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In this paper we undertake a rigorous derivation of the upscaled model for reactive flow
through a narrow and long two-dimensional pore. The transported and diffused solute par-
ticles undergo the infinite adsorption rate reactions at the lateral tube boundary. At the
inlet boundary we suppose Danckwerts’ boundary conditions. The transport and reaction pa-
rameters are such that we have dominant Peclet number. Our analysis uses the anisotropic
singular perturbation technique, the small characteristic parameter € being the ratio between
the thickness and the longitudinal observation length. Our goal is to obtain error estimates
for the approximation of the physical solution by the upscaled one. They are presented in the
energy norm. They give the approximation error as a power of € and guarantee the validity
of the upscaled model. We use the Laplace transform in time to get better estimates than
in our previous article [20] and to undertake the study of important Danckwerts’ boundary
conditions.
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transform; adsorption chemical reaction; Danckwerts’ boundary conditions.
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1. Introduction

We consider the transport of a reactive solute by molecular diffusion and convec-
tion in a semi-infinite two-dimensional channel. We suppose that the characteristic
numbers are large (Peclet’s number, Damkohler’s number, . ..) and study the dis-
persion effects.

Dispersion expresses the fluctuation of a quantity with respect to its mean behav-
ior. It is induced by motion of a transported solute in a fluid (molecular diffusion,
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convection and their interaction) or by the chemical reactions which that solute
undergoes.

At the pore level we have a) the molecular diffusion, expressed by Fick’s law, b)
the convective dispersion, which corresponds to the spreading of particles by the
velocity field and ¢) the creation (or destruction) of the solute particles induced by
chemical reactions.

Next, for the solute particles subject to convection and molecular diffusion, a
complicated interaction of diffusion and convection is observed. The overall behav-
ior heavily depends on the ratios of characteristic times.

In the literature usually we find three distinct regimes: a) diffusion-dominated
mizing, b) Taylor dispersion-mediated mizing and c) chaotic advection.

Our goal is the study of reactive flows through slit channels in the regime of Tay-
lor dispersion-mediated mixing, using anisotropic singular perturbations. Contrary
to the regime a), where we could quote papers [9], [10],[11], [14], [15] and [18] and
references therein, and despite a vaste literature on the subject, with over 2000
citations here to date, mathematical results on the subject are rare. The derivation
of the model without chemical reactions is in the original paper [24] by Taylor. It
was formally justified, using the method of moments in [3]. We also mention the
mathematically rigorous paper [6] and the papers with formal asymptotic expan-
sion [17], [22] and [23]. Nevertheless, they address the mechanical dispersion in the
absence of chemical reactions. In presence of chemical reactions we mention the
following papers:

(i) Flow with chemistry, as described by equation (2), is considered by Paine,
Carbonell and Whitaker in [21]. They noted that the equation for the difference
between the physical and averaged concentrations is not closed, since it contains

a dispersive source term — < @,¢ >. Then they multiplied the equation for
x

¢ by g, and got an equation for < g,¢ >. Nevertheless, a dispersive transport

term — < aﬁz > is present and clearly the procedure enters the same difficulty

as the fnethod of moments: there is an infinite system of equations. Paine et
al used the ”single-point” closure schemes of turbulence modeling by Launder
to obtain a closed model for the averaged concentration. We note that their
effective equations contain non-local terms depending of the solution and in
fact the effective coefficients are not explicitly given.

(ii) The center manifold approach of Mercer and Roberts (see the article [17]
and the subsequent article [22] by Rosencrans) allowed to calculate approxima-
tions at any order for the original Taylor’s model with no chemistry. Even if the
error estimate was not obtained, this approach gives a very plausible argument
for the validity of the effective model. This approach was applied to reactive
flows in the article [4] by Balakotaiah and Chang. A number of effective mod-
els for different Damkohler numbers were obtained. Some generalizations to
reactive flows through porous media are in [16] and the preliminary results on
their mathematical justification are in [1] .

(iii) Another approach consisting of the Liapounov-Schmidt reduction coupled
with a perturbation argument is developed in the articles [5] and [7]. It allows
developing multi-mode hyperbolic upscaled models.

(iv) For the case of reactive flows with an irreversible, first order, heterogeneous
chemical reaction with equilibrium between the liquid and the concentrations
of adsorbed solutes, we refer to [19], where the problem is rigorously solved. It
covers also the classical Taylor’s dispersion, which corresponds to absence of
the chemistry. The case of general chemical reactions was considered from the
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point of view of formal expansions in [12] and the results were justified through
numerical simulations.

In this article we continue our research from the article [20], where a slit flow
under dominant Peclet and Damkohler numbers was considered in the case when
the adsorption rate constant is infinitely large.

Let us write the precise setting of the problem: We consider the transport of a
reactive solute by diffusion and convection by Poiseuille’s velocity in a semi-infinite
2D channel. The solute particles do not react among themselves. Instead they
undergo an adsorption process at the lateral boundary. We consider the following
model for the solute concentration c¢*:

a) transport through channel Q* = {(2*,y*) : 0 < 2* < 400, |y*| < H}

o 1) g ~ P g P agre

* * 2 % 2 Lk
oc dc D 0°c D 0°c —0 o (1)

where ¢(z) = Q*(1—(2/H)?) and where Q* (velocity) and D* (molecular diffusion)
are positive constants.
b) reaction at channel wall I' = {(z*,y*) : 0 < 2* < +o0, |y*| = H}

