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I. INTRODUCTION

Effective deformation and filtration in a deformable porous medium is described by the

Biot-Allard equations

pouu = Div (4"e(w) —ap} +0r [ A m(e,
—Vp(z,¢) = prOecu(z, () d¢ = pF, (1)
. =0 1 _
O (Mp—i— div (au)) + div {/0 A(W)(F<I,C) — p—pr(x,C) — Occu(w, () dC} =0

(2)
where e(*) stands for the symmetrized gradient (strain tensor), u is the effective solid phase

displacement, p is the effective pressure and the parameters are defined in Table I

SYMBOL QUANTITY UNITY

Ps solid grain density kg/m?

pf pore fluid density kg/m?

© porosity O<p<l

p = pso + ps(1 — ) |effective mass density kg/m?

n pore fluid viscosity kg/m sec

l typical pore size m

@ Biot’s pressure-storage coupling tensor dimensionless
M combined porosity and compressibility of the fluid and solid |dimensionless
AH Gassman’s fourth order effective elasticity tensor Pa

psl?/n intrinsical characteristic time sec

A dynamic permeability tensor dimensionless
A characteristic Gassman’s coefficient Pa

Ey pore fluid bulk modulus Pa

TABLE 1. Effective coefficients for the Biot-Allard equations

The equations (1)-(2) represent the solid displacement - pressure real time formulation of
the dynamic Biot’s equation, usually written in the frequency formulation (see the collection
of Biot’s papers!). Note that the dynamical permeability corresponds to the inverse Laplace

transform of the inverse of Biot’s viscodynamic operator.



These equations are obtained from the linearized first principles fluid/structure pore
level interaction, using homogenization approach. We suppose small deformations, small
fluid compressibility and small Reynolds numbers, which allows us to make the following

important simplifications:
1. dropping the inertial term in the Navier-Stokes equations,
2. supposing an incompressible or a slightly compressible pore fluid,
3. using a linear elastic model (Navier’s equations) to describe the solid skeleton and
4. linearization of the fluid /solid interface coupling conditions.

Furthermore, the initial porous medium configuration is heterogeneous at the pore level but
statistically homogeneous at macroscopic level. It is supposed that there are two connected

phases, a solid and a fluid one. The solid phase is deformable.

A representative example of such geometry is the periodic porous medium with connected
fluid and solid phases. It is obtained by a periodic arrangement of the pores and effective
coefficients can be determined using periodic representative volume elements.

First we define the geometrical structure inside the unit cell ) = (0,1)%. Following

Allaire? we make the following assumptions on the geometry:

A1: Y, (the solid part) is a closed subset of ) of strictly positive measure and Vi =I\Vs
(the pore containing the fluid). Then Yy is supposed to be an open connected periodic

set of strictly positive measure, with a smooth boundary.

A2: We make periodic repetition of ), over R™ and, For sufficiently small ¢ > 0, set ygi =
(Vs + k), k€ Zr. Let T, = {k € Z*|Y; C Qp}. The construction yields a closed

solid skeleton Qf = U yék, the fluid structure interface I'* = 994\ 99, and the pore
keT,
volume filled with a fluid Qﬁe =0\ QL Both Q¢ and fo are connected and I'* is a

smooth surface.

Figure 1 shows a typical pore satisfying (A1).
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Solid part Fluid part

FIG. 1. The pore RVE

The linear fluid-structure equations in the reference configuration read

0uf} . oul; . .
Prgp VP =nA55+pF i € (3)
I ¢ ¢
+ divuy;=0in Q 4
PrEy ! ! W
0*u’
psﬁ = div(4e(u!)) + p,F in Qf (5)
ul = uff on TI'“ (displacement continuity at the interface) (6)
ou’
(—p'I + Qne(a—tf))n = Ae(u’)n on I'. (7)

We note that the 4th order tensor A contains the elasticity coefficients of the solid skeleton
and that we have supposed a linear coupling, evaluated in (6)-(7) at the non-deformed

interface T'Y.

