma? divu"}; (11)
1 4

o iy (5 =)} =

— div (adu" ) + f; (12)
{fu"™ p",Zo=0 onQ; (13)
{u"™ p"1} s periodic in x  with period L. (14)

We introduce the functional spaces

Vr ={z€C([0,T];H,

per

(2 NL§(R)%) | dre(z) € L*(2)°}
(15)

Wr ={re H'(Q x(0,T)) | r € C([0,T};H},.(Q))}. (16)

Theorem 1 Let us suppose hypothesis (H1)-(H4) and let .
be the operator mapping {u", p"} to {w"*!, p"1}. Then .7
admits a unique fixed point from Vr x Wr satisfying (1)-(7).
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Proof Let us introduce the following notation for the fluid
mass per unit bulk volume:

m" =mo+pyoa divu” —|—pf0 "
M
Next, let the invariant distance d,;; be given by

& (wp.0) -

261052 2 2 . 2
K, +M sl1e(@WIE2 a0,y + 7|1 div ol g, 0.7

k 2
Byt o2y VPOl L2

+Hat p—l—OCle u)||22(QX(O’T)) (]7)
_,_/
dhm/pgo

on the closed subspace
2={(A,B) eVr xWr |Al;=0=0; Bl;=o=0} (18)

of the functional space Vy x Wr. We see that the operator
., such that .7 (u", p") = (w"*!, p"*1), maps 2 into itself.

Step 1. We use the notation du? = o, (u" —u"~1), dm!* =
o (m" —m" ') and 8p" = 9,(p" — p"~!). Then (11) holds
true for the differences Su™*!, Su”,§p". We take the time
derivative of (11) and test the resulting equation by z =
Su'"!. Applying Green’s formula we have

/ (Ge(sur ") e(Sut!) + Ma?| div Su! [2) dx =
0

o2Me

/ Sm" div Su! dx < / | div Su/ 2 dx+

Pfo

/ |8ml' > dx, Ve >0.
Zspfo

Using the hypothesis (H2) we obtain

Step 2.
Testing (12) with §p!'*! and applying (H2) we get

t n+1
// OMe 5+ dxdr + - /—|V5p"+l()|2dx<0
Q Pro

implying

Smit1 t Sm n+1
/ / | —— i |? dxdt :/ / a div Su ™! dxdt+
Q  Pro Q Pro

ot 6 n+1 6 n+1 6 n+1
/ / oy p dxdt < / / a div du™! dxdt
Q Q

Pro Pro

- L v n+1( )|2 dx

2 _QBfT[M
and

n+1 t
//5;” 2 dx drg/ / o div Sut! ? dedo—
Q  Pro 0JQ
W\Vép"“( 1) dx. (20)

Integrating from O to ¢ inequality (19) and combining it with
(20) gives

t at n+ )
I
2a0 [t
Koo Jy O dxds

dr

M 2 a n
s( © f]“mz) / /Q | ‘;;"0 2 dxdz, 21

Another direct consequence of (19)-(20) is the following es-
timate

k
dxd‘H—/ ——— |V ()] dx+
QBan\ P ()]

/|e (w2 dx + (Kgp + Mo ( 1” /Idlv 5u”“|2dX/ / ot div 5u"+1|2dxdrg

< / \6m 2 dx.
2£pj 0

Consequently, we conclude that the following estimate

Ky +MO£2

Mo

< 6mt |2
2e(Kgr +Mo2(1- %))

Q Pro

The coefficient in front of |[6m)/pfo||;2 () is smallest for

€ = K;,/(Ma?) 4 1 and the above estimate becomes

2a0

s +Ma2/ e(@ur )P o [ | divurt! P dx

dr

s( Mo? ) S )
Ky +Moa? Q Pro

ao’ 12 112
/\e (Su )P dx+a / | div Sut? dx
2

Mo?
dr 0 JQ

We note that (21)-(22) implies
dus ((un+l7p11+l) o (un’pn)> <

Ve, ((u", p")— (! ,p"—1>) (23)

Mo?

Ky + Mo
ping on 2 and by the contraction mapping principle, it
has a unique fixed point in 2. The theorem is proved.O

with y = < 1. Hence .7 is a contraction map-

Remark 1 One can pose the question if the natural energy
norm defines a contraction.
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Again we write equations (11) and (12) for differences
Su™t! Su”, §p™ and Sp™*t!. We test (11) by Su/ !, (12) by
8p"*! and sum up the variational formulations. It yields

) . . M 5mn+1(l‘) 5
/Q (%e(&l (1)) : e(Su +1(f))+z(T > .