Do, = k.25

i on I, (2)

where K, is the linear adsorption equilibrium constant.
c) infiltration with a pulse of water containing a solute of concentration c},

followed by solute-free water is stated using the Danckwerts boundary condition
from [13]

q(y*)ch, for 0 < t* < t§
b aly)e {0, for t > ;. 3)
The natural way of analyzing this problem is to introduce appropriate scales. This
requires characteristic or reference values for the parameters in variables involved.
The obvious transversal length scale is H. For all other quantities we use reference
values denoted by the subscript R. Setting

* t* * D*
—~ D=

tziaQ: 9 — 9
TR Qr Dpg

(4)

c* x y*
C:—’xzi’ :—’
E Y T H

)

where Lpg is the 7 observation distance ”, we obtain the dimensionless equations

dc  QrTr o.0c  DgrTr _0°c DgTr . 0% ,
— 1—y?)— — — - D— = Q
ot Lgr QU -y )8:6 L% 7 0a? H? — 0y? 0 in (5)
and
DDRTR Oc Oc
“HK, oy o b ()
where

Q=(0,400) x (—1,1) and T = (0,400) x {—1,1}. (7)
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The equations involve the time scales:

L
T, = characteristic longitudinal time scale = —R,
H "
Tt = characteristic transversal time scale = D—,
LrK,
Tc = superficial chemical reaction time scale = R
HQRr’

and the non-dimensional number Pe =

L
ZQR (Peclet number). In this paper we
R
fix the reference time by setting Tp =T, =1 and K = K./H = T¢ /T, = O(1).
We are going to investigate the behavior of the two-dimensional system (5)-(6)

H
with respect to the small parameter € = T Specifically, as in [19], we will derive

expressions for the effective values of the digpersion coefficient and velocity, and an
effective 1-D convection-diffusion equation for small values of €. To carry out the
analysis we need to compare the dimensionless numbers with respect to . For this
purpose we set Pe = £7¢. Introducing the dimensionless numbers in equations

(5)-(6) yields the problem:

oc® 9, 0c® o 03¢ 282 .
1- = De” De®~ Qf T
S QUG =D kDBl i at 1), (8)
oct 1 0c¢° act
—De* 2~ =D =K '™ % (0,T
© oy e2Pe Oy a " x(0,7), 9)
G(2,9,0) =0 for (z,y) €, (10)
hlan e oy e Q(l—yz)c]c,for 0<t<ty _
De®0yc" + Q(1 — y*)c = {0’ for ¢ to. at {x =0}, (11)
act
oy (,0,t) =0, for (z,t) € (0,400) x (0,T). (12)

The latter condition results from the y—symmetry of the solution. Further
QOF = (0,+00) x (0,1), Tt =(0,+00) x {1},

and T is an arbitrary chosen positive number.

We study the behavior of this problem as € ™\, 0, while keeping the coefficients
Q,D and K all O(1).

Continuing the work from [20], in this paper we prove that the correct upscaling
of the problem (8)-(12) gives the following 1D parabolic problem :

( 2Q ammc
s 2 — De® T
8t0+3(1+ )86 1+F,1H (0, +00) x (0,77,
EFF 2
( ) —De“0yc|p=0 + ?Q(dz:o — ¢pXi<t,) = 0, cli=0 =0,
dyc € L2((0,4+00) x (0,T)),
where

~ 8 Q% 5, 4Q* K(TK 42) 5
D=D+ > % 22 @ 1
Tous DS Ti3D (1K) (13)
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We note that for K = 0 (absence of chemistry) this is exactly the effective model of
Taylor [24]. Taylor’s data correspond to o = 1.7 and a = 1.9. For more discussions
and numerical experiments we refer to [12].

It should be noted that the real interest is to derive dispersion equations for
reactive flows through porous media and our results are just the first step in that
direction. Our technique is strongly motivated by the paper by Rubinstein and
Mauri [23], where effective dispersion and convection in porous media is studied
using the homogenization technique. Averaging the concentration in a tube with
dissolution/precipitation occurring on the wall and with Pe= O(1), is considered
in [11].

In this paper we choose a different strategy than in [20]. We explain the differences
in the plan of the paper:

Plan of the paper is the following : Section §2 recalls some basic facts about
applications of Laplace’s transform to PDEs.

In Section §3 we study the upscaled problem. We are only interested in the
case 2 > a > 1, since the case a € (0,1) does not pose difficulties. Contrary to
the particular Dirichlet boundary conditions, which were chosen in [20] and which
allow an explicit solution having the form of moving Gaussian, here we consider
the general Danckwerts boundary condition. After [13], it is very important in
application and more realistic than Dirichlet’s boundary condition. In difference
to [20], we are not able to give an explicit solution and investigate its properties
when diffusion coefficient becomes small. Consequently, we use the vector-valued
Laplace’s transform in time. It permits to calculate the Laplace transform of the
solution and to get precisely its limit behavior when € tends to zero. The estimates
depends on the compatibility between the boundary and initial data and on the
direction of the flow.

Then in Section §4 we give a justification of a lower order approximation, using
the energy argument. In fact such approximation does not use Taylor’s dispersion
formula and, for o > 2/3 gives an error of the same order as the solution to the
linear transport equation.

In Section §5, we use a formal derivation of the upscaled problem (EFF), obtained
in [20] and [12], to set up the correction. We prove that the effective concentration
satisfying the corresponding 1D parabolic problem, with Taylor’s diffusion coeffi-
cient and the reactive correction, is an approximation in C(L?) for the physical
concentration. We give the corresponding error estimate. We note that we were
able to obtain a better approximation than in [20], without using the boundary
layer correction for the Danckwerts boundary condition. Furthermore, using the
elementary parabolic theory one concludes that the problem (8)-(12) has a unique
bounded variational solution c®, with square integrable gradient in z and y. Func-
tion ¢® belongs to C*° for x > 0 and it stabilizes to 0 exponentially fast when
T — 00.