In the references®,1?9 10 either Laplace’s transform in time is applied to system (3)-

(7) or the excitation by an external harmonic source with frequency w is supposed. After
identifying the characteristic pore size € = ¢/ L (the ratio between two length scales) as the
small parameter, the technique of homogenization* was applied. It allowed Burridge and
Keller in® and Sanchez-Palencia et al in? to derive from (3)-(7) the homogenized systems
in slow variable  and the fast variable y = z/¢ (see also references therein). Most of

the published work was formal, but there are rigorous homogenization derivations in the
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fundamental book?* and in the article®.

The rigorous homogenization of (3)-(7) in space and in time variables is in® and”. The
case of an inviscid fluid filling the pores is treated in®. Furthermore in these references the
separation between slow and fast scales was undertaken, which allowed reducing the two-
scale homogenized equations to the Biot equations from!. In® the scales separation yielded
Biot’s equation for a porous medium filled by an inviscid fluid. The viscous case is more
complicated, and in® and”, Biot’s equations were justified but with a tensorial viscodynamic

operator.

In the case of pores filled by a viscous fluid, the result depends on the contrast of property
number C' = nT /A = n/(Aw). If C = O(e?) the homogenization approach gives a diphasic
macroscopic behavior of the fluid-solid mixture, described by the diphasic Biot system. This
case was given a particular attention in®4°7,2,1°. This regime arises in most applications
and we suppose in text which follows that C' = O(g?). The rigorous convergence result,
for fixed frequency, and using the newly introduced two-scale convergence is in article® by
Nguetseng. We explain the asymptotic analysis result following”, were the system (6)-(7)

was homogenized in space and in time variables and the form of the equations presented

here was given.

The technique of homogenization involves the following steps:

1. We write the unknowns u?, u’ and p* as functions of ¢ , of the slow spatial scale z/L
and of the fast spatial scale y/L = x/¢. Then the unknowns are expanded in a power

series in ¢ :

uf‘ = u?“(xayat) +SU}<J},y7t> +.
uﬁ:ug(x,y,t)+5u;(x,y,t)+..., (8)
P =0z, y.t) +ep'(z,y,t) + .. ..

Next, in the system (6)-(7) the differential operators are expressed in both slow and
fast spatial variables and the perturbative series (8) are introduced into the rescaled

equations. After equating terms with equal powers of ¢ the two-scale homogenized
0

S

equations are obtained. They contain u},u), u},p’ and p' as unknown functions and

number of spatial variables is doubled. The scale separation is needed.



2. We follow” and find out that

u) = u(z, t), pO(Ly,t):ny(y)p(fv,t) and

1 0u;  Ouj, ;.
ul = plat ~+2328x L ywi(y),
i [

where w¥ correspond to the homogenization of the empty elastic deformable porous
medium and depend only on the porous medium geometry. The periodic cell average
of the corresponding stress A(e,(w”) + sym e’ ® e’) gives the positive definite 4th

order Gassman tensor A”. Biot’s tensor « is given by «;; = / div,w" dy. w is

Vs
displacement of the elastic solid structure of the unit pore to which the unit pressure

is applied at the fluid/solid interface. It satisfies fyfdivywo dy < 0.

3. The fluid may be regarded at the leading order as incompressible at y scale. {&u‘}, p'}
satisfies the non-stationary Stokes variable in y variable in the pore. The forcing term
is psF — V,p(z,t). The solid-fluid interface condition is 8tu5’c = Jyu. The separation

of the fast and slow variables yields

L (o F — Vaple, 1) — prdcu) dC. (9)

8tuf = atll + - / Q 62

where the jth column ¢’ of the matrix () satisfies the non-stationary incompressible
pore Stokes system (50)-(52). The dynamic permeability A(¢) is defined as A(t) =
Q(y,t) dy. Note that the complex vector valued Laplace transform of d;(u} — u)

satisfies Darcy’s law, with A(w) being the permeability.