/ /QB n|V5p”“|2dxd1:<2Ma(| 00

6m11+1
Hl=——— 2@ x(04) )Hd1V5“+ 2@ (0.0))- 24)
Pr.o
Therefore, we see that the standard energy estimate is not
self-contained and requires an estimate for dyu"*!. It was
established in Theorem 1 using the higher order derivative
estimates. It enables us to establish the fast convergence
even without having the contraction property. In the esti-
mates which follow we develop the appropriate estimate.
We use the obvious inequality

//\5m"|2dxdf< //|87m"|2dxd‘c

and (17) to see that (24) implies

max/Q(ge(Su”H(t))16(511"“0))"’

0<t<T

M Sm"“ RN
G ) //—wa (0)P dxdt
< MT*(d2 (0 p"thy — (", p™))+

dp (0"~ p" 1) = (u", p"))). (25)

(25), together with Theorem 1, yields fast convergence in
the natural energy norm.

2.2 ”Fixed Stress Split” iterative method

The fixed stress split iterative method consists in imposing
constant volumetric mean total stress. This means that the
0, = 0,0+ Ky, div u— o (p — po) is kept constant at the half-
time step. Our iterative process reads as follows

1 H
a n—+1 d - \% ntl
<M K, > P+ div { n(pfg P =
n 78 n; 26
+Kdr 1P (26)
_ div {ge(un+l)}+avpn+l _ O; (27)
{ll"+1, Pn+1}|t:0 =0 onQ; (28)
{un+1’ pn+1} is periodic in x with period L. (29)

Remark 2 We remark that the fixed stress approach is use-
ful in employing reservoir simulators in that (26) can be ex-
tended to treat the mass balance equations arising in black
oil or compositional flows.

Theorem 2 Let us suppose hypothesis (H1)-(H4) and let .
be the operator mapping {u", p"} to {u"*, p"*'}. Then ./
admits a unique fixed point from Vr x Wr satisfying (1)-(7).

Proof Let us introduce the following notation for volumet-
ric mean total stress
Oy = 0y +Kdr diva— (X(p - pO)‘
Then (26) and (27) hold true for the differences Su"*!, Su”, § p"
and §p"*!, with f =0and g = 0.
Step 1. We multiply the variant of (26), valid for & p"*!
and 89,07, by 9,8p™"! and get

1 n+12
<M(x2+1(d >// 005" P dxdt+

/!2231;7|v3p"+1(t)|2 dx<——/ / 9:6p"180,6" dxdt

t
gf/ / 89 p" 2 dxdt+
2Jo Ja

1
n\2
T /0 /Q (3:56")? dxd, Ve > 0.

Again, the coefficient in front of [|69; 6,/ |[ 20 (0,1 18 small-

est for € = 1/K;, +1/(Ma?) and the above estimate be-
comes

B nl 2 / n+1 ()2
(Ma2+1<dr>// |@89ep™ | dxdT+k | [VEp"H(1)] dx

146! n\2
< - 7 000
dr(M 5 dr)~/0 / ((%5(‘%) dxd’L’7 30)

- k
where k = ——.
Brn
Step 2.

Next we take the time derivative of (27), valid for {Su**!, §p"+11,

and test the resulting equation by 9, u"*!. It yields
/ (350" : (9, 5u™) = a/ 2,60 div 3wt dx,
which implies

Ky

A1) / (8,80 )2 dx+
1 o
W Kir)‘/‘Q‘Kdr div 8;6“ +1|2 de

2(
1 1 n+1 . n+1
2(W+E)/.Qa8t6p Ky, div §o,u™t! dx. (31)
e

After summing up (30) and (31), one has

t t
/ / (9:66"1)? dxdt+ K2, / / | div 380" > dxd
0JQ 0JQ

t
24K, / / (3,80 ) dxd+
0JQ

kMoK,
Mo? + Ky,

( a2+Kdr> // (0:80")? dxdr. (32)

2a

/ VS (1) dx <
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Now we proceed as in Subsection 2.1 and obtain the result:
The expression on the left hand side defines the invariant
distance d by

& ((wp)0) -

2aKy,||e (8,u)||L2 Qx(0.1)3 +Kdr||d1v atuHLz Qx(07)
+Hal(*ap+Kdr div u)HLZ(_QX(O,T))’ (33)

kM o2K

2
Mo?+ Ky, 0<t<T||Vp( Mz @

00y
on the closed subspace
2={(A,B) €eVr xWr |Al;=0=0 and Bl;—0=0}. (34)

We see that that the operator .%, such that .7 (u",p") =
(w !, p"1), maps 2 into itself.
We find out that

dfs ((un+l 7anrl) _ (un7pn)) S

Yrsd s ((u”,p”) — (™! 7p"1)> 35)