Let us announce our main result.

Theorem 1.1: Leta >1 and let ¢y € C5°(0,T). Let ¢ be given by (EFF). Then
we have

HC6 — CHC([O,T};LQ(QJr)) < 052—05’ (14)
HayCEHC([O7T];L2(Q+)) < Cg?»—?,a/z7 as)
|02 (Cs — c) HC([O,T];IP(KH)) < Ce2—32/2, (16)

For ill-prepared data see Corollary 5.4. Note that in estimate (15) ¢ has disap-
peared since it is only x and ¢ dependent. This estimate is superior to estimate (16)
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because of the large O(e*~2) transversal diffusivity. Our result could be restated
in dimensional form:

Theorem 1.2: Let us suppose that Lp > max{Dgr/Qr,QrH?/Dg,H}. Then
the upscaled dimensional approximation for (1) reads

ocoetf 2 gcrelt 8 4 K(7K +2) d%coelf
1+ K -Q* :D*(l — —7P2>7, 17
R =539 o Hon s arr)e T g 7
where Pepr = D is the transversal Peclet number and K = K./H ‘s the

transversal Damkohler number.

We note that the powers of € obtained in Theorem 1.1, are superior to the
corresponding results in [20]. Furthermore, we obtain better functional spaces in
time.

2. Vector valued Laplace transform and applications to PDEs

We start this section by recalling the basic facts about applications of Laplace’s
transform to linear parabolic equations. The Laplace’s transform method is widely
used in solving engineering problems. In applications it is usually called the oper-
ational calculus or Heaviside’s method.

For locally integrable function f € L} (R) such that f(t) = 0 for t < 0 and

loc

|f(t)] < Ae as t — +o0, the Laplace transform of f, denoted f, is defined as

A +OO
f(r) = /0 fye ™ dt, T=¢+ineC. (18)

It is closely linked with Fourier’s transform in R. We note that

f@)y=F(fe ) (=), &>a, (19)

where the Fourier’s transform of a function g € L'(R) is given by

Fgt)(w) = / g(t)e™t dt, w e R.

R

It is well-known (see e.g. [25] or [§]) that f defined by (18) is analytic in the
half-plane {Re(7) = £ > a} and it tends to zero as Re(1) — +oo.

For real applications, Laplace’s transform of functions is not well-adapted and it
is natural to use Laplace’s transform of distributions. It is defined for distributions
with support on [a, +00) i.e. for f € D/ (a), where D', (a) = {f € D'(R); supp f C
[a,+00)}. If S'(R) denotes the space of distributions of slow growth, then we in-
troduce S (R) by

SL(R) = D}(0) N S'(R) (20)

and we use the formula (19) to define Laplace’s transform for f € D’ (a) such
that fe ¢t S/ (R) for all £ > a. This approach permits the rigorous operational
calculus. For details we refer to classical textbooks as [25] by Vladimirov.
Laplace’s transform is applier to linear ODEs and PDEs, the transform problem
is solved and its solution f is calculated. Then the important question is how to
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inverse the Laplace’s transform. First we need a suitable space for image functions.
It is the algebra H(a) defined by

H(a) ={ g € Hol({r € C; Re(r) > a}) satisfying the growth condition :
for any o, > a there are real numbers C(o,) > 0 and m = m(o,) > 0
such that |g(7)| < C(0,) (1 + |7|™), Re(T) > 0,}.
(1)
For elements of H(a) we have the following classical result.

Theorem 2.1: (/25] pp. 162-165) Let f € H(a) be absolutely integrable with
respect to n on R for certain & > a. Then the following formula holds true.

1 +ico

A~

ft) = f(z)e* dz. (22)

- 21 £—ioo

These classical results are not sufficient for our purposes. We need results for
reflexive Sobolev space X valued Laplace’s transform. Furthermore we need an
inversion theorem in LP((0, +00); X). The corresponding theory could be found in
Arendt [2] and we give only results directly linked to our needs. For a reflexive
Banach space X we set

n+1 dn
ol

A
C(R 45 X) = {r € C((0,+00); X); [[r]ly = sup sup rO)|[ < +oc}-
neN A>0

(23)
Then we have the following result.

Theorem 2.2: ([2/, Chapter 2) Let X be a reflexive Banach space. Then the

(real) Laplace’s transform f — f is an isometric isomorphism between L™ (R4; X)
and CoP(Ry; X).

In many instances the growth condition in (23) is too difficult to check. It is
easier to use the complex Laplace’s transform. We have the sufficient condition by
Priiss:

Theorem 2.3: ([2/, Chapter 2) Let q : {Re(7) > 0} — X be analytic. If there
exists a real number M > 0 such that ||A\q(\)||x < M and |N2¢'(\)||x < M for
Re(\) > 0, then there exists a bounded function f € C(0,+o00; X) such that

+oo
40 = /0 e dt.

In particular g € CgP (R4; X).

Even Theorem 2.3 represents a complicated criterium and, following ideas from
[8], we will use a direct approach based on the link to Fourier’s transform. We apply
this approach in the study of the upscaled equations and then in the error estimates.
We derive estimates for the solutions of the Laplace transformed problem. We use
that if image is in L', the original is in C.

3. Study of the upscaled diffusion-convection equation on the half-line
In Sections §4 and §5, we will prove that the original problem can be approxi-

mated by some upscaled 1-D diffusion-convection equation. The present section is
thus devoted to the study of this type of equation in the half-line. The results of
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Subsection §3.1 (respectively Subsection §3.2) are used in Section §4 (respectively
Section §5).