4. The structure momentum equation (1) is obtained from the compatibility condition
for the solvability of the unit cell solid part Navier’s equations for u?. In addition to
the classical homogenization of an elastic porous structure (see?), the pore fluid applies
the contact interface force (p'I — 2ne,(0;uf))n on the solid structure. Averaging all

terms linked to u! in the compatibility condition and using (9), yields equation (1).

5. The effective pressure equation (2) is obtained by averaging the next order of expansion
in the incompressibility condition. Average of divyu} over Yy is equal to the average of
~div,u! over Y. Inserting the separation of scales formula for u} yields equation (2).

It is important to note that we have the same Biot coefficient matrix « in the term



and even

1
div(ap) in (1) and in div(adsu) in (2). Next, M = ——/ div,w° dy + Ld
A Yy prf
for an incompressible fluid, there would be a term -( fyfdivywO dy)0;p, corresponding

to the effective compressibility of the solid-fluid mixture.

Therefore the effective behavior is described by the effective solid phase displacement u and
the effective pressure p. they are defined at every point of ), and we do not distinguish

the solid and fluid phases any more. The filtration velocity is

o+ — / A( e n prF = Vap(w,t) — ppOccu) dC.

Concerning the approximation, it is proved in” that
x x l
Voo (D) —ud(a, L 1)yl (D) 5 0 i C0.T) IX(Q)P), as <= 7 =0
For mathematical considerations we need the dimensionless form of the system (1)-(2). If
the characteristic size of the Young modulus in A7 is A and the time scale T, then the ob-
servation length L of Terzaghi (see?®) for the problem is L = ¢4/AT./n and the characteristic
pressure P = \/An/T.. The dimensionless form of (1)-(2) is given by

kOpu® — Div {A’D(u’) — ap®} + 9, /Ot A(%)(wa(x, )

—VPO(SC () = rsdecu’(z, () d¢ = ¢F(x,1), (10)
M°0,p° + div {/ A( C)(jffF —Vpo — O¢eu®) dC} + div {adu’} =0 (11)
f kg

where M? = MA, A° = A" /A, Yr =T EFo\/prl m, s = T For/psl mand ¢ = Yo+ 1hs(1 —
02 02
PI” and Ky = pT’ respectively. kK = krp + rs(1 — @).

c Nic

). Contrast coefficients are k; =

II. A PRIORI ESTIMATES FOR THE DYNAMIC BIOT EQUATIONS

We study the system (10), (11) in the cube Q = (0,1)3, for ¢t € (0,T). For simplicity we
assume homogeneous initial conditions and periodic boundary conditions.

For a Hilbert space X, let C5°(R;; X) denotes infinitely differentiable functions defined
on R with values in X and with compact support on R, = (0, +00).

With notation 37 for the real part of 7 € C, we introduce the complex Laplace transform
in time of a vector valued function f and denote it f . It is defined for r€e CL. ={A € C:
Re A > Ao > 0}. We apply it to the system (10), (11) to have
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Theorem 1. Let us suppose F € Cg°(R; L?(Q2)3) and
: (H1) A° is a symmetric positive definite 4th order tensor.
: (H2) MY is a positive constant.
: (H3) « is a symmetric matriz.

: (H4) The Laplace transform Of.,[l of the dynamic permeability matriz A is a complex sym-

metric (but not Hermitian) matriz and satisfies

- AL+ R
RIA(TEE 2 CH- e, ve e ©, (12

A1+ 7]
R{(T + 1) A(T)EE} > CIE?, for some ¢, >0 and V& e C?, (13)
R{7(xI — Tfifc/l(ﬂif))ﬁg + /Al(/ifT)ﬂg + (a0 — T/ifA(TIif))ﬁz —(a— TlifA(Tlif))Eﬂ}

2 “f%T 2 3
1
A7)0 < m (15)
for some Ay > 0.
Then we have the following a priori estimate:
~ Rrry

e [l r 4 @)+ [5°R) det 2T [ VR de < O+ ) (16)
Q

A+ Tk

Remark 1. As discussed in the Appendiz, the hypothesis (H1)-(H4) are natural. In par-
ticular, the matriz A is not uniformly positive definite with respect to T and (14)-(15) give
its precise behavior. It is known from the literature, that in the case Rt = 0, the impedance

fl(z Im7) goes to zero for large values of Im 7. For details we refer to® and™ .
Proof. Application of the Laplace transform to (10) and (11) with 7 € C. yields