Mao?
Ky +Mo?
ping on 2 and by the contraction mapping principle, it
has a unique fixed point in 2.0

with Yrs = < 1. Hence . is a contraction map-

2.3 Optimized “’Fixed Stress Split” iterative method

The fixed stress split iterative method consisted in impos-
ing constant volumetric mean total stress. In this section we

K,
work with the quantity 6g = )+ Ky, div u— B adr (p—po)-
Our iterative process reads as follows
1 H
_ ) n+1 di —_ -V ntIyVy —
<M+l3> ip" - div {BfTI (prg—=Vp" )}
(36)
— div {Ze(u"™)} +aVp" =0; (37
{fu™ p"Zo=0 onQ; (38)
{u"! p" 1Y s periodic in x  with period L. (39)

Remark 3 We remark that this method is new. It interesting
because it gives the fastest convergence.

Theorem 3 Let us suppose hypothesis (H1)-(H4) and 3 >

a?/(2Ky,). Let . be the operator mapping {u",p"} to

{w! p"* 1}, Then .7 is a contraction and admits a unique

fixed point from Vi x Wr satisfying (1)-(7). The contrac-

tion constant is smallest for B = «*/(2Ky,) and takes value
Mo?

W= Mo 2K,

Proof Let us introduce the following notation for "artifi-
cial” volumetric mean total stress

0 = 0p+ Ky diva—

ﬁKdr
o P Po)-

Then (36) and (37) hold true for the differences du”*!, Su”, §p"
and §p""!, with f=0and g =0.
Step 1. We multiply the variant of (36), valid for §p"*!

and & 8, , by 9,8p""! and get
(o) o s

ZBfTI ——|V8p" (1)) d 159, 05 dxdt
= 2 Bng / / |ﬁKdr53 ”*'Iz dxdT+

— 0:60")? dxdt, Ve > 0.
ZsKjr/o/Q(T Op)" dudt,

Again, the coefficient in front of ||6; 0 |2 x (0,1 is small-
est for € = 4 1/M and the above estimate becomes

t K —
// \Maarpﬂﬂﬁdxdwkl/ VS (1) dx
0JQ o Q

< <l_~3_|_ﬁl/M>2/ot/_Q(aT66§)2 dxdr, (40)

k BKi, 1

where kl = Bfin( o ) m

Step 2.

Next we take the time derivative of (37), valid for {Su"*!, §p™+11,

and test the resulting equation by d;5u"*+!. It yields

/ Ge(95u") : (9, 5u™) = a/ 98p" ! div 9,5 dx,

which implies

Za% /Q le(9,5u )2 dxt

BKdr
o2

/ |Kyy div 0, 6u™ ! |? dx <

K
2/ %8,5])"“1([1, div §9,u™! dx. 41)
Q

We note that the right hand side of (41) represents the inte-
gral of the product of the terms from the definition of d;op.
After summing up (40) and (41) and using the definition of
Op, one has

t
n+1y2 ﬁKdr
/O /Q(cwoﬁ P dxde+ (225
t
1) / / 1Ky, div 9,60 |? dxdo+
0JQ

2aBK3. [t _
de/ / le(d,5u™™)|? dxdr+k1/ IVEp "1 (1)|? dx
a 0/Q Jo

< (Mﬁlm)z/ot/g(afwgf dxdr. 42)
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The estimate (42) yields a contraction map only if 8 > o>/ (2Ky;).
The contraction constant is smallest for 8 = o>/ (2K ;). Now
we proceed as in Subsection 2.1 and obtain the result: The
expression on the left hand side defines the invariant dis-

tance dy by
2aBK>
d‘%v ((U,P),O) = TdrHe(&tu)ﬂiz(gx(o,r))3+
— 2 ﬁKdr : 2
ki OféltaSXTHVP(f)Hp(Q)"'(Z oz D)Kardiv a’uHLZ(QX(O-,T))
K, .
+H9z(—ﬁadrp+Kd’ div u) |72 (0.7 “3)
8,613

on the closed subspace
2={(A,B) e Vy xWr |Al;=0=0 and B|,—o=01}. (44)

We see that that the operator ., such that .7 (u", p") =
(w*, p"*), maps 2 into itself.
We find out that

dw ((un+l ,pn+l) _ (un,pn)) <

Yrswdgs ((u",p”) — (! )) (45)
B

B+1/M

ping on 2 and by the contraction mapping principle, it
has a unique fixed point in 2.0

with Yrsw = < 1. Hence .7 is a contraction map-
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