3.1. Danckwerts boundary condition

For Q, D and ~ > 0, we consider the problem

8tu + Q8$u = 7D8mu in (0, +OO) X (07 T)7
dpu € L¥((0,+00) x (0,T)), o (24)
w(x,0) =0 in (0,400), —yDIyu+Qu=Qg at z=0.

Let Q; = R4+ x {Re(7) > 0}. After applying the Laplace transform with respect to
the time variable we get the following equation for the Laplace transform a(z, )
of u:

T8 4+ Q0,0 = vDOyp1 in €,
MRS LQ([RJC), Re(7) > 0, (25)
—vDO, i+ Qu=Q§ at =0,

where 7 =& +1in € C, £ > 0. Problem (25) allows the following explicit solution:

—2Tx

() — 2Q Q+ V@ + 4D,
(x, T) Q+\/me g(7). (26)

This explicit formula allows us to find the exact behavior of u with respect to ~.
For the sake of simplicity, we write

where

(7)) =Q+1/Q%?+4y7D, Re(r)=¢>0,

R(r) = (@' + (1Dl + 87DeQ?) ', (27)
Q2 + 4vD¢ 4vD
6 € [ g) cosd = Tgeri— o= gy

Then cos(¢/2) > 0 and

(1) = Q + R(7) cos(¢/2) + iR(7) sin(¢/2),
12 = @+ R(7) + V2Q\/Q* + R3(r) + 49Dt

Consequently,

R*(r) + @ < |i(7)* < 3(R*(7) + Q7). (29)
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Furthermore, we note that for £ > 0

T\ Tl(T)
Re(ﬁ) = Re(u(r)\z)
_ £Q+ (&/V2)V/R(7) + @ + 49DE + V29D /R () + Q2 + 47D
B |1()[?
C1¢ Can? Ci€
= RO+ Q) T RO+ Q) (RZ+ QO

0. (30)

Now we compute some explicit estimates for @. First, by the maximum principle
and for 0 < g(t) < Cy, we have

0 <wu(z,t) <Cy. (31)
If, in addition, d;g > 0, then
0 <u(x,t) < g(t). (32)

T
Next we estimate the difference between g exp{—%} and 4. We have the following

approximation result.

Lemma 3.1: Function @ satisfies the estimate

Jpespi=T%) ] o T
gexpi—g Lr((0,400)) =7 §/r Q+~Dlr|’

V1 <p < +o0. (33)
Proof: It is enough to make the calculations with § = 1. Let

o(2,7) = i, 7) — e~7/2 = l2(Q)627':c/l(7-) _—m/Q

Then we have with (25)

87Q 27z /i(7)

TQ('T’T) + QaIQ(fE,T) = ’YD l(T)3 3 WS [R+7
41D~ (34)
Q(OaT) == l(T)2 :
We look for the solution of (34) in the form
q(z,7) = qu(z,7) + gp(z,7), (35)
with
47-[)7 —12/Q
qu(x,7) = — —e , 36
1) =i - 20) )
ape,7) = o PO, (37

I(m)?(l(r) - 2Q)
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Then we compute the LP-norms, 1 < p < +o0,

B 4D|7| Q\1/p
et =iy 51 (o)

7| 1
Ur)?(Ur) = 2Q)] (Re(r /(7))

lap(s e ry) < C’y‘

Since [I(7)| > m(R(THQ),l( ) 2Q| > (1-v2/2)/2/3(R(1)+Q), R(1)+Q =
CQ + \/yD|r| and Re(7/I(7)) > C£/(Q + \/vD|7]|), we infer from (35)-(39):

Cy 7| 7|
‘. R < _ S R — - . 40
laC e w.) £/p (Q2 +DIr|  (Q + /7D|T|)3—1/p> (40)
The lemma is proved. O

The following result follows as the consequence of Lemma 3.1.

Corollary 3.2: Let g € C3°(R4), then
l‘ <
Hu —g(t— é)HC(M;LP(ﬂh)) <Cv, 1<p<+oo.
If g € WH°(R,) is with compact support in [0, +o0), but g(0) # 0, then

<OV 1<pr<4o0, 0<6<1,r(1-06) <1

a9t =3

Lr(R4+;LP(Ry))

Q&

Remark 1: Presence of the contact discontinuity due to g(0) # 0 diminishes
precision. Furthermore, the case of g = 1 on (0,7) is covered by Corollary 3.2,
since it could be extended to a Lipschitz function on R, with compact support
n [0, +00). Hence, it is easy to compare the result of Corollary 3.2 with the cor-
responding results from [19] and [20] and see that we have now a more precise
estimate.

00)).
Q>
)4(7)

We now aim to give explicit estimates with respect to 7 for @ in HP((0,
Since |I(7)] > 1/2/3(R(7) + Q), Re(7/I(1)) > C,/(Q + /~D|7]) and R(7)
CQ + \/vD|7|, we begin by noting that a(z,7) = (2Q/I(7))exp(—27z/I(T

satisfies
~ O|g( )‘ 1 > 1/p
il < < g @ VDI (41)

+
_.I_

We also compute

Oz, 7) = _We ;
oz, 1) = QQ(;(%)kﬂ(m,T), ke N.

The following are then straightforward.
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Lemma 3.3: Function u satisfies the estimates

Clg(r)]

||u(.77-)||L2((0,+OO)) S \/E(1+71/4‘7—’1/4)’ (42)
i Clrg(7)]
. _ < - 7

|020(+, T) |z=0 | < T+ (43)

. Clg(7)] 7|2 \k/2
k
1026(, T)| L2((0,4-00)) < JE(L+ A A7 (1 n 7|T|) k>1, (44)

with™=§&+1n, £ > 0.