— Div {Aoe(ﬁo)} + Div {(a — ThpA(Tks))PO}+
(v = TFA(TRs))T*Q0 = (W = Tr ) A(Trg) )R (2, 7), (17)
Mm% + div {(o — ThpA(Try))T0%} — div {A(Tr,) V') = — div {A(Trp)F(z,7)}. (18)



Now we test equation (17) with 7@, take the complex conjugate of (18), test it with p° and

sum up the obtained variational equalities, to get

r / (] — 72 A(rriy))ra0780 da +7 / A0(00) : (@) dr +7M / 9 dat
Q Q

/ A(Tﬁf)VEOVﬁD dx + / ((a — 7h; A(TRy))VPPTR0 — (0 — TﬁfA(THf))WVﬁO> dx
0 Q

/ by Alrag Bz, 1)V da + / (O] — 7hp0p Alrig) B (e, 1)@ do. (19)
Using (14)-(15) yields

R
%T/{/ﬂs|7’ﬁ0|2+|e(ﬁo)|2+|]30|2} o+ Th |2/|VA0|2 do <
Q

A+ T
. R VP°
1B oy (I iy + 7€l ) (20

(20) implies estimate (16). O

In order to return to the original time variable we need to invert the Laplace transform.
In the vector valued setting we use the following result:

Let X be a Hilbert space, and let H?(C,, X) be the subset of the space of holomorphic
functions defined by

H*(C,,X)={h:C, — X such that
[l Sup/ 1h(z + is)|[% ds < +oo}.
>0 JR
Then we have

Theorem 2. (vector valued Paley- Wiener theorem from*, page 48) Let X be a Hilbert space.
Then the map f — f\@ is an isometric isomorphism of L*(R., X) onto H*(C,, X).

In our situation X = L?*(Q2) and by Theorem 2 estimate (16) yields

Corollary 1. We have the following a priori estimate

T
/ /{ﬁsyatuﬂﬁ e + PP} dedi+
0 (9]

T t +o00
/ /|VL/ e MO0 (1 ) dC|? dadt < 0/ /(]F]2+ |0,F|?) dedt.  (21)
0 JQ \/’f_f 0 0 Q

In order to avoid negative Sobolev norm in time for Vp° in (21) we do further calculations.
Namely we multiply the unknowns {@% p°} in (17) and (18) by (A1 + k;7), respectively, and

apply the same argument as in Theorem 1 to them. Using estimate (16) we obtain

9



Proposition 1. Under the assumptions of Theorem 1, we have
. R R C(kyf, ks
Jmdr P oo+ ) o+ [ 195 dr < LI g, (22
Q Q

and

T T
/ / </£5]0ttu0]2+ le(0u”) 2 + ]@po\2> da:dt—i—/ /\Vpolg dxdt <
o Ja Q
+o0 2
C’(/-@f,ms)/ /|8m]5‘|2 dxdt. (23)
0

It is important to control derivatives independently of k¢. It is achieved by proving the

estimate (16) for {70°, p°}.

Proposition 2. Let fQF dx =0, for every t > 0. Under the assumptions of Theorem 1, we

have
R + e(r) + @) + 0+
0’1 + [0 + [V} dx < CJ[(L+ [7[)F[72(0). (24)
and

T
/ /{ﬂs\aﬁuOE (@) + [e(u)]? + [0 + [0° + [Vp°2} dadt
0 Q

+00 2
< O/ / 0" F|? dwdt. (25)
0

Proof. Arguing as in the proof of Theorem 1, we obtain

%T/{HSITQ P+ le(ra”)]* + le(@®)? + [m°P + [0} do < C[[(1+ [7)F|[72q)-  (26)

Since / F dr = 0, after integrating equation (17) over © and using (77), we obtain
Q

0° dz = 0. Korn’s inequality implies

Q
/|A°2dx<0/| 02 da.