3.2. Perturbed Danckwerts boundary condition

For Q, D, v > 0 and ¢ € R such that D — |§| > Cy > 0 , we consider the problem
Oy + Q0pu = YDOppu in (0, +00),
Ozu € L*((0,+00)), (45)

uw(x,0) =0 in (0,4+00), —v(D+6)d,u+Qu=Qg at x=0.

We have the corresponding equation for the Laplace transform a(x, ) of u:

T 4+ Q0,0 = yDOyytt in Y,
d.0 € L*(R4), Re(r) >0, (46)
—v(D+ )00+ Qu=Qg at x =0,

where 7 = & +in € C. Problem (46) allows the following explicit solution:

Q- VQ*+4y7D

iz, 7) = —— _2DQ e 29D 9(7)
(VQ2+4y7D + Q) (D + §) —2Q6
L —2Tx
-2 7)), (47)

“U(r)(D+0) - 2Q5°

The explicit formula allows us to find the exact behavior of u with respect to ~.
We emphasize that we can prove similar results as in the previous subsection in
spite of the § perturbation. We follow the lines of Subsection 3.1. We bear in mind
the auxiliary computations (27)-(30). We also note that

1(T)(D + ) — 2Q0]|?

— QXD — 62 + R(r)2(D +6)* + V2Q(D? — )/ R()? + G + 4y D¢
> (D —16))*(Q* + R(1)%). (48)

TE
Next we estimate the difference between § exp{—a} and .

Lemma 3.4: Let § € R be such that D — |6| > Cy > 0. Then @ satisfies the
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estimate

o Il
&7 G+l

. TE, .
19 exp{—a} — | Lo ((0,400)) <Y V1<p<+too. (49

Proof: It is enough to make the calculations with g = 1. Let

/@ _ 2DQ 272 fU(r) _ —T2/Q

ale,7) = i@, ) —e I(1)(D +0) —2Q5

In view of (46), function ¢ is solution of

_ - 872QD —2r2/l(r)
Tq(x,T) +QO%Q($,T_) - VDZ(T)Q(Z(T)(D—F(;) — 2@(5)6 TENT) z e Ry,
(0.7) = ATD(D + 0)y
T U Un(D + 9) — 2Q8)
(50)
We look for the solution of (50) in the form
q(z,7) = qu(z,7) + qp(z,7), (51)
with
_ 4TD"}/ —T&:/Q
W =m0 - 20)¢ 2
_ 87D2Q7 =271z /(1)
P T) = ) = 2Q) (1) (D + 8) —200) ' (53)
Then we compute the LP-norms, 1 < p < 400,
_ 4D\ Q\/p
s eeies) = i 307 Ge) (54)
C 1
lap (Pl < il (55)

1) (U(r) = 2Q) (UT)(D + 6) = 2Q0)| (Re(r/i(r))) "
Using |I(7)| > /2/3(R(1) + Q), ( ) =2Q| > (1-v2/2)\/2/3(R(r) +Q), R(7) +
e(r/l(T)

Q > CQ + /vD|r|, R > C¢/(Q + \/yDJr]) and (48), we infer from
(51)-(55):
. Cy 7] 7]
WKJW”@”SSW(Q+7DM+KD—MXQ+VWMﬂP1”) o
Estimate (49) follows. O

Corollary 3.5: Let § € R be such that D — |5| > Cy > 0. Let g € C°(Ry). Then
we have

x
Hu —g(t— E)HC(M;L”(M)) <Cv, 1<p<+Hoo.
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If g € WH°(R,) is with compact support in [0, +oc), but g(0) # 0, then

1-6
Lr(Ry L7 (R,) <Cy 70 1<pr<+4oo,0<di<l, r(1-9)<Ll

)

Hu—g(t—%

We now aim to give explicit estimates with respect to 7 for @ in HP((0, +00)).
Following the lines of Subsection 3.1 and using (48) we get directly the following
set of estimates.

Lemma 3.6: Function 4 satisfies the estimates

X Clg(r)|
||u("7—)||L2((0,+OO)) S \/g(1+/yl/4|7_|1/4)7 (57)
X Clrg(r)]
. _ < 2 7
X Clg(r)| HERE
(- 2 < k>1 59
H xu( 77—)HL ((0,400)) = \/E(l +")/1/4|7"1/4) (1 +’Y‘7—|> - 5 ( )

with™=§&+1n, £ > 0.

4. A simple L? error estimate

The simplest way to average the problem (8)-(12) is to take the mean value with
respect to y. Supposing that the mean of the product is the product of the means,
which is in general wrong, we get the following problem for the ” averaged ”
concentration coL’eff (z,7):

Leff Leff
(14 Kyrebelt 4+ 2000 o0

3 Oz 0z? i (0, +00),

ducg T € L2((0, +00)),

[ —De0,c T 4+ 2Qch T 13 = 2Q¢;/3,  for z = 0.

_ 2 _ D
This is the problem (24) with § = ¢f, Q = 31—16;21( and D = T K The small

parameter v is equal to €*. We will call this problem the ”"simple closure ap-
proximation”.
Let the operator £° be given by

0 0? 0?2
LC=7¢C+Q(1 — yz)a—i — De“ (ﬁarg + 5_2(93/5)' (61)

The non-dimensional physical concentration ¢* satisfies (8)-(12). Its Laplace trans-
form ¢° is thus solution of

L5 =0 in (0,400) x (0,1) (62)

—De®8,& + Q(1 — )& = Q(1 —y*)¢y,  for (,y) € {0} x (0,1),  (63)
—De® 29,6 (x,1,7) = K7¢°(z,1,7)  in (0, +00). (64)
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We want to approximate ¢ by cOL’ef 7 Then, if
Ly = — K7y + Qouey ! (1/3 — y?) = 7,

we have to consider

L5(& — kT = —R® in (0,400) x (0,1), (65)
~De* 29, (& (x,1,7) — ¢!y = K7¢°(z,1,7) on (0,+00),  (66)

—De0(& — ey ™) + QUL = ) (& — i)

=Q(1/3 =) — ey !), on {0} x (0,1). (67)

The weak formulation for the system (65)-(67) reads: for any 7 = £ + in, find
& — e —w e HY(QT) such that

/ Twe drdy — / Q1 — y*)0ppw dxdy + | De®(9,wdpp + ¢ 20,wdyp) drdy
Q+ O+ O+
+oo Leff
+K/ TW|y=10|y=1 doz = —/ Q¢ “II(1/3 — y2)g0 dxdy
0 O+
1
- /0 Q(L/3 = 12)(er — b o)l dy

+o00 1
—|—K/ Tcé’eff/ (¢ — ply=1) dydz, Y e HY(QM). (68)
0 0

Next we test (68) by ¢ = W = ¢ — COL’ef . The real part of the corresponding
relation is

+oo
/Q+ Elw]? dady + /Q+ De(|0,w]? + e 20,w|?) drdy + K/o Elwly=1|? dx

—Re Q(1 — vy} o, ww drdy = —Re/ Q@xcé’eff(l/?) — )@ dxdy
1
~Re / QU3 =y*)(Er — g |a=0)W |o=0 dy
0

+oo 1
+KRe /0 rerelt /0 (W — Wly=1) dydz. (69)

We find out immediately that

1 1
“Re [ Q1 — 2,0 dady = 2/ Q1 — y2)w oo [2 dy > 0.
Q+ 0
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The terms in the right hand side of (69) are estimated as follows. Using

—+o00 1
|| qouct s - yyw dody
0 0

“+oo 1
__ / / Qa1 (y/3 — 1 13)0,w dudy, (70)
0 0

we obtaln
400 pl +oo pl
‘Re / / QeI (1/3 - yQ)E‘ < ) / / Qb (1/3 — y*)w
0 0 0 0
< Ol aywl| 120y~ 10uct M 1| 12((0, 100 - (71)

Next, let w = &5 — coL’eff|x:0. We have

1
[ /s = i) - b o oo dy
= ‘/ Q(1/3 — y*)wdy (we /%) dacdy}
O+
< ‘/ Q(1/3 - y2)<,uc9g,;@e_”c/E d:cdy‘ —f—é‘_l‘/ Qy/3 — gf’/S)wc?y@e_m/E dzdy
Q+ O+

< Clwle™lle™/ || 2a) (1200w 20y + 162 Oyl 2a))-

We bear in mind that He*‘E/EHLz(Qﬂ < Ce'/?. We also compute w using (26) and

obtain
—4TD N P L,eff
|w\ = ‘Fyil(T)Q Cf} S C{:‘ ’8m60 |:v:0 ‘
We get
' 2 Leff
[ @3 =stes = e oco)i oo ay
< CeH 219, e | o | (€20 L2y + €22 0wl o)) (72)

The last term in the right hand side of (69) is treated as follows.

+o00 1 Y
‘K/ Tcg’eff/ (W —W|y=1) dydaz‘ = )K/ Tcg’eff(/ dyw dz) dxdy’
0 0 o+ 1

< Clle** 1 aywl| 20y =7 ey M1l L2 (0,100 (73)
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Inserting estimates (71)-(73) in (69), we obtain

+oo
/ w2 d:cdy+/ De (0w + 2|0, w]?) dmdy—l—K/ wlyr|? da
O+ Q+ 0

e a e a
+2/0 Q(l _ y2)’w ’x:O |2 dy < 08(1+ )/Q‘axc(l)ﬁ fr ’.I:O ’ Ha /QaszL2(Q+)

et (Ce" 2 Bpcy T Jamo |+ Clrllleg Nl 0,400)
L _
10266 20,4000 1677 Oy 20
The terms |9.ch /! =0 |, HcoL’effHLz((O,Jroo)) and \Iamcé’eff\le((o,+oo)) are esti-

mated through (42)-(44). We thus infer from the latter relation the following error
estimates.

Proposition 4.1:

Clrlléy]

N Leff 5 < ol
16° — o™l L2y x(0,1)) < T (@ r)iA” (74)
R - Clrlles]
€ _ Lyeff R < ﬁ 04/2 f
e apa_ ClrllEs
10, (& — el r2(m, x 01y < P77 ! (76)

1+ (e2] 7)1/

where f=1—a/2ifa>1/2 and =1+ a)/2 ifa < 1/2.

Note that the presence of the given source term ¢y is sufficient to control the
behavior in 7 of the right hand side terms.

Corollary 4.2:  Let ¢; € D(0,T) and let ¢§/7 be such that &7 = 7. Let
be defined as in Proposition 4.1. Then we have

Ml

HCE — CS Ry ;L2(Q+)) < C&ﬁ

Next let ¢y € WHR(Ry) with compact support in [0,400), such that cf(0) # 0.
Then for 1 < r < 400, we have

15— | ez < Cel™@/270% 950 >1/2,0<6<1/4, r(1—06) < 1.

Remark 1: Presence of the contact discontinuity due to c¢(0) # 0 diminishes
precision. Furthermore, the case of ¢; = 1 on (0,7") is covered by Corollary 4.2,
since it could be extended to a Lipschitz function on R, with compact support
in [0, +00). Hence, it is easy to compare the result of Corollary 4.2 with the cor-
responding results from [19] and [20] and see that we have now a more precise
estimate, which gives convergence for any « € [0,2). Other possible comparaison
is with the case a = 0 from [11], but they have more complex chemical reactions.