Next, we test equation (18) with }_50 and use (26) and (12) to conclude that

)\1 +§R7'lif

S [ (9 do <+ P, (27)
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Finally, testing equation (18) with 7'50 and using (26) and (13) yields
95 da < Il + ) )

UJ
With the estimates (21), (23) and (25) proving existence and uniqueness for the dy-
namic Biot system (10), (11) with homogeneous initial conditions and periodic boundary

conditions, is straightforward. We conclude the Section by stating our main result

Theorem 3. Under the assumptions of Theorem 1, the problem (10), (11), supplemented by
homogeneous tnitial conditions and periodic boundary conditions, has a unique variational

solution {u° p°} € H'((0,T) x Q)3 N H%(0,T; L*(Q))* x H'(0,T; L*(2)) N L*(0,T; H*(Q)).

III. FROM THE DYNAMIC BIOT SYSTEM TO THE QUASI-STATIC
BIOT SYSTEM

In this Section we show that the quasi-static Biot equations can be used iteratively to
solve the dynamic Biot equations. We study the behavior of the system (10), (11) in the
limit k¢, ks — 0. Note that xy (and consequently also k) stands for the ratio between
the intrinsical characteristic time and the characteristic reservoir time scale. In reservoir

engineering they are small. An exemple is given at Table II.  For the data from Table II

SYMBOL |QUANTITY CHARACTERISTIC VALUFE
A Young’s modulus 79 Pa

oF fluid density 1e3 kg/m?3

Ps solid grain density 2.65e3 kg/m3

7 fluid viscosity le—3 kg/m sec

1) typical pore size le—bm

L observation length 5000 m

€ small parameter e=4{/L=0.2e—8

Ey pore fluid bulk modulus|le6 Pa

TABLE II. Typical reservoir data description
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one finds
T, =041 days , kf =0.28¢ — 8, ks =0.742e — 8, K¢ = O(1) =y = O(1) = 9.

For more details we refer to!?. We note that in simulation of the noise protection tiny
poroelastic layers Ky = O(1) = k; and one has to consider the full hyperbolic-parabolic

Biot-Allard system with memory.

Formally in the singular limit x¢, ks — 0 one obtains the quasi-static Biot system:
— Div {A%(u®")} + Div {ap?} = ¢F(z,1), (29)
M°0,pR% + div {K(¢;F — Vp?) + ad,u?’} = 0 (30)

with periodic boundary conditions and the homogeneous initial condition for the pressure
+oo
p?9|;=o = 0. Appearance of the Darcy permeability tensor K = / A(z) dz is linked to
0
the fact that for every t positive and a bounded continuous function g defined for ¢ > 0,

and with values in R? one has
lim A(—)ﬁ dz = ( A(z) d2)g(t) = Kg(t). (31)
r=0Jo kg~ Ry 0

Proving that the quasi-static Biot system has a unique solution with high regularity in time

is straightforward. We have

Lemma 1. Let F € C°(Ry; L3(Q)3), A° be a symmetric positive definite 4th order tensor
and K be a positive definite symmetric matriz. Assume M° is a positive constant and o
be a symmetric matriz. Then the problem (29)-(30) has a unique solution {u® p?} €
H*0,T; H,. (), [yu?® dz =0, for all k € N,

per

In order to obtain the iterative procedure we introduce the unknowns

w0 — @S 20— p@s
uw=——— and p‘=——.
kr Ky
Using (10), (11) and (29), (30) we see that {u®, p°} satisfy the system

t

t pa—
kOyu — Div {A’D(u®) — ap} — 8,5/ A( z)(VpC(:r, 2) + k0, u(2, 2)) dz =
0 f

K

t—z

K 1 K
——0yu® + =0, | A
Ky Ky 0 Ky

t
M°9,p¢ — div {/ A
0

) (vaS + K 0,,u? — o, F(x, z)) dz, (32)

t—z.,1
(—Vp©+0.,u) dz} + div {adu’} =
Kkr K
t—z
Ky
with homogeneous initial conditions and periodic boundary conditions.

t
L iy {K(¢;F — Vp?9)} + L div {/ A( )(ivaS +0..u% — ﬁF) dz}. (33)
Ky Ky 0 kg Ky
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Theorem 4. Let us suppose that the assumptions of Theorem 1 and Lemma 1 are satisfied

and in addition assume A is an analytic function such that

%A(o) = — /0 m tA(t) dt.