In the next section we provide another ”average” problem which leads to better
error estimates.
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5. Next order corrector

We now limit ourself to the more realistic and critical case a > 1. A formal asymp-
totic expansion of a solution ¢* of system (8)-(12) (see [19] or [20] for the details
of the corresponding computation) leads to consider the following function for ap-
proximating ¢°:

2 4
T SRS T S B ./ P
Cl (‘r7y7€) Cg(l’, 6) +€ _D 6 12 180 45 (1 + K)2 1‘60(1.76)
K /1 K y?
2—a > [ = g .
+e D(6+3(1+K) 2)7‘60(1’,6) (77)
where c¢g € H(Q7T) is the solution of the following effective problem
QQ a 192 :
(1+ K)1co + —0pco — e*DI3c0 =0 in (0, 400),
9 20 (78)
—DEOéamCO + ?CO = ?éf Tr = 0,

with

2 2
D=D+ igg(ka) 4Q° K(TK + 2)52(1701)'

945 D 135D (1+ K)?
After some computations, we assert that ée—clL’ef T satisfies the following problem.
L5 — eIy =—a° i Qf, (79)
— D29, (& — Y | o= Kr(& — el |ymi 465 [y=1 i (0,400), (80)
9y(& = M) J,=0=0 i (0,400), (81)

—De®0, (¢ — Cfveff) |lz=0 +Q(1 — yz)(éE - nyeff) |z=0
1 .

=0Q(3 - y*)(e5 = o le=0) + 1§ |z=0, (82)

where functions ®¢, g° and 7 are defined by

5
=) F —¢, (83)
=1
2 8 y2 y4 7
Fz—:: 2—an?2 in 1_2 Jd 4 4
1= 00y (945 +1-9) (5 ~ 13 180)>’ (84)
c e, QK 2 51y
F5 =10 (- + 1=y (5 - %)) (85)
_ Qy* vt T
Ff =¥ %002 (5 — L — — 86
3 =& 7 COD(ﬁ 12 1%)’ (86)
_ K /1 q?
e __ 22— 2, “*(- I
Ffi=¢ TCOD(G 2), (87)
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K(7TK +2) K?
1+ K)2  31+K)

K(7K +2) K
(1+K)? )= 3(1+ K)TCO)’

1 2
F; = —52_°‘%(§ — y2)< Q82 o

5 O T@ICO> , (88)

KT /2
o = (o1 -

2 2 4
NG, ) w2 oyt T 2 K(TK +2)
= 71— o B e S ————
i U G T T (1+K)2)

_a QK 1y K
2 aﬁ(l—@ﬂ)Tco(g—yf-i-

e 2 3(1+K))

_g? l_yj _K
€ (KT&ECO(G 5 +3(1+K))

2 4
2 Yoy T 2K(OK+2)
00005 — 15~ 180~ 15 1+ K)? >)

The variational formulation corresponding to problem (79)-(82) is

/ Two drdy + De®(0, w0y ¢ + £ 20ywdyp) drdy
Q+ Q+

+oo
K [ rulya ey det QO 1200, dady
0 Q+

1
4 /O QL= )W om0 & oo dy

1

1
_ / QU3 = 1) (s — 0 loeo) oo dy + / 6 loco & loco dy
0 0

5 +o0 1
_/Q+ ;ngb df’?d?/-F/O 96/0 (¢ — @ly=1) dydzx. (91)

We note that the source terms ®° and ¢° satisfy the following properties.

Lemma 5.1: Let ¢ € H'(Q1). The following estimates hold true.

5
[ Fro dws] < 0| 00l (92)
O]

+o0 1
[ ([ o=0lm ) as| < C¥0() | 0,0y, (99
where the quantity C(co) is defined by
Clco) = 107 ,coll2((0,400)) + (1 4+ [T D100l L2((0,400)) + [T C0ll 2 (0,400 -

Proof: On the one hand, we note that Z?:l F7 can be written as

5

D FE = (0y(Po(w)) 70 + 0y (Pi(9)0aco + 0y (Pa(y))9isco)
=1
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where the polynomials P;, 0 < j < 2, have zero traces in y = 0, 1. We thus have

5
‘ / S Fe dxdy‘
O =1
= \ /Q & (0(Po(y)) 0 + By (Pr(y))7rco + 0y (Pa(y))Dzac0) 6 da:dy‘

= ‘— / g2@ (Po(y)7'200 + Py (y)T0zc0 + P2(y)a§$c0)ay¢ dmdy‘
O+

< Ce® (€278, 8|l 2@y "2 (1712l coll L2 (0,100)) + ITI10c0ll £2((0,+00))
+H3§ICOHL2((0,+OO)))‘

Estimate (92) is proved. On the other hand, we write

[ o-ohm aael =| [ o7([ 0y002) doay

< C®(||0zcoll2((0,400)) + |7l 0l 2((0,4001))E 1% Oyl 202
This ends the proof of the lemma. O

Let us now study the terms in (91) coming from the boundary condition at = 0.