Then n the limit k¢, ks — 0 we have
0 _ QS
w="2"" e i HY(0,T) x Q)°
Ky
p° — p@S

— p® in HY((0,T) x ),
Ky

and p°=
where {u", p°'} is the solution for the problem
— Div {A%(u")} + Div {ap*} = —(p + (1 — @Z—;)aﬁu%—
K (6P (@, 1) — Vp% (2, ),
M°0yp™ + div {—KVp™ + adu®"} = div { K9u?"}

+ div {( /0 L AG) d2)0 (0, F (1) — VS (1, 6)}.

Remark 2. Using K = A(0), we see that (34) implies

tim ([ A =28 g kg = — /;m TA(2) dz)o.g,

w20 Ky Jo Ky = Ry

for every g € H(R}).

(34)

(35)

(36)

(37)

(38)

Corollary 2. {u®, p°} = {u? p?}+5{u”", p }+o(k;) in the topology of H((0,T)xQ)*.

Proof:  First we remark that integrating the equation (17) over Q gives [, u’ dz = 0.

Application of the Laplace transform to (32) and (33) with 7 € C. yields

~

— Div {A%(0%)} + Div {(a — 1hA(TK
—(il — TIifA(TI{f))T a%s — wafl(ﬂif) (x,7) 4+ 7 div {A(Tlif) p5Y,

Ky
MO7j¢ + div {(a — 7rpA(rrg)) 78} — div {A(Tr)ViF} =
_% div {(A(rky) — K) (s F(z,7) = V) } + div {A(rr;) 0%}
f

Using the arguments of Proposition 2 we conclude that

/{HSITZﬁCIQ +e(ra) " + le(@)[* + [0 + |7p°* + [P+
Q

VP[*}de < C(1+ 17\2)2<HFHL2<Q) + 1TV 20y + HTQﬁQSH%z(m),

13

NP} + (K1 = TREA(TR))TH0C =

(39)

(40)

(41)



where C' is independent of ;. Therefore the sequence {01, p°} contains a H?(C., L*(2))?-

weakly convergent subsequence which converges to the quadruple {0, p“°} in the following

sense
70 — 70, 4° = 0" and e(r0°) — e(ra?),
(42)
Vﬁc N vﬁc,o’ ﬁc N ﬁc,() and Tﬁc N Tﬁc,(]’
as Ky — 0.
In addition we have the following convergences in H*(Cy, L*(Q))? as ky — 0:
BT — rkp A(reg))T098 5 (04 (1 — ) 2272008, (43)
Kr P
T@Df/l(ﬂ{f)]?‘(:n, T) — wffl(O)Tf‘(x, T), (44)
7 div {A(rr)p?°} — div {A(0)7p?}, (45)

= div {(A(ray) — K) (Bl ) = V5¥)}  div {ZAO)(0B(a.7) = Vi), (d6)

div {A(trp)r20%%} — div {A(0)7209%}, (47)

Therefore {11%?, p>°} satisfies the system (37)-(38), with homogeneous initial conditions and
periodic boundary conditions. Because of uniqueness for the quasi-static Biot system, we

c,0

conclude that {t1®?, p=0} = {01°", p"} and the convergence of the whole sequence.

Strong convergences follows as usual, by using the solutions as test functions. [

Remark 3. We see that the quasi-static Biot equations solver could be used to solve the
dynamic Biot equations. The quasi-static Biot equations are solved efficiently using iterative
coupling procedures, where either the flow or the mechanics is solved first followed by solving
the other problem using the latest solution information. We refer to'® for presentation of
the four widely used methods and their von Neumann stability analysis. The convergence
and convergence rates for two widely used schemes, the undrained split method and the fized

stress split method was recently proved in'®.

Remark 4. It is easy to see that {u",p"V} = {u%" + ku®", p@ + kp®"} satisfies at order

O(ky) the system
k0" — Div {A%(u"™)} + Div {ap" — ki KOp"'} = ¢F — k9 KO,F, (48)

+o00
M°0p" + 0, div {aun" — k; KO} — div {KVp" — Hf(/o 2A(2) d2)0,Vp"'} =

W div {5 /0 TLA(2) d2)OF — KFY. (49)
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IV. APPENDIX: ELLIPTICITY ESTIMATES FOR THE DYNAMIC
PERMEABILITY

As stated above, the Biot-Allard equations can be obtained using homogenization if one
supposes the statistical homogeneity of the pore structure. In particular we suppose a

periodic porous medium defined by (A1)-(A2).

Proposition 3. (see’) Let us suppose (A1)-(A2). Then the hypotheses (H1)-(H3) from

Theorem 1 are valid.

We now demonstrate the properties of the dynamic permeability assumed as the hypoth-
esis (H4) in Theorem 1 are valid.

In order to calculate the dynamic permeability, we consider the permeability auxiliary

problem:
g’ — Aq'+ Va, =0 in Yy x(0,7) (50)
divg'=0 in Yy x (0,T), q =0 on (3Y;\9Y) x (0,T) (51)
{d',7,} are l-periodic in y, q'|q—0} =€’ on Vy. (52)

We note that q° depends only on the geometry. We calculate q° using the corresponding

spectral problem:

—-Aw+Vp=Aw in ) (53)
div w=0 in Y;, w=0 on 9Y/\0Y (54)
w is H'(Y) — periodic and p is L*())) — periodic. (55)

By the elementary spectral theory the eigenfunctions for (53)-(55) form an orthonormal

basis {f*};>1 for L?(V)? and an orthogonal basis for Vye, = {z € H,,, : z = 0 on 9Y;\0Y

and div z = 0 in Ys}. Note that H),, = {z € H'(Vy)? : z is H'(Y)-periodic }.
Furthermore A;, the minimum eigenvalue of the Stokes operator (53), is positive and

A — 400, as kK — +o00. By the elementary variational parabolic theory we have the

following separation of variables expansion for q’:
Qo) =Y e ) [ fiG) de (56)
k=1 Yy

The series (56) converges in C([0,T]; L*(Yy)) and in L?(0,T’; Ve ).

15



Consequently we have
o' )2y < @™ 1<i<3, o=Vl (57)

The dynamic permeability matrix is defined by

Ay(t) = /y £i(y.t) dy (58)

+oo
and K;; = A;(0) = A;;(t) dt is Darcy’s permeability. (59)
0

The Laplace transform of the matrix A, given by (58) is

A A

Ay (r) = / Qy.7) dy, with K, = Ay (0) (60)
Y
+o0 ' +o0 )
and / tA;;(t) dt:/ / q;-(y,t)wf(y) dydt. (61)
0 0 Yy

We have

Aiy(r) = / iy, ) dy = ?/ qo dy+ | V,qV,& dy =
Vs V¢ Yy

. / dd dy+ | Vv, dy, 1<ij<3. (62)
Yy Vi

which implies that Ais a complex symmetric matrix (but not a Hermitian matrix).