Lemma 5.2: The following estimates hold true.
1
[ Q3= = aleoié oo @
< CeM 210,60 |o—o (€202l 120 + 1€%/2 70yl 12(04), (94)

1
’/0 16 |z=0 ¢ |z=0 dy’ < C¥ V1 = 420 |a=0 ll12(0.1) (1020 |a=0 | + | 7]Ico la=0 |)
+C* (102 ¢0 |umo | + |7]|0xC0 |s=0 |)(H5a/28x¢>”L2(Q+) + [l L2+)).  (95)
Proof: Let w = |¢f — o |z=0 |- We have
1
[ QU3 =1)er =)o oo d| = | | QU134 s(06771%) daay]
1 1
< C!w|/ B y2]|8m¢\e_x/5 dxdy + C|w|‘/ ez - yQ)gzbe_I/8 d:ndy‘
o+ 3 Q+ 3
3
< Cll (le2020 2=l |2y + | / (4~ )0y0e7 )" dudy)
o 373
< Clwle =2 (|20, ¢l L2y + €427 Dyl 2 (2t -

- 2
Then, using the explicit solution of problem (78) given in (3.2) with Q = 31_?[(,
_ D
D=—— g=¢;,v=c"and § = —e217%)(8Q?/(945D) + (4Q?/135D)K (7K +

1+ K
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2)/(1 + K)?), we compute

2DQ — I(1)(D + 8) +2Q4
1(r)(D +0) — 2Q6

lw| = & — co |omo | = ‘|cf| < Ce®8¢0 lumo |-

We thus get

1
[ @3 =1)er = o lm)d oo i
< O-2ed00 |ocg 11200l ey + 17 Dyl 220

Estimate (94) is proved.
We now prove (95). We write

1 2 4
2a() _ < v _y 7 _2KE(OK+2)
‘/05 (1 y)D<Q8xCO(6 12 180 45 (1+K)2)

1 g2 K
Kreo(c =L 4 — 2 ) oo ¢ |o d‘
+Kreo(g 2+3(1+K))>‘ 00 lz=0 dy
< C¥ V1 = 420 [a=0 ll12(0,1) (10C0 |a=0 | + |7]lco [a=0 |)- (96)

The remaining term to estimate is

1 1 g2 K vyt 7
2(Kropeo(z - L 4 2 2 Yy Yy

/0€< mdaco (g 2+3(1+K))+Q6”’CO(6 12 180
2 K(TK +2)

T 1 oo = = d

BasEE)) ol 4y

1
= / 62(p1 (y)Ta:vCO +p2(y)a£x60) |:1::0 qﬁ |:1::0 dy’
0
with
1
’/0 62(]71(3/)7'63600 +p2(y)a§$60) |.’E=O ¢ |.’E=O dy‘
:‘ /Q+ 52(]91(:1/)7'63360 +p2(y)8§x00) ‘x:(] 3x(¢€—m/aa/2) diEdy’
= 62‘ /Q+ (P1(y)r0zc0 +p2(y)8§xco) |z=0 az¢€_x/5a/2 dxdy’

+82a/2’/ (p1(y)T0zco + p2(y)02,¢0) |z=0 ¢€7$/5a/2 dmdy‘
O+
< Ce> (102,00 lo=0 | + [71|0zc0 |u=0 |) (16*/20x|l 12ty + Bl z2(@n)).  (97)

Estimate (95) follows from (96)-(97).

Now let w = ¢& — cf’ef . We write the variational formulation (91) for the test
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function ¢ = w. We obtain
“+oo
/ Elwl? d:cdy+/ De®(|0yw|* 4 e 2|0,w|?) dxdy—}—K/ Elwly=1]* dx
Q+ Q+ 0

1 1 1 A -
+3 [ QU e lano Py = ~Re [ @3~ 2)er — o loco) o

1 5 oo 1
+Re/ M6 |le=0 W |z=0 dy — Re (/ ZFf@dxdy — / ga/ (W —Wly=1) dydw).
0 Qi 0 0

The terms in the right hand side of the latter relation are estimated in Lemmas
5.1 and 5.2. The L? error estimate is thus

lwll 2y = 165 = e |2 vy < Ce*° <517a/2(||8§ICOHL2((0,+OO))

+(1+ [T 102c0ll £2((0,+00)) + |T1llc0l L2((0,400))) + 1820 le=0 | + |7 |c0 |2=0 |

+5/4(102,¢0 |o=0 | + |7]|0xco la=0 l))-

The terms containing ¢y are estimated in Subsection 3.2. Problem (78) is in-

~ 2 - D
deed Problem (46) where Q3(1+QK), D:1+7K’ g = ¢y = &
s 8 @, 4G KK +2)

945 D ' 135D (1+ K)2
Proposition 5.3:

and

0=— ) We thus claim the following result.

2
R Leff 9o |T%cy|
H(CE -0 )(T)HLZ(BJrX(O,l)) <Ce W7 (98)
2
A Leff 2—-3a/2 |[77¢s]
Hax(c6 ! )||L2(IR+><(0,1)) <Ce / W, (99)
A e —3a T2C
105(& — M) |, oy < Cb82—ATel (100)

1+ (2] )74

Corollary 5.4: Let ¢; € D(0,T) and let ¢§/' be such that &7 = 7. Let 3
be defined as in Proposition 5.3. Then we have

s — g e

R0 < 07

Next let ¢y € WH°(Ry) with compact support in [0,400), such that cf(0) # 0.
Then for 1 < r < 400, we have

t
|| /0 (¢ — ) dt

Remark 1: As before, presence of the contact discontinuity due to cs(0) # 0
diminishes precision. Nevertheless, main deterioration of the approximation comes
from the boundary condition. Without inlet boundary, we would have an approxi-
mation of order e73%/2, The case of ¢y =1 on (0,T) is covered by the Corollary

Lr(Ro;L2(+)) < Ce?™ 0 < §<1/4, r(1-10) < 1.
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5.4, since it could be extended to a Lipschitz function on R, with compact sup-
port in [0, +00). Hence, it is easy to compare the result of the Corollary 5.4 with
the corresponding results from [19] and [20] and see that we have now a better
estimate, even without constructing boundary layers.

Theorem 1.1 follows from Corollary 5.4.
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