Furthermore, we have

Ay (7) = |72 /y A& dy 7 | VAV dy (63)
f f

Let £ € C3, let ef = 23:1 ¢;el and let §*(1) = 23:1 £’ (7). Then g° is the solution to

the problem

T8¢ — AGE + Vil =ef in Yy, (64)
divg® =0 in YV, g =0 on (0Y;)\0Y), (65)
{a°,#5} are l-periodic in . (66)

We use the spectral basis {f*};>1 to write expansions for §°, w/ = §’(0) and for the matrices

16



~zzlade:

. — f(y)
¢ _ ¢ ¢k
a(y,7) ;Ak+7/yfe £5(2) dz, (67)
, I gk
wi) =3 S [ e e (63)
k=1 'k VY
+o00
1 c _ 1 & gk 2
A(T)gg_kzl pwp yfe £*(2) dz?, (69)
and K¢€ = Z—ky ; £5(2) dz|. (70)
f

Proposition 4. Let A be given by (58) and its Laplace transform A by (60). Then the
estimate (15) from Theorem 1 holds true.
Furthermore, the matrix A is positive definite for every Tt € Cy ={r € C: R7 >0} in

the sense that the following estimates hold:

. _ YT & Ak
>0—— €] _ Tk & rk 2 3
RAGIE 2 Ol S gl [ o aef vee e, @

RA(T)EE) > cfl * %|

R{TA(T)EE} + R{A(T)EE} > KEE, V€ € CP. (73)

€)%, V€ € C?, (72)

Proof: Estimate (15) is obvious. Next we prove (71):

A+ R
RLA(EE) = Z,;i T e a2

NRT +OO . ) i ) ,
A+ 72 & /\2|/ (z) +Z|)\k+7|2|/ et f8(z) dzf’, Wee T’ (T4)
Estimate (74) nnphes estimate (71).

Next we have

A + RT A+ RT
RUA(TEE} = ZM ol r@erzopthKke @)

Since the permeability tensor K is positive definite, (75) implies (72).
Finally, the remaining lower bound is

|T|2 + >\k§RT A4+ NRT 1

of . 2
{(1—|—7’ 56} Z A + 72 |)\k+7|2 )‘k)‘ v, £%(2) dz|* >
+00
S L[ et fh) a2 > KeE (76)
k=1 "k JVy
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O

Lemma 2. Let the matriz A be given by (58) and let its Laplace’s transform A be given by
(60). Then the matriz Tkl — T/ﬂ?cfi(lﬁfT)) is positive definite for every T € Cy and we have

R (I - mfc/l(mf))ff} > his(1 — ) RT[E]*+

+0o0
E -f dz|*, V¢ € C°. 77
f |)\k —|— IifTP / (2) dz|7, V¢ € (77)

Proof: We estimate the sesquilinear form T%?fl(/iﬂ)ﬁf, with 7 € C,.:

R{r22 A7) ss}—mfZA’“% O [ e st -
f

’)\ +/‘€f7"2
(?RTIQ )Z )‘k'%f%7—+ﬁf|7—| |/ 5 fk d |2 Z /\k ImT / §_fk(z) d2|2 <
P Iyt myrP? LNt T -
R A (Im 7)?
Rk / fk ) dz 2k / et f’g ) dz 2
f;l ‘ fz|/\k+"ff7—|2’ |
<=2 Ae(Im7)?2

- gfewnfjgﬁ—nfz | y ef R (2) dz|?, Ve e, (78)

)\ + /ifTP
which implies (77). O
Corollary 3. Estimates (12)-(15) from the hypothesis (H4) of Theorem 1 hold true.

Proof: It remains only to prove (14). Let &, 3 € C3. Then we have

TA(T)BZ — TA(T)Eﬁ =2ilmT Vy(”:lﬁvy@ dy and

Vi

R{7(xI — Tﬁ?A(TIﬁf))ég + A(/ifT)ﬁB + (o — TlifA(Tlif))ﬁE — (a— TlifA(TI{f))gﬁ} >
RT e

rs(1 = @)RTIE* + C’fmeP Z m((ﬁf Im 7)?| f*(2) dz*+

yf

| [ e f5(2) dz|? — QImTK;f|/ et (2) dz|| | €° -5 (2) dz]),
Yy Vi Vi

which yields (14).00

Remark 5. For the definition of the dynamic permeability in a general porous medium we
refer to'S. Heuristic estimates for a random porous medium are in'™ and'®. For computation

of the dynamic permeability for periodic, random and fractal porous media we refer to® and'.